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Abstract. This article is pedestal for the (p,q)-calculus connecting two concepts of
(p,q)-derivatives and (p,q)-integrals. The purpose of this paper is to establish different type of
identities for (p,q)-calculus. Some special cases of the (p,q)-midpoint, Simpson, Averaged
midpoint trapezoid, and trapezoid type integral identities are also derived.
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1. INTRODUCTION

In mathematics, the investigation of calculus with no limits is known in the literature
as quantum calculus (also called g-calculus). The famous mathematician Euler instituted the
study of g-calculus in the eighteenth century by proposing the parameter g in Newton's work
of infinite series. In early twentieth century, Jackson [1] has started a symmetric study of g-
calculus and developed g-definite integrals. Quantum calculus has huge applications in many
mathematical areas. These new quantum assessments for Hermite Hadamard type inequalities
have potential applications in the fields of integral inequalities, approximation theory, special
means theory, optimization theory, information theory, number theory, orthogonal theory of
relativity and numerical analysis.

Quantum calculus has received exceptional interest by many researchers and hence it
appears as a connection between mathematics and physics. Interested readers are referred to
[2-4] for some current advances in the theory of quantum calculus and theory of inequalities.
Recently, Tun¢ and Gov [5-7] studied the concept of the (p,q)-calculus over the intervals of
[a, b] € R. The the (p,q) derivative and the (p,q) integral were explain and some basic
properties are given. Furthermore, they obtained some new result for the the (p,q)-calculus of
several important integral inequalities. Currently, the (p,q)-calculus is being investigated
extensively by many researchers, and a variety of new results can be found in the literature [8-
13] and the references cited therein.

In 1893, Hadamard [14] explored one of the fundamental inequalities as:

b 1 b
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In 2014, Tariboon and Ntouyas [15] investigated the extension to g-calculus on the
finite interval of (1), which is called the q-Hermite—Hadamard inequality, and some important
inequalities:

qa+b
1+gq

qaf (@) + f(b)
1+g¢q

SL ’ (x)dx <
fE < —| f

In 2018, Alp et al [16] proved the (p, ) Hermite —-Hadamard inequality,

(qa +pb

qf (@) + pf (b)
p+q p

1 pb+(1-pla
J<woal,  TOwsT

2. PRELIMINARIES AND AUXILIARY RESULTS

In this section, we recall some previously known concepts and basic results.
Throughout this section, we soppose f = [a, b] € R be an interval and g be a constant with,
0 < g < p < 1. The definations for (p, q)- derivative and (p, q)- integral were given in [5-6].

Definition 2.1. Let f:[a; b]—> R be a continuous function, and let x € [a,b]. Then, the
(p, @)-derivative of £ on [a,b] at x is is characterized by the expression

f(pt+(1-pla)-f(qt+(1-q)a) (2.1)

abp,q f () = o= t# a.

aDp,q f(a) = lim_q aDp,qf ® .

Obviously, a function f is said to be (p, q)--differentiable on [a,b], if aDp, qf(t)
exists for all t € [a, b].

If a=0 in (2.1), then 0Dp,qf (t) = Dp, qf (t) is familiar (p,q) derivative of f at t
€[a,b] defined by the expression

Furthermore, if p = 1in(2.2), then it reduces to Dq f (X), which is the q -derivative
of the function

_ f®-r(@v
Dof(0) = LU o 23)

Definition 2.2. Let f : [a; b] = R be a continuous function. The definite (p, q) integral on
[a, b] is defined as:

[ f®adgax = @ -t - @) Tt f e+ (1-55)a} @)

fort € [a, b]. If c €(a, t), then the (p, q)- definite integral on [c, t] is expressed as:
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[ f@ad(p,a)x = [, f()ad(p,a)x — f; f(x)ad(p, q)x (2.5)

If p = 1 in (2.4), then one can get the classical g-definite integral on [a, b] defined
by

[ f®adagx = 1 —q)(t - a) T2 q"f{g"t + (1 - ¢Ma) (2.6

If a=0in (2.4), then one can get the classical (p, q)-definite integral defined by

n

qn
1 f (W t)'

t oo
Jy £ 6o dipayx = (@ — Dt L0~
The proofs of the following lemmas were given in [17].

Lemma 2.1 Let f:1—-> R be acontinous and g-differentiable function on I° with 0 < g <
1. Thus the identity

b
1
ARFO) + (1= @]+ (1 =Df b+ (1 = 10a) = (=) [ F09a dgx

11
=(b—-a) f(qt + Au—A)aDg f(tb + (1 —t)a)edqt
0

1
+ {f (qt+Ap—1)aDg f(tb + (1 — t)a)odqt}]

T

holds for all A, u € [0,1],if aDq f is integrable on I .

Lemma 2.2. Let pe [0, 1] and T€[0,0)

u e T+1 _
Z wt(l-q)
0 n=0 1= q

Lemma 2.3. Let A, u€ [0,1]and T € [0, ). Then we have

1
[ lat = 0= Alodt =
0
(WA -A-2)  p*ql—q)

J 1—qrtt 1— qr+2 AT
20— @?( =A™ u*2q(1—q) w1 - @A - ) A
l(l — 71 = ¢7*2) 1—q*z2 1— gi+1 w+q>
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( [oe]
(1—q)Zq" A=2p—q™ (A —-q™", Apt+qg <2
n=0

1/ 20 -A -2 e 0q™ (1 — q™[1 —q" A — A)]°
—(1-DXr0q" A= —q" A —q™", Ap+qg>2

\

Lemma2.4. LetA,e[0,1]and Tt € [0,).Then we have

1
[ lat— @ - Awlodgt =
0
A-@-Aw  ql-q)

1-qT+1 1-qT+2 Au+qg <1,
21-@)2(1-W)*2 | q1-q) (A-q@)(1-AW
A-q7+1)(1-q7*2) 1-q7+2 - 1-q7+1 /1}1 + q> 1

A-Xn0q" A= 2u—qg"H(A-qM", In+qg<1
21-q)(A-Am)? Yo ™ (A—g™[1-q" 1 (1-Aw)]*
—(1-q) T a™(1-Au—q™1)(1-q™)7,  Ap+gsi

Lemma 2.5. LetA, ue [0,1]and 6 € [0, ). Then we have

1
[ lat=a-awl° dye-
0 0

( [o.0]
% (1—q)Zq”(1—/1u—q”“u)9, 0<Au<l-gq,
n=0

(1o (LM% Zio @M= ") + B q" (@™ — 14 20)°
P\ - -amoso,qi@n-1° , (- <ius1

3. RESULTS AND DISCUSSION

In this section, we introduce some new post quantum -integral identites and post
guantum estimates for midpoint, Simpson, averaged midpoint-trapezoid, and trapezoid -type
integral identites.

Lemma3.1. Let f:l- R bea continuous and differentiable function on I with
0 < g < p < 1. Then the identity

u pb+(1-p)a
1
M [ ur®+a-wf@|+ A=+ Q=) -~ [ f@ adyx
0 a
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u
=(b—a) f(qt + A=) g Dy of (tb + (1 — t)a)edp 4t + f(qt + Au—1)q Dy of (th

+ (1 - t)a)odp’qt
Holds for all A, u € [0,1],if aDp, qf is intergrable on I.

Proof: Using of identity transformation, we attain

(b—a) f(qt + A = )g Dpgf (tb + (1 — t)a)odp 4t + J(qt + Au—1)g Dy qf (th

+ (1 —t)a)edy 4t

= (b—a) {fol(qt + A — DaDp, qf (th + (1 — )a)d, 4t + fou(l — ANaDp, qf (tb +
1—tadp,qgt (3.2)

From definition 2.1, we get

fQptb + (1 —pt)a) = flq(th + 1 = )a)] + (1 = g)a

(- q@)(th+ (1 -t)a—a)
— ftb+(1-pt)a)-flqtb+(1-qt)a]
t(p-q)(v-a)

aDp,qf(tb+ (1 —1t)a) =

Make use of the above calculation and Definiation 2.2, we have

1

7 b+ (1- — b+ (-
JtDp,qf(tb + (1 —-ta),dpat = Jf(pt * gf)le)(g(_qz)-i_( qt)a)a pat-

0

R [Zn=0 i+l f(p_n + (1 - p_n)a) ~ 4n=0 pn+1f ( pnFl + (1 - pn+1) a)]

= {f()—(___)an n+1f(qb+(1__n)a)}

p"

= lea{gf(b) ( )Zn 0 nj1f(f_:+(1_z_:)a)}

— _f) pb+(1-pla
T q-a) ap(b— a)zf f(x)ad p,q% (3.2

1
= J, Dpaf (th + (1 = t)a), dy gt

- fl f(ptb+(1-pt)a)—f[qtb+(1—qt)a+(1- q)a)]d
t(p—q)(b—a) P4

- s (o (1-5)0) - Sear (S50 (152 )

t,
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= A (3.3)
and
i #f( th+ (1 —pt)a) — f(qth + (1 — qt)a)
! Dpof (th + (1= t)a),dpqt = J p t?(’p 0 il - q .

T f( b + (1= Z2)a) - B f (mgub + (1 - L ya) )

f(l’lb+(1b__”;a)_f(a)' (3.4)

Substituting (3.2), (3.3) and (3.4) into (3.1), we get the desired result.
Remark 3.2: In Lemma 3.1, if we take take p = 1, then we recapture Lemma 2.1.
Remark 3.3: Consider lemma 3.1.

(1) Putting 1 = 0, we have

pb+(1-p)a

1
1
f@ - | f@adpr=b-0) Of (4t = DDy f(th + (1~ D)ol qt.

a
(i) Putting u = 1, we have

pb+(1-p)a

1
1
——a) f f(X)adpgx =(b—a) f qteDyq f(th + 1- t)a)odp,qt.
a 0

o) -5

i =P
(iii) Putting u = o

pb+(1-p)a
Pf(b) +qf (a) pb +qa 1
- (B e | S0
f% ’
A
=(b—-a) J j (qt - ﬁ) Dy f(th + (1 — t)a)od, t + J qt ———— 1) Dyp,qf (tb
0 _p_

l p+q

+(1- t)a)odp,qtl
)
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Remark 3.4. Consider Lemma 3.1.:

(i) Putting A=0, we get

pb+(1-pla

1
fab+ Q=R -5— [ fOadpex =00

a

u 1
{f qta Dy of (th + (1 — t)a)od, 4t + f qta Dy qof (th + (1 — t)a)odp,qt}
0 15

Substituting H=s (p,q) midpoint —type intergral identity is obtained and
previously proved in [16]

pb+(1-p)a

(pz i Za> N p(bl— ) ! [ dpgx

B ) )
_ U Gta Dy of (th + (1 — D)a)odyt + f(qt— 1) Dp,qf(tb+(1—t)a)0dp,qt}
° o )

ii) Putting A = l, we get
g 3 g
pb+(1-p)a

1 1
s O+ QA - mf(@)+2f(ub) + 1 - wa)l - ) J f(X)adpqx

U 1
1
=(b—a) {f qt + L aDpqf (tb + (1 —t)a)ed,t + f (qt + 3K~ 1)aDpqf (th

0 u

+(1- t)a)odp,qt}

Specially taking u = , We obtain the simpson-type integral identity.

pb+(1-pla

1[qf(a) + pf(b) pb + qa
5[ +2f

1 o
p+q p+cz>l_p(b—a) J J(a dpqx =

(P
p+q

= (b - a)J j qt 3(p n ))a qu(tb +(1- t)a)odp,qt
0

+ pf 3+ 0 + ) 1)aanf(tb"'(1_t)a)°dp'qtl

p+q J
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(iif) Putting A =, we get

pb+(1-p)a

| f@adpx

1
SO+ A - wf(@) + fub) + (1 —pwa)l - p(b

a

a)

U 1
=(b—a){f qt+ u—— Dyqf (th + (1 —t)a)od, t+f qt+ 51— DoDpqf (tb

u

0

+(1- t)a)odp’qt}

Specially taking u = , We obtain the averaged midpoint-trapezoid-type integral
identity.

pb+(1-pla

1[qf(a) + pf(b) pb + qa 1
5[ p+q +(p+q)l_p(b—a) f J(a dpgx

a

p

(7% [
= (b - a) 4 .f \qt + m)aDp,qf(tb + (1 - t)a)odp,qt

Lo

] )
+ pf (q s — 1) Dpqf (th + (1 — t)a)Odp'qtf
p+q
(iv) Putting A=1, we get
pb+(1-p)a
1
WO+ A=0f@ = [ [adygx
u

= f(qt + 1= 1) Dy of (th + (1 = t)a)odp gt

Specially, taking u = , We obtain the trapezoid-type integral identity

af@+pf®) 1 ”“(fl"’)“f(x) L
pt+q p(b—a) e

a

p
p+q

p
_ j (@t + 5= = DaDpaf (th + (1 = Oa)ody gt
0
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To the best of our knowledge the above integral identites are fresh in the literature.

Lemma 3.5. Let u € [0,1] and T€ [0, ). Then we have

n n T I+1
m.T _ o 4 q _(p—qu
fo t dp,qt - (p - q):u Zn=0 pntl (pn+1 + 1) TpTHL_gT+t
and

n n I
fou(l - t)Idp,qt = (p - q):u ZZ;O p(z1+1 (1 - p?1+1)
Lemma 3.6. Let A, u € [0,1] and T€ [0, «). Then we have

(W p-)(A-Aw)  qut2(p—q)
plti_gT+1 - plt2—gi+z ()\ + Q)IJ- <A
T+1

Z(p—q)z()l—)lu)7+2[( Ty gT+)_ (1(;1)121) ] A2 (o-)

JEt gt —(A = A lodp,qt = |

q7+1(pI+1_qI+1)(pI+2_qI+2) pI+2_qI+2
T+1
wtp-q)A-2Ap)
" g A+ qu>1

and

u
f (1- 07 lgt— (A — W) dgt =

0

qn+1 qn T
(p (]) Z n+1 < - A‘“ - pn+1> (1 pn+1) ’ /“l tq <A

A

[ 20 =00~ 1 Sz (1 - k) 1L - L - T
| q

n+1 qn T \l
k (p Q) Zn Opn+1 (7\ /LLL - pn+1) (1 - pn+1) , /1LJ. +q > A |
L J

Proof: When (A + q)u < A,by use of Lemma 3.5 we get
Iy th 1t = = ) lodypqt = [ 167 (A = ) — qt ™+ ]dy gt =

o -@A - qu™*p —q)

1 1 2 2
pI+ _qT+ pI+ _qI+

When (A + q)u > A, by use of Lemma 3.2 we get

A-Ap

Jo ' lgt— A =Alodgt = [, * [(A = )t — qt™ ] dyy gt
+ fﬂ[qtﬂl (A=t dpqt
q

A-Au

=2f T [ = a)t" — qt™ ] dy gt+ [ [qt™ — (A - AT dpqt

=[L + L] (3.5)
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Considering that,

A-Au

I =2 fo ! [(/1 — AWt — qt™], dpqt

=2(p - ) (24 (2 — a0) i -y (L A2

q

_(p—q)q (1 zu) yioo_ Op?;l( ar A- Au)T+1

pn+1 q
20— QA - [\ g\ g2\
= q“l 5 + ? + E o,
(p—q)A— )2 1
- qI+1 X pI+2 _ qI+2

p7+1
200 - 2@~ 4™ x [p + g - (1 - P
qg+1(pg+2 __qI+2)(pI+1 __qI+1)

L = [y £ lat = = Awlodgt

= — Da’*? (srmmms) — 4@ — DA = ) (5me)

Putting the values of I, and I, in eq (3.5) we get

( © qn qn+1 qn
(p — @ Xn=o pntl (A —Ap— pntl nu) (1 T opntt nu)
200 S0t {(1- 5 1= (A-20)] h

- ( Y {)L N qn+1 qn 7
P—qQIH Lin=0 n+1\ u pn+1ﬂ prFih ]

\
This completes the proof.

Remark 3.7. In Lemma 3.6, If we take p = 1, then we recapture Lemma 2.3.
The given results of Lemma 3.8 and 3.9 are described without proof.

Lemma 3.8 Let A, u€ [0,1]and t € [0, ). Then we have

1
f £ 1qt — (1 — A lody ot =
0
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( rp-A -  qut?(p—q) 3 <1

p‘[+1_q‘t+1 - p‘r+2_q‘t+2 ( +q)p'— ’

1— J+1
) z(p _ q)Z(l _ /1”)7+2 [(pT+1 + qI+1) _ ( (p g)g)
q‘t +1(p‘r +1 _ q7+1)(p‘t +2 _ q7+2)
U (p—q) -0 -

\ + pTt2 — g7+2 - pTHl — g7+l A+qppu>1
and

1
f (1= 0T lqt — (1 — A lody ot =
0

( it qn qn+1 qn T
(p— q)uz it (1 —Au - pn+1u> (1 - pn+1u) A+pu=1
n=0
n n-—

o " q q
I 2= 00 -0 i1 - pn+1)[1 L (- AT
|
|

\

qn+1
—(p—Dudn=0q" (1 —Au— W“) (
Lemma 3.9. Let A, u€ [0,1] and 6 € [0, ). Then we have

e
Tru) . A+ ou>1 |
/

1
[lat= @ -2l dqt=
0 0

( i qn qn+1 6
(p—q)zpn+1<1—/1u—pn+1u> , 0<Au<p-gq
n=0
n 1 n \o n n+1 o
< (- )° 5 opn+1 (1-55) +Eonker (L — 1+ )
(p - CI) n-1 n 0
k — (=20 B T (e — 1) (p—q) <=1 /

4. CONCLUSION

Utilizing post quantum derivatives and post quantum integrals, we introduce some
new post quantum integral identites. For different values of u and A, we obtain (p, q)-
midpoint, Simpson, Averaged midpoint trapezoid, and trapezoid type integral identities.
Current work has improved some results of [17] and can be reduced to the classical quantum
identity formulas in special cases with p = 1. It is suggested that the ideas and technique may
be applicable for (o, m) - convex functions.
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