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Abstract. The purpose of this study is to examine the function sequences and series in
the non-Newtonian real numbers.

Firstly, the information about the studies that are done until today and the application
areas, was briefly given. Non-Newtonian calculus was introduced which is an alternative to
the classical calculus, definitions, theorems and properties were given. *-Function sequence,
*-function series, *-pointwise convergence and *-uniform convergence were introduced and
theorems were proven which are exposed important differences between *-pointwise
convergence and *-uniform convergence. In addition, *-convergence tests such as *-Cauchy
criterion and *-Weierstrass M-criterion were obtained. The relationship between *-uniform
convergence of the *-continuity, *-integral and *-derivative was examined respectively.

Keywords: *-Function Sequences; *-Function Series; *-Pointwise Convergence;
*-Uniform Convergence; *-Continuity.

1. INTRODUCTION AND PRELIMINARIES

Non-Newtonian calculus was firstly introduced and studied by Michael Grossman and
Robert Katz between 1967 and 1970[1]. Various researchers have been developing its
dimensions[2-8]. Grossman worked on some properties of derivatives and integrals[9].
Recently, Duyar, Sagir and Ogur obtained some basic topological properties on non-
Newtonian real line[10]. Sagir and Duyar got some results on Lebesgue measure in the sense
of non-Newtonian Calculus[11]. In this article, we examine *-function sequences and *-
function series.

A generator is defined as an injective function with domain R and the range of

generator is a subset of R. R(N) =R(N)= {a(x) Xe R} is called set of non-Newtonian

real numbers where o is a generator. Let take any o generator with range A=R(N)_ . Let
define o —addition, a-subtraction, a —multiplication, o —division and « —order as follows:

a-addition x+y=afa()+a’(y)}
a-subtraction x=y=afa*()-a*(y)}
a-multiplication xxy=a{a(x)xa™(y)
a-division xly=a{a*()/a(y)}
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916 On the function sequences and ... Birsen Sagir and Fatmanur Erdogan

a-order x<y(x<y)eat(x)<al(y) (@' () <a’(y)).
for x,y e R(N), [1].

(R(N),,+,%,<) is totally ordered field[5,12].

The numbers x>0 are a-positive numbers and the numbers x<0 are a-negative
numbers in R(N), . a-integers are obtained by successive a-addition of 1 to 0 and successive
a-subtraction of 1 from 0. Hence o-integers are as follows:

wwa(-2),a(-1),a(0),a(1),a(2),....

For each integer n, we set n= a(n). If n isan «—positive integer, then itis n times sum of

1[1,5,13].
o —absolute value of a number x e R(N)_ is defined by

x if x>0
X, = a(‘a‘l(x)‘) ={ 0 if x=0
0=x if x<0

For xeR(N)_, &x" =a(f’/a"l(x)) and xP =a{[a"1(x)]p} [1,5].

Let (R(N),.|.],) be non-Newtonian metric space. The point a is called o—
accumulation point of set S (or non-Newtonian accumulation point of set S ) if
((a;e,airg)'—{a})mSi@ for every &30 where ScR(N), and acR(N),. The set of

all o —accumulation points of set S is denoted by S’<.
Let sequence (xn) and a point x be given in non-Newtonian metric space

(R(N),.|.1, ). If for every number >0 there exists n, =n,(¢)eN such that |x,~x| <&
for all n>n,, then it is said that the sequence (xn) is non-Newtonian convergent(or o —

convergent) and this situation is denoted by “limx, =X or x,—*—>x as n—o. When

n—oo

every number &30 is given, if there exists a n, = n,(¢)eN such that |xn ;xm|a <¢ forall

n,m>n,, then the sequence (x,) is called non-Newtonian Cauchy sequence[5].

Grossman and Katz described the *-calculus with the help of two arbitrary selected
generators. In this study, we studied according to *-calculus. Let take any generators « and
£ and let * ("star") is shown the ordered pair of arithmetics (« —arithmetic, S —arithmetic).

The following notations will be used[1].

o —arithmetic S —arithmetic
Realm A(=]R(N)a) B(=R(N)ﬁ)
Summation + +
Subtraction = =
Multiplication X X
Division
Ordering < <
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In the *-calculus, o —arithmetic is used on arguments and /S —arithmetic is used on

values.
If the generators « and S are chosen as one of |1 and exp, the following special

calculuses are obtained.

Calculus a yij
Classic I I
Geometric I exp
Anageometric eXp I
Bigeometric exp exp

The isomorphism from o —arithmetic to g —arithmetic is the unique function : (iota)

that possesses the following three properties:
1. 7 isoneto one,
2. rison A andonto B,
3. Forany numbers u and v in A,

r(udv)=e(u)Fe(v),

r(u=v)=z(u)=e(v),

l(ukv):l(u)ﬁéz(v),

z(u]v):z(u)Yz(v), v=0

u<ve(u)<(v).

It turns out that ¢(x)= B{a*(x)} for every number x in A, and that :(n)=1i for

every integer n[1,14].
Let X =R(N),, ae X', beR(N), and let f:X —R(N), be a function. If for

every 50 there exists a number §=5(g) >0 such that | f(x)=b|,<e forall xe X which

holds condition 0<|x=a |, <o, then it is said that the *-limit of the function f (in the sense of
Cauchy) at the point a is b and this is denoted by

*_lim f (x) =b.

If sequence (f(x,)) B—converges to the number b for all sequences (x,)< X —{a}

which « —converge to point a, then it is said that the *-limit of the function f (*-sequential
limit of the function f ) at the point a is b and this is denoted by

*_[im f (x) =b.

Let X =RR(N),, aeX anda function f:X —R(N), be given. If for every 30
there exists a number §=5(g) >0 such that | f(x)= f (a) ;<& forall xe X which holds
condition | x=al,<d, then it is said that the function f is *-continuous at point ae X . The

function f is *-continuous at the point a e X iff this point a is an element of domain of the
function f and *—1lim f (x) = f(a). If “lim f(x,)= f(a) for all sequences (x,) which hold
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918 On the function sequences and ... Birsen Sagir and Fatmanur Erdogan

conditions “limx, =a and x, € X for n=1,2,3,... , then the function f is called sequentially

nN—oo

*-continuous at the point ae X .

If the following *-limit exists, we denote it by {D f }(a) and call it the *-derivative of

f at a, and say that f is *-differentiable at a:

s—lim{[ £ (x)=f(a)]7[«(x)=1(a)]}-

If it exists, [D f}(a) is necessarily in B.

The *-average of a *-continuous function f on [r,s] is denoted by M, f and
defined to be g—Ilimit of the g —convergent sequence whose nth term is S —average of

f(a),... f(a,), where a,...,a, isthe n—fold &—partition of [r,s].

The *-integral of a *-continuous function f on [r,s], denoted by *Jf (x)d"x, is the

number [z(s)—z(r)]xM: f in B[1].

Theorem 1: (First fundamental theorem of *-calculus) If f is *-continuous on [r,s] and

g(x)= *jf (t)d't forevery xe[r,s], then E)g = f onr,s][1].

Theorem 2: (Second fundamental theorem of *-calculus) If Dh is *-continuous on [r,s],

then HD h}(x)d*x =h(s)=h(r)[1].

2. THE RESULTS AND DISCUSSION

Proposition 1. The definitions *-limit in the sense of Cauchy and *-sequential limit are
equivalent.

Proof: Let *—lim f(x)=Lin the sense of Cauchy. Then, for every £350 there exists a
number §=35(¢)>0 such that | f(x)=L|,<¢e for all xe X which holds condition
0<|x=al,<5. Let an arbitrary sequence (x,)c X —{a} such that “limx, =a be taken.

Hence, specially for the number & >0 there exist a number n, € N such that |x, ~a| <& for
all n>ng. Then, | f(x,)=L|,<e forall n>n,. Namely, it is seen that *-sequential limit is
*_limf(x)=L.
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Conversely, let the *-sequential limit be *—Ilim f(x)=L. Assume the contrary.
Namely, *—lim f(x) = L in the sense of Cauchy. In this case, for all number §30 there

exist at least a number &30 such that | f (x) = L|ﬂ§g for all xe X which holds condition

0<|x=al,<5. Then, if 5:%05 is taken for all neN, |f(xn):L|ﬂ§g for all x X

which holds condition 0<|x, ;a|a<%a. Thus, a sequence (x,)< X —{a} is found which

x, —“—>a but holds “limf(x)=L. This contradicts the hypothesis. Namely,

*—lim f (x) =L in the sense of Cauchy.

2.1. *-FUNCTION SEQUENCES

Definition 1. Let S be a nonempty subset of R(N), and let keN. The sequence
(f)=(f,f,,.., f,..) is called *-function sequence (or non-Newtonian function sequence)
for functions f, :S < R(N), - R(N),. Here all functions f, defined on same set. The

sequence (fk(xo)) is -sequence (or non-Newtonian sequence) in R(N), for each x; €S.

Let take *-function sequence (f,) with f :ScR(N), ->R(N), and let take
sequence ( f,(x,)) such that -convergent (or non-Newtonian convergent) for x;, €S. Also,
let ﬂanJO f (%) =2, . Since p-limit of a sequence is unique, the number a, is unique. Let
define the function fas f(x,) =a, atthe point x,. If this process is done for each xS, then
the function f is definedas f :S —>R(N),, f(x)= “ II(Lr?O f (X).

Definition 2. Let *-function sequence (f,), which f, :S c R(N), - R(N), be given. If the
sequence ( f (x,)) is g-convergent for x, €S, then the *-function sequence (f,) is called *-
convergent (or non-Newtonian convergent). The *-function sequence (f,) is said *-pointwise
converges or *-converges to function f, if the sequence (fk(x)) Is p-convergent for each

xe$S and ” i!im f (X) = f(x). In this case, the function f is called *-limit of the *-function

sequence (f,) and it is shown as follows:

*—lim f, = f (*— pointwise) or f, —— f (*— pointwise).

k—o0

Then, the *-function sequence (f,) *-converges pointwise to the function f, if for any
given & 30, there exists a natural number k, =k, (x, &) such that
| f, (x) = f(x)|ﬁ < ¢ forall k >k, and for each xeS.
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Example 1. Let the functions f, :R(N), - R(N), be defined as fk(x):%ﬂ for all
x € R(N), . Then the *- functions sequence (f,) *-converges pointwise to the function f =0

Solution 1. For each x e R(N),, we have

1(x)

B B _ . B 1o e
Emfk(x)_ Em—k L =1(x)x II(er;k.,b’—z(x)xo_o.
Then, we get *—lim f, = f =0 (*— pointwise).

Example 2. a) The function *sin:R(N), —[ 0=1, 1 J defined as *siny :,B[sin(a’l(y))].
Then, the inequality

*sin y‘ﬂ 21 holds for all y e R(N),, .

b) Let f,:R(N), > R(N),, fk(x)zéﬂ%*sin((kkx)irk). Then, we have
f,—— f =0(*— pointwise) .

Solution 2. a) We have a'(y)eR for all yeR(N), and ‘sin(a‘l(y))‘sl for all
a'(y)eR. Thus

'siny] = B(fsin (™ (v))]) 2 A1) =1

b )Since |"sin y‘ﬁ'<_'i forall yeRR(N),, we have

£, (x)=f (x)|ﬂ=‘%,8$&*sin((k'>'<x)+k'):0

B

:‘%ﬁ&&*sin((kkx)irk')

B

Sﬁﬂ.

Thus we get f, —— f =0(*— pointwise) for all k > k,, where k0>%ﬂ, E,8<g.
Although *-convergence is useful in many cases, there are some special cases, which
it is not sufficient. Let (fk) *-converges pointwise to the function f. In this case, *-limit

function f may not be *-continuous even if all of the functions f, are *-continuous. For
example, let the *-function sequence ( f, ) be given as follows
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. o _ 0, 0

Then, f,(x) is *pointwise converges to the function f,where f(x) :{i X;to
, X=

for all x €{0,1]. The function f is not *-continuous although the function f, is *-continuous

for all number k.

Example 3. Let f :(0,1) >R(N), and f (x)=:«(x)”. Then *-pointwise limit of the
sequence (f,) is 0e R(N),.

Solution 3. Let take arbitrary & 30 and let take x, € (0,1) . If the natural number k, is chosen

1
as k, zw , then
Ina(x,)
[ ()= £ 0)], =[e(%)” =0| = (%) 2
for all k >k,. Hence, ﬁlim f (x)= ﬂllmz(x)k/’ =0=f(x) on a—interval (0,1) since x, is

arbitrary. Then f, —— f =0(*— pointwise) .

Definition 3. Let take the *-function sequence (f,), where f, :S < R(N), — R(N),. The *-
function sequence (f,) *-uniform converges to the function f on set S, if for any given
&30, there exists a natural number k, depends on number & but not depend on variable x
such that |f,(x)= f(x)|ﬂ <g for all k>k, and each xeS. We denote *-uniform

convergence by *—lim f, = f (*—uniform) or f, —— f (*—uniform).

Example 4. Let f, :R(N), > R(N), and f,(x)= s:(nxﬁ The *-function sequence (f,)

*_uniform converges the function f which f(x)=0 on R(N),, .
Solution 4. For any &30 and all x e R(N),, we have

‘ sin X‘ 1

= ﬁﬁ’<ﬂ

smx

[ (0= £ (9], =2 g0

B
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and therefore for natural number k,, which is chosen as k, zﬂ%(), one finds that %< P
&

where all k >k,. Then we get f, —— f (*—uniform) since k, =k, ().

.. : X
Example 5. If f, :[0,+00) - R(N), and f,(X) =l(k—.),8 , the sequence (f,) is not *-uniform
convergent.

Solution 5. It has been shown that this sequence *-pointwise converges to the function f =0
(see Example 1). If f, —— f (*—uniform) had held, there would existed a natural number

k, which is corresponds & =1 such that

109 gl 2i
s
for k >k, and on « -interval [0, +o0) . Especially, l(x)ﬂ 21 is obtained for k =k, +1 and
0+ B
all x [0, 4x). But
. 25%(K,¥1
is| 1) 5 =L -
Ko+l p Ko+l
s

for the point x:2>‘<(k'0+i)e[0,+ooj. This is a contradiction. Then f,_ is not *-uniform
convergent to the point 0.

Remark 1. While a *- function sequence is *-uniform convergent on a set, this *-function
sequence may not be *-uniform convergent on another set. Every *-uniform convergent
sequence is *-pointwise convergent, but every *-pointwise convergent sequence does not
have to be *-uniform.

Theorem 3. Let the sequence (f,) with f, :S<cR(N), - R(N), be *-convergent the
function f ontheset S and let

C, :ﬁsup{‘ f (x)=f (X)‘ﬂ:XE S}.

In this case, the sequence is *-uniform convergent to the function f onthe set S iff
?limc, =0 holds.

Proof: Let the sequence (f,) be *-uniform convergent on the set S. For arbitrary £30,
there exist k, € N such that
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[f ()= (x)], <&

for all xeS and for k >k,(g). Hence, we have ¢, <¢. Since £30 is arbitrary, we get
Plime, =0.

k—o0

Conversely, if ﬂll(im ¢, =0, then there exists a number k, such that for k >k, for any

£30.Since ¢, =’ {sup‘fk(x)z f (X)‘ﬂZXES}, we get
£ (0= (x)] Zc,
<&
forall xe S and forall k >k,. Thus, f,—— f (*—uniform).

Remark 2. If | f, (x)= f(x)|ﬁ —~2 0 foreach xe S, then we have f, —— f (*— pointwise)

and if ﬂsup{| f (x)= f(x)|ﬂ ‘Xe S}—ﬂ>6 , we have f,—— f (*—uniform).

Example 6. We investigate the *-pointwise limit of the sequence (f,) where

f ([0, > R(N),, f,(x)=1(x)* :%ﬂ and show this convergence is *-uniform.

1(X)

Solution 6. For each x [0,1], since T,B—*>0(*— pointwise) holds in example 1,

lim £, () ="lim (z(x)zﬂ :%ﬂj — (0 = (%)

hence f,—— f (*- pointwise) is found. Additionally, by the theorem 3, this convergence is
*-uniform since

C = ﬁsup{| f (x)=f (x)|ﬂ X e [01]} = ”sup{l(x)

Tﬂ;xE[o,ij}:%ﬂ

: 1
and “limc, =’ lim==0.
k—0

k—o k

2.2. *-FUNCTION SERIES AND CONSEQUENCES OF *-UNIFORM CONVERGENCE

Definition 4. Let take *-function sequence (f,) with f, :AcR(N), —>R(N),. The
infinite S—sum
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IR A A A

k=1

K
is called *-function series (or non-Newtonian function series). The g—sum S, =, Z f, is
n=1

called k-th partial £ —sum of the series /,Z f for keN.
k=1

Definition 5. Let the *-function series ﬁ,z f. with f :AcR(N), >R(N), and the
k=1
function f:AcR(N), > R(N), be given. If the B—partial sums sequence (S;), where

n
Sh =y Z f. Is *-pointwise convergent to the function f, then *-function series ﬁz f,
k=t k=1

*-converges pointwise to the function f on the set A and

ﬂ; f, = f (*— pointwise)

Is written. In this situation, the function f is called g—sum (or non-Newtonian sum) of
*-series ;> f,.
k=1

If S, —— f(x—uniform), then the *-function series ,>" f, is called *-uniform
k=1

convergent to the function f on the set A and ﬂz f.=f (x—uniform) is written.
k=1

The set of numbers x is called *-convergence set (or non-Newtonian convergence set)
of the *-function series ﬁz f. where the *-function series /,Z f. (x) is *-convergent on.
k=1 k=1

Example 7. Let the series , > f, with f,:(0=11) > R(N),, f (x)=2(x)" be given. We
k=1

show that this series,
a) is *-pointwise convergent but is not *-uniform convergent on (0-11),
b) is *-uniform convergent on [0+ a,a], where 0 <a <1.

Solution 7. a)Since k-th partial g—sum

() =15 000 Ta(x)” .5 o() D =20 g
1=19(x)
and
A L I=) 1
S R T
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the series ﬁz f (x) :ﬁZz(x)kﬂ is *-convergent to the function f(x):—i--i(x)ﬂ on
k=1 k=1 -

(0=11). Therefore ,>  f, =f (*— pointwise). Since the partial 5—sums sequence (s, (x))
k=1

is not *-uniform convergent on (0+1,1), the series [,Z f, 1s not *-uniform convergent.
k=1

b) By (a), we have

T=a , 1
T=9(x) p T=19(x)

()

B

B

5,00 f(¥)], =

B

z(a)k"

_mﬂ

for all xe[0-a,a] . Since 0<a<1i, «(a)” ——0 holds independently from choosing of

xef0-a,a], then the series ;> o(x)” is *-uniform convergent to the function
k=1

i
1=4(X)

ﬂkz-;‘ f = f (x—uniform).

B on a—interval [0+a,a], since k depends on only the number &. Hence

f(x)=

Theorem 4. (*-Cauchy criterion for *-function sequences) Let the *-function sequence (f,)
with f :ScR(N), - R(N), be given. The sequence (f,) is *-uniform convergent iff for

arbitrary 30, there exists a number k, € N such that ‘fk(x)u f) (x)‘ﬂ%g for k> p>Kk,

andall xeS.

Proof: Let the function sequence (f,(x)) be *-uniform convergent to the function f on the
set S and let take arbitrary &3 0. Thus, there exists a natural number k, such that

.. &
|00 = f (x)|ﬂ<.—2./5'

forall xeS andall k >k,. Then,
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[£,00= £, (%), =[ £ 00 = £ (x)F £ (x)= £, (x)],
<[ (%)= f (x +\f (x) = f (x )\
<= ,B+ ﬁ £

forall xeS and k> p>Kk,.

Conversely, suppose that there exists a positive integer number k, for arbitrary &30
such that ‘fk(x): fp(x)‘ﬂ%g on the set S for k> p>k,. This means that the sequence
(f, (x)) isa g —Cauchy (or non-Newtonian Cauchy) sequence for each x €S . Therefore, we
get the sequence (f, (x)) is B —convergent. Let ﬂliﬂ f (X) = f(x). The proof is completed if

we show this convergence is *-uniform.
Let £50 be given. By the hypothesis, there exists a natural number k, such that

£ (x)= fp(x)‘ﬂ%gfor all xeS and k> p>k,. Then, we get
/’Lm‘fk(x):fp(x)‘ﬁ=|fk(x):f(x)|ﬂ25

forall xeS and k >k,. Hence f,—— f (*—uniform).

o0

Corollary 1. (*-Cauchy criterion for *-function series) Let *-series ﬂka with
k=1

fi:S=R(N), >R(N), and & $0 be given. The *-series ﬂz f. is *-uniform convergent

Iff there exists a number k, € N such that

5, (x)=s, ( \ ﬂZf(x)

n=p+1

<&
B

ontheset A for k> p>Kk,.

Corollary 2. Let the *-function series ﬂz f, and &30 be given. The *-series ﬂz f, Is *-

k=1 k=1
uniform convergent iff there exists a number k, € N such that

<&

|Rk(x)|ﬂ

Z f(X)

n=k+1

for k >k, and all xe A.

Now an important test known as *-Weierstrass M-criterion will be obtained to
determine *-uniform convergence of *-function series.
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Theorem 5. (*-Weierstrass M-criterion) If there exist g—numbers M, such that

|1‘k(x)|ﬁ%Mk forall xe A where f :AcR(N), - R(N), and if the series 'Bkz-;‘ M, is B—

convergent, then the series ﬂz f. is *-uniform convergent and S —absolutely convergent.
k=1

[
Proof: By the hypothesis, there exists a number k, € N such that Z M, <& for £30 and

n=p+1
k> p>k,. Hence, by the g—triangle inequality, we have
s (x)=s, \ Z f (x) <ﬁz |£,(%)| <ﬂz M <¢. (2.1)
n p+1 n=p+1 n=p+1

Then, we get |s, (x) =s, (x)‘ﬁ Z¢ forall xe A. Thus, by corollary 2, the series ;> f,
k=1

Is *-uniform convergent on the set A. Also, by the inequality 2.1, the series ﬂ2| fk(x)|ﬂ S*
k=1

convergent.

0

Example 8. If the series ﬂz a, is S —absolutely convergent, then the series ﬂZ(akﬁz*sin x)
— k=1
is *-uniform convergenton R(N),, .

Solution 8. The inequality |ak5e*sin x|ﬁé\ak\ﬂ holds for all xeR(N), . By the hypothesis,

5201 , Is *-convergent. Then, in view of *-Weierstrass M-criterion, the series
k=1

52 (8,5 sinx) is *-uniform convergent.
k=1

Example 9. Since a=1, pg=exp in geometric calculus, we have R(N) =R and

R(N), =R". According to this, the function series ﬁZ fo (X) = ﬂze o He " s

3.x"

: . . 1
uniform convergent with respect to geometric calculus where f, :[5,2} >R, f(x)=em™.

3.x" 32"

n! éen

3.x"

en!

3.x"
n!

< 3.2

Solution 9. We have -
n!

for all xe BZ} since

B
3.2

M, =e ™ . By non-Newtonian rate test [13]
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3l2n+1 3.2n+1
3.oml 3.9M1 (n+1)! (n+1)!
(n+D)! (n+1)! 32" 32" 2
- - 1 N e
Aliml——— | =lim|———p| =limje ™ | =lime' ™ '=limem =¢e°=0<1.
n—o n—o n—o n—o n—o
e nl e nl
B
B

Therefore the series ﬂz M, is pg—absolutely convergent. Thus ﬂz M, is
n=1 n=1

L —convergent. Hence, by the *-Weierstrass M-criterion the series ﬂz f.(x) is *-uniform

n=1

convergent on E , 2} .

2.3. *-UNIFORM CONVERGENCE AND *-CONTINUITY

The most essential property related with *-uniform convergence, as expressed in
following theorem, is its relation with *-continuous functions.

Theorem 6. If f,:
Is *-uniform convergent to function f on the set A, then the function f is
the set A. Namely,

AcR(N), — R(N), is *-continuous and if the *-function sequence (f,)
*-continuous on

*—[im

X—X%g

[ #=lim £, (x) |

K—o0

*—|im

k—o0 X—>Xo

[*—Ilmf (x )}

Proof: Let take an arbitrary x, € A. Since f,—— f (x—uniform), for £30 there exists

k, € N such that
&

|fk(x):f(x)|ﬂ2.—3ﬂ

for k >k, (&) on the set A. Furthermore, since f, is *-continuous on the point x, for all
k €N there exists a number § >0 such that for xe A

. &
‘fk(x)l fi (Xo)‘ﬂ<§ﬁ

whenever |x—x,| <& . Therefore, we have

FO0=f (%], =f00=f(x )+f(x0) f(x)+f(x) f %),
=100 =1 ()] HA o) = (%,

& e E e
< p+p+-p=¢€
Bﬂ 3ﬂ 3ﬂ

f (%),
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for xe A. Hence the function f is *-continuous at the point x, and the function f is
*-continuous on the set A since X, € A is arbitrary.

Corollary 3. Let the functions f, : Ac R(N), — R(N), be *-continuous and let the function

0

f:A—R(N), be given. If ﬂz f, = f(*—uniform), then the function f is *-continuous on
k=1

the set A.

< (2k+1)
Example 10. If f(x)=*sinx=ﬂz (Oil)kﬂ%.l.(x).#ﬁ , then the function f is *-
= (25K +1)1,

continuous on space R(N), .

Solution 10. By corollary 3, we need to show that the partial sums of series *-converges
uniformly to the function “sinx. Since n!, =1X2X..Xn, we have

] _ S ) Ng M .. M
‘Sk(x) Slnx‘ﬂ_ /)’n;l (0 1) X((an)+l)'ﬁ n=k+1 ((2xn)+1)lﬁ

where a>0 and |x| <a. Thus s (x)—— "sinx(*—uniform). Since, by corollary 3, the

function ‘sinx is *-continuous on [0+a,a] and since a is arbitrary, the function “sinx is
*-continuous on R(N), .

Example 11. Let f (x)=«(x)”, 0<x<1. Then (f,) is not *-uniform convergent.

Solution 11. It is easy to see that (f,) *-converges pointwise to the function

0 1 : . :
f(x):{i ’ Xii. Since f is not *-continuous, by theorem 6, we get (f,) is not
, X=

*-uniform convergent.

2.4. *-UNIFORM CONVERGENCE AND *-INTEGRAL

Theorem 7. Let the functions f, :fa,b] - R(N), be *-continuous on [a,b] for all kN and
let f,—— f (*—uniform) on [a,b]. Then the function f is *-continuous on [a,b] and

b

b
s—lim*[ £, (x)d"x="[ f (x)d"x
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k—o0 k—o0
a a

(or i fk(x)d*x=*i(*-|imfk(x))d*x].

Proof: By theorem 6, the function f is *-continuous on the interval [a,b]. Therefore, the
function f, = f is *-continuous on the interval fa,b] and hence is *-integrable on [a,b]. Let
£ 0 be given. Then, there exists a number k,(&)e N such that

£, 00 = f (x)\ﬁzl

on [a,b] for k > k,. Thus, we get

b

f (x)d*xz*J- f(x)d"x

*

D ey T

) L (a(x)))—ﬂl(fw(x)))\dx]
s a”(b) 5 (g) y
Al b a@" ]
_ B (5) at(b)-a(a
- al(b)_al(a)'( (b) ( ))J

b b
for k > k,. Namely, *—lim*[ f, (x)d"x="[ f (x)d"x.

Corollary 4. If the functions f, :fa,b]—>R(N), are *-continuous on [a,b] and

ﬁzm: f(x)= f(x) (*—uniform), then the function f is *-continuous on [a,b] and
k=1
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Proof: Let s, Z f(x). By hypothesis, the sequence s, (x) *-converges uniformly to

the function f . Then, by theorem 7, we have

*‘lﬁ[l s, if x)d'x or ﬂz( Ifk(x)d*xJ:*i(ﬂi fk(x)d*x)

k=1

8

Example 12. Let f, :[0,]] > R(N),, where fk(x)zz(x)zﬂ:l(k—).()ﬂ. Then we investigate
i

#—lim*| f, (x)d"x.

k—w o

Solution 12. Since f, (x)——>#(x)* (x—uniform), we get

>~ lim jf (x)d"x = jf(x)d x= jz(x)zﬂd x= ﬂ(jﬂ [1(a(0)” |d ]=ﬂ@x2dx]

1
-4(3)
:
:§ﬂ

l(X)(Zk—l)ﬁ

Example 13. Let xeR(N), and let f(x)= ﬁZ[( )(kﬂ)‘*s&m
%k)=1)!,

,B] . Then we

investigate the *-integral _[ f(t)d't.
;

Solution 13. Let aeR(N), such that [x| <a <o and lim a(x) =+ . Then, we have

X—>+0

l(X)(ZK_l)B 2 l(a)(ZK_l)ﬂ

((2xk)—1)'ﬁ _((észk')zi)!ﬁ

(6=1)""x

B
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forall ke N. If we apply S —rate test[13] for the series ﬁz
k

=1

l(a)(zk—l)ﬁ
!mﬂ} , then we get

), ,
ﬁll(m @, B At e
ke | R

g i
:l(a) g L“’ ((2xk)+1) (2xk)ﬂﬂ

= (@) %”lim 1 ﬂwn———£———
k—>oo(25&k) k—>oo(2xk)
=4(a)” %(0=0)
=0
<1
Thus, this series is g -convergent and by *-Weierstrass M-criterion, the series

k+1 (2k-1)y
B

(25k)=1)1,

p

is *-uniform convergent on [0=a,a]. Then, by virtue of corollary 4, the series is term by term
*-integrable and

X

o . © .. (k+1)ﬂse 1(t)(2k_l)” .
!f(t)d t_ﬂ;[ I[( 1 (k) =1)t, ﬂJd t}

0

2 k+1 s . (Zk)ﬂ
- 5 0 50|

Example 14. Let (fn(x)) be *-uniform convergent on 0<x<1 and let f be *-
differentiable. The *-derivative sequence {Dfn](x) IS not necessary to be *-uniform

convergent.

“sin(n% % x)

((n)

Solution 14. Let sequence f,(x)= B be given. The sequence f, (x) is *-
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uniform convergent to function f =0. Then we have [D fn](x) =1(n)% "cos(n* xx) since

where x =« (t). However, the *-derivative sequence {D fn](x) is not even *-pointwise

convergent. Because [D fn](x)zz(n) at the point x=0.

2.5. *-UNIFORM CONVERGENCE AND *-DERIVATIVE

We know that all *-uniform convergent *-function sequences or series can not be term
by term *-differentiable. Therefore, we need additional conditions to *-uniform convergence
for term by term *-differentiability.

Theorem 8. Let the *-derivatives of the functions f, :[a,b]< R(N), = R(N), exist on

[a,b] and let they be *-continuous. Additionally, let
1. f,—— f(*— pointwise)

2.D f,—— g(*—uniform).
Then, g is *-differentiable on [a,b] and

D f =g, namely D(*—Lim fk(x)):*—ll(im[D fk}(x).

Proof: By theorem 6, g is *-continuous and hence *-integrable on [a,b]. Therefore, by
theorem 7 and second fundamental theorem of *-calculus, we have

*jg(t)d*t =*—1i£?0*i(*ka)(t)d*t ="~ lim[f,(x) = f, @] = f () = f (a)

for x e[a,b]. Thus, we get f(x)= f(a)+ '[ g(t)d’t. In view of the first fundamental theorem
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of *-calculus, we obtain (D f )(x) = g(x) . This completes the proof.

Example 15. R(N),=R(N),=R" since a=p=exp in bigeometric calculus. Let
f:R">R", f(X)= ux )/3 Then we investigate D(*—Ilmf (x))
Solution 15. Since

l(X) Inx 1 P 1 Inx 1 |
22 B=ek =x* and Ilmf (x)—Ilmxk —Ilmek =lim(ex)™ =1,

k—o0

fk (X) =

« 1
we have f, (x)——1=0(x— pointwise). f,(x)=In(e") =E since f,(x)=x* [1]. From

1
,XeR}zek
B

and / Lm C, =1=0, D f. (X) ——>1(*—uniform). Hence, by the theorem 8, we get

. - 1 1
D(*—Iim fk(x)j = D(*—Iim xkj: iI(imek =1.
k—w k—o0 -

If the theorem 8 is used, then the following corollary is obtained.

* 1 *
Df_k(x):%, we get D f, (x) = B(Df (X)) =e*. Since c, =ﬂsup{D f (x)=1

Corollary 5. Let the derivatives D f, exists and continuous on [a,b] where
f. :[a,b] > R(N),. Moreover, suppose that

1. ,> f =1 (+— pointwise)on [a,b] and,
k=1

2. ;> D f,=h (*—uniform)on [a,b].
k=1

Then, D f = hor Biﬂi fk(x)jzﬂ [6 fk](x) on fabj.

=
|

M

1

sm(k X X)

Example 16. Let the *-series ﬂz 5 S be given on the set R(N),. Since

‘é(’k)ﬁse*sin(k'kx)‘ﬂé2"”/3 for all xeR(N), and the series ﬁéé(‘k)ﬁ— ﬂ is

’ 12kﬁ
“sin(k x X)

B

p—convergent, by the *-Weierstrass M-criterion, the *-series ﬁz 55
k=1
< sm(kxx) sm(kxx)

*-convergent uniformly. Let f(x)= ﬂz 5 p. Here, if f (x)=

£ and
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t=a"(x) iswritten for xe R(N)_, then

Bt (x) = D[ sin(k % x) J
2

Kg

sin(a- (kxx))]

D| £

2k

L psin(a (ks a(x))
=p| D B ﬂ[ o ]
ﬂ(D sm(k x) j
_,B — cos(k x)j
_ ks cgi(kxx) B,
27
Since the *-derivative {Bfk}(x) is also *-continuous, Wﬂ ,B and
B

the series ﬂz ,B IS B —convergent, by *-Weierstrass M-criterion, the *-derivative series

ikx cos(kxx)IB

B
k=1

is also *-uniform convergent on R(N),. Thus, by virtue of corollary 5, we get
- =, Kk % “cos(k x x
[Df}(x) -5 KX o)
k=1 2
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