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Abstract. The present paper presents evolution of spherical indicatrix of a space curve
according to the quasi frame in Minkowski 3-space. Some geometric properties such as
fundamental forms and curvatures of the surfaces constructed by evolutions are obtained.
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1. INTRODUCTION

The theory of curves is a fundamental area in differential geometry. Especially, the
curves obtained with the help of a given space curve and special curve couples are studied by
many researchers. Bertrand curve couples, involute-evolute curve couples, Mannheim curve
couples and spherical indicatrices of a space curve can be given as examples of these curves,

[1].

Surfaces constructed by evolution of a space curve are studied widely among
researchers. An evolving curve can be thought as a collection of curves parameterized by
time. This means that each curve in the collection has a space parameter s and a time
parameter t, [2]. For example, Korpinar [3] investigated the surfaces constructed by the
binormal spherical indicatrix of a space curve. They derived the time evolution equations for
the Frenet frame of binormal spherical indicatrix and gave some geometric properties of these
surfaces. In [1], Soliman studied surfaces constructed by the evolution of the spherical
indicatrices of a space curve. In that study, they used the Frenet frame of the curves in
Euclidean 3-space. In [4], Soliman studied evolution of ruled surfaces with the help of their
directrix using the quasi frame along a space curve in Euclidean 3-space. In that study, he
gave the time evolution equations of a space curve given with the quasi frame. In study [5],
they give surfaces constructed by evolution according to quasi frame, they studied spherical
indicatrices of a space curve given with the quasi frame and obtained some geometric
properties of the surfaces constructed by the evolution of them in Minkowski 3-space.

In this paper, we study the surfaces constructed by the evolution of the spherical
indicatrices of a space curve given with the quasi frame in Minkowski 3-space. We derive
some geometric properties of these surfaces such as fundamental forms and curvatures.

2. PRELIMINARIES

In this section, we mention about some basic concepts of Minkowski 3-space and we
present the quasi frame of spacelike curves and timelike curves in Minkowski 3-space.
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612 Timelike surfaces of ... Yunus Yavuz et al.

Let R3 be the 3-dimensional standart real vector space. For every x = (xq,x,,x3),
y = (v1,¥2,y3) € R3, the non-degenerate metric tensor (, ) of index 1 defined by

():R®x R® - R
(X, ) = x1Y1 + X252 — X3Y3

is called the Lorentzian metric. Then, the obtained (R3¢, )) space is called Minkowski 3-
space and denoted by R3, [6].

Let a:1 € R - R3 be a curve in Minkowski 3-space and T be the tangent vector field
of a. If (T, T) > 0, then « is called a spacelike curve. If (T, T) < 0, then « is called a timelike
curve. If (T, T) = 0 and T # 0, then « is called a null curve, [7].

Let x = (xq,%5,%3), ¥ = (¥1,¥2,¥3) € R3. Then, the vector

(X3Y2 — X2Y3,X1Y3 — X3Y1, X1Y2 — X21)

is called the Lorentzian vector product of the vectors x and y and denoted by x A y, [7].

1,i=j
Let§;; = {O i ¢j. and e; = (6;1,;2, 6;3), then
e1 e, —eg
XAy = —det [x1 X2 X3 ]
Yi Y2 V3

—61 _ez 83
= det [ X1 X2 x3]

Y1 Y2 V3

Note thate; Ae, = e5, e, Aes = —e;and e; Ae; = —ey, [7].

In [7], considering the projection vector k is timelike or spacelike, the quasi frame of
spacelike curves is constructed. According to Frenet normal and binormal vector fields are
assumed timelike or spacelike, quasi formulas are obtained for this kind of curves. For

timelike curves, no matter if the projection vector k is timelike or spacelike, because the same

results are obtained in both cases. So, choosing the projection vector K is spacelike, the quasi
frame of timelike curves is constructed.

Considering these constructions in [7], we present the quasi frame of spacelike curves
and the quasi frame of timelike curves in Minkowski 3-space. Let {T, N, B} denote the Frenet
vector fields of the curves and {t,, ng4, b,} denote the quasi vector fields of the curves. Let
and t be the Frenet curvature and the Frenet torsion of the curves, respectively and k4, k,, k5
be the quasi curvatures of the curves.

Case 1. Spacelike Curves, k is timelike, N is spacelike:
The Frenet formulas are

T 0 k O01[T
N|l=|-k 0 Tt||N
B’ B

0O 7 O
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Let 6 be the hyperbolic angle between B and b, then the quasi frame can be given
according to the Frenet frame as follows:

Ly 1 0 0 1[T
Ngl=]0 cosh@ sinh@||N
b, 0 sinh® cosh6llB

The quasi curvatures can be given according to the Frenet curvatures as follows:
k, = K coshé, k, =ksinh8, k;=-60"—1.

The quasi formulas are

y _kl O _k3 nq

ng
b, —k, —k; 0 l|bg

t:I [ 0 key —kzl %
q

Case 2. Spacelike Curves, k is timelike, N is timelike:
The Frenet formulas are

T 0 x O1[T
N'| = 0 7||N
B’ 0  OlLB

Let & be the hyperbolic angle between N and b, then the quasi frame can be given
according to the Frenet frame as follows:

Ly 1 0 0 T
Ngl =10 —sinh® —cosh@||N
b, 0 cosh®  sinh6o |LB

The quasi curvatures can be given according to the Frenet curvatures as follows:
k, = Kk sinh 6, k, = —kcosh@, k;=0"+r.
The quasi formulas are

n:l = _k1 O _k3 nq

tq [0 ky —kz] tq
p,| -k, —ks 0 l|b,

Case 3. Spacelike Curves, K is spacelike, N is timelike:
The Frenet formulas are
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T’ 0 x O][T
N'| = 0 7||N
B’ 0  OlLB

Let 6 be the hyperbolic angle between N and ng,, then the quasi frame can be given
according to the Frenet frame as follows:

Ly 1 0 0 1[T
Mgl =10 cosh@ sinh@||N
b, 0 sinh® cosh6llB

The quasi curvatures can be given according to the Frenet curvatures as follows:
k, = —k coshé, k, = —ksinh8, k;=0"+1.

The quasi formulas are

] [0 —k k[te
n:I = [_kl 0 k3] nq
b, —k, ks 0l|bg

Case 4. Spacelike Curves, K is spacelike, B is timelike:
The Frenet formulas are

T’ 0 k O[T
N|l=|-k 0 t||N
B’ 0 7 OlLB

Let & be the hyperbolic angle between B and ng, then the quasi frame can be given
according to the Frenet frame as follows:

Ly 1 0 0 T
Ngl=|0 sinh@ cosh@ ||N
b, 0 —coshf —sinhollB

The quasi curvatures can be given according to the Frenet curvatures as follows:
k, = ksinh 0, k, = —k cosh@, ks =—-0"—1.

The quasi formulas are

tq 0 —ky k][t
n:I = [_kl 0 k3] nq
b, -k, ks 0l]|bg
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Case 5. Timelike Curves, k is spacelike:
The Frenet formulas are

T 0 k O[T
N'| = 0 7|IN
B’ 0 —t OILB

Let 6 be the angle between N and n,, then the quasi frame can be given according to
the Frenet frame as follows:

Ly 1 0 0 1[T
Ngl=|0 cos® sinb||N
b, 0 —sinf cos6lLlB

The quasi curvatures can be given according to the Frenet curvatures as follows:

k, =Kk cos@, k, = —ksin@, ks =0"+1.

The quasi formulas are

n:, kl O k3 nq

tzl [O kq kz] Ly
b:l k, —k; O0l|b

q

Let S be a surface in R3. If the reduced metric on S is positive defined, then S is called
a spacelike surface. If the reduced metric on S is Lorentzian metric, then S is called a timelike
surface. So, the unit normal vector field of a spacelike surface is timelike, the unit normal
vector field of a timelike surface is spacelike. If all tangent planes of S is null, in this case, the
unit normal vector field of S is null, then S is called a null surface [8].

3. TIME EVOLUTION EQUATIONS IN R3

The following definitions can be given according to quasi frame for evolving curves in
R3 considering the references [1, 4, 7]. From now on we study timelike surfaces in R3.

Case 1. Spacelike Curves, k is timelike, N is spacelike:

5 tq] 10 ki —ko[tq]

2lng|=|-ky 0 —ks||m (3.1)
bq_ __kz _k3 0 A _bq_

5 tq] 10 s Rikzl

= Ngl=1-14, 0 —2A3||Nq (3.2)
bq_ '_A‘Z _A?} O i _bq_
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Applying the compatibility condititon
ty t

aol] ool
Jds dt bq Jt ds b

in the light of the equations (3.1) and (3.2) one can easily get

Y ok, 02, .
0 s ae Tk Thkels G Gotkads — Ak
ok, 9, oks 915
Tt gs T kehs Aok 0 at s ke ~kide| = Osx
ok, 91, ks 92,
R 0

Thus, the compatibility condition becomes

Ok, A

W —_ E + /12k3 - sz3
ok, a2,
W = E"" Alk3 - k113
oks 92
W = g"’ kllz - Alkz

Case 2. Spacelike Curves, k is timelike, N is timelike:

P [tq] [0 ki —ka]|tq
& nq = _kl O _k3 nq
_bq_ _—kz _k3 0 bq
- (33)
0 ty 0 Vi V]| ta
7t Ngl=[-vi 0 —v3[|Mq
t _bq_ —v, —v3 0 I|bg
(3.4)
Applying the compatibility condititon
t t
0 9|1 0 9|1
ng|=_—__|n,

- q
ds ot bq ot ds b

in the light of the equations (3.3) and (3.4) one can easily get
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dv, 0Ok, dk, 0v,

0 a_S_E+V2k3 - k2V3 at E‘l‘ k1V3 _V1k3
ok, v, dk; A,
E_g'l'ka:g _V2k3 O E_g-l'vlkz_lez = 03)(3
ok, dv, oks 9
_¥_¥+k11/3 _V1k3 W_E'i'vlkz - k1V2 O
Thus, the compatibility condition becomes
dk, 0w
E = E + V2k3 - k2V3
dk, 0v,
W = E + V1k3 - k1V3
oks  Ov,
W = E + k1V2 - Vlkz

Case 3. Spacelike Curves, K is spacelike, N is timelike:

5 |t 0 —ki ka||lq

s Ng| = [—kl 0 k3] ng

b, —k, ks 0l]|bg
(3.5)

5 | ta 0 =61 6]l

T Ng| = [—51 0 53] ng

b, -8, 63 0l]bg
(3.6)

Applying the compatibility condititon

d d :;q 0 0 ;q
— || ==—=—1|"q
ds dt Jt 0s

bq bq

in the light of the equations (3.5) and (3.6) one can easily get

ok, 95 35, ok
|[ O a_tl - a_Sl + 52k3 - k253 _652 - _atz + k163 - 61k3]
ok, 95 885 ok
la_tl_ a_s1 + 82k3 — k263 0 a_: - 6t3 + k163 — 61ky [ = 03x3.
ok, 95 355 ok
Tt a5 TOiks —kids 52— T0 ki, — bik, 0

Thus, the compatibility condition becomes

ok, 068

W — E"’ k253 _62k3
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ok, 05,
W = a_s+ k163 - 61k3
ok 95,
? = E'i’ k162 - 61k2

Case 4. Spacelike Curves, K is spacelike, B is timelike:

9 ty [0 —ky kz] ty

a q| — _kl 0 k3 q
S|bg|] L=k, ks 0l]b,
(3.7)
P Ly 0 —p1 p2]|la
ET Ngl=|-p1 0 p3||(T
b, —p2 p3  0l[bg
(3.8)
Applying the compatibility condititon
0 0 Lq 0 0 Lq
asat|,’| = acas |,
b, b,
in the light of the equations (3.7) and (3.8) one can easily get
ok, dp dp, 0k T
0 a_tl_ 651 p2ks — kp3 652 atz +k1p3 — p1ks
ok, dp dp; Ok
E)tl 651 p2ks — kzp3 0 6_53 6t3 kip; — p1ks
ok, dp dp; Ok
(')tz 652 piks — kips (')_53_ (')t3 kip; — p1ks 0
= 03x3

Thus, the compatibility condition becomes

dk, Odp

atl asl k2p3 — p2ks
dk, dp

a_tz = a_z +kips — piks
0k; 005

5t _¥+ kipy — p1k;
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Case 5. Timelike Curves, k is spacelike:

5 |ta 0 ki ky1|lq
a—s nq == k1 0 k3 nq
b, k, —k; 01]|bg
(3.9
F] Ly 0 w U]l
T Ngl=u1 0 usf|Mq
bq po —ps O bq
(3.10)
Applying the compatibility condititon
a0 tq 00 tq
asat|,"| = atas |,
b, b,
in the light of the equations (3.9) and (3.10) one can easily get
ou, 0k ou, 0dk 1
0 a_sl—a_t1+k2ll3 — Uzks3 a_;—a_t2+ﬂ1k3—k1.u3
ou, 0k ous 0Ok
a_;_a_tl+k2ﬂ3 — Hzks3 0 5_53_5_: paky — kit
ou, 0k oks Ou
_a_sz_a_tz"‘lhks — ki3 a_;_a_;_lhkz + kipy 0

= O3x3

Thus, the compatibility condition becomes

ok, ou
(')_t1 = 6_51+ katz — pzks
ok, ou
Bt =25 ks~
ok, o
T = s ke~ ke
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4. TIMELIKE SURFACES CONSTRUCTED BY THE EVOLUTION OF THE
SPHERICAL INDICATRICES OF A SPACE CURVE IN R}

In this section, we study the timelike surfaces constructed by the evolution of the
spherical indicatrix of the tangent, spherical indicatrix of the quasi normal and spherical
indicatrix of the quasi binormal to a space curve in R3.

Let a:Ic R—> R} be a space curve given with quasi frame {tq, ng, bq},
parameterized with arc-length. The following space curves lie on a unit sphere in R3

a,(s) = ty(s)
ay(s) = ng(s)
@3(5) = by(s)
and they are called the spherical indicatrix of the tangent, the quasi normal and the quasi

binormal to the curve «a, respectively [5].

4.1. TIMELIKE SURFACES CONSTRUCTED USING THE SPHERICAL INDICATRIX OF
THE TANGENT

Let a;(s) = t,(s) be the spherical indicatrix of the tangent to the curve a. The
equation of surfaces constructed by the evolution of a; is given by

Y =1,(s,t)

Theorem 4.1.1. Let a be a spacelike curve, the Frenet normal N of a be spacelike and the

projection vector k be timelike. Under the assumption k;A, — A,k, > 0, the Gaussian
curvature K;, the mean curvature H, and the principal curvatures k,, and k,, of ¥ are given

by
Ky =1H =—-1ky; =—1,ky; = —1.
Proof. The tangent space to the surface is spanned by
Ys = kyng — kb,
(4.1.1)
W, = Mg — b,
where the lower indices show partial differentiation. Then the unit normal to v is given by

YAy _
No =g agdl
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Using the equations (3.1), (3.2) and (4.1.1), the second order derivatives are calculated
and given by

lnbss = (_k% + k%)tq + ((kl)s + k2k3)nq - ((kz)s + k1k3)bq
Yo = (=25 + A%)tq + ((A)¢ + 2223)ng — ((A2) + A143) by
Yor = (ki + k)t + (k)¢ + kad3)ng — (k) + k143)b,

The components g;;, (1 <i,j < 2) of the first fundamental form are obtained as
follows:

911 = (Y5, Ps) = k% - k%
12 = (Y5, Pe) = k1 Ay — A3k,
22 = (P, P) = A% - /1%

The components [
follows:

i) (1 = 1,j < 2) of the second fundamental form are obtained as

i1 = (YPss, Ny) = —k? + k3

liz = (Yse, Ny) = —k1 Ay + A3k,

Iz = (Pee, Ny) = =27 + 23
Thus, we get the following equalities:

lily, — 1
K, = 1122 — 1

=——=1
911922 — 912

_ 111922 — 2112912 + 132011 _

-1
2(911922 — gfz)

1

k11:H1+ ’le_Klz_].
k21:H1_ ’le_K]_:_l

Theorem 4.1.2. Let a be a spacelike curve, the Frenet normal N of a be timelike and the

projection vector k be timelike. Under the assumption k;v, —v;k, > 0, the Gaussian
curvature K;, the mean curvature H, and the principal curvatures k;; and k,, of iy are given

by

K1 = 1, H1 = _1, k11 = _1, k21 = —1.

ISSN: 1844 — 9581 Mathematics Section
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Proof. The calculations can be made similar to the proof of Theorem 4.1.1.

Theorem 4.1.3. Let a be a spacelike curve, the Frenet normal N of a be timelike and the

projection vector k be spacelike. Under the assumption k6, — &,k, > 0, the Gaussian
curvature K;, the mean curvature H, and the principal curvatures k,; and k,, of ¥ are given

by
Kl = 1, Hl = _1, kll = _1, k21 = —1.
Proof. The calculations can be made similar to the proof of Theorem 4.1.1.

Theorem 4.1.4. Let a be a spacelike curve, the Frenet binormal B of a be timelike and the

projection vector k be spacelike. Under the assumption k,p, — p;k, > 0, the Gaussian
curvature K;, the mean curvature H, and the principal curvatures k,; and k,, of ¥ are given

by
Kl = 1, H1 = _1, kll = _1, k21 =—1.
Proof. The calculations can be made similar to the proof of Theorem 4.1.1.

4.2. TIMELIKE SURFACES CONSTRUCTED USING THE SPHERICAL INDICATRIX OF
THE QUASI NORMAL

Let a,(s) = ng(s) be the spherical indicatrix of the quasi normal to the curve a. The
equation of surfaces constructed by the evolution of a, is given by

¢ = Tig(s, b).

Theorem 4.2.1. Let a be a spacelike curve, the Frenet normal N of a be spacelike and the

projection vector k be timelike. Under the assumption k;A; — A,ks; > 0, the Gaussian
curvature K,, the mean curvature H, and the principal curvatures k;, and k,, of ¢ are given

by
KZ = 1,H2 = _1, k12 = _1, kzz = —1.

Proof. The tangent space to the surface is spanned by

s = _kltq - k3bq

(4.2.1)

b = _Altq - Aqu

where the lower indices show partial differentiation. Then the unit normal to ¢ is given by
N, = bs Ny

Tl Al
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Using the equations (3.1), (3.2) and (4.2.1), the second order derivatives are calculated
and given by

¢ss = (_(kl)s + k2k3)tq + (_k% + k%)nq + (k1k2 - (k3)s)bq
Gre = (—(A)e + A3t + (=A% + A5)ng + (414, — (A3)) b,
st = (—(ky)e + k)t + (—kiAy + k3Az)ng + (kA — (k3)¢)by

The components g;;, (1 <i,j < 2) of the first fundamental form are obtained as
follows:

gi11 = (¢s'¢s> = k% - k’o%

g12 = Ps, b¢) = ki Ay — A3k3

g22 = e, Pr) = /1% —/1§

The components [
follows:

ij (1 <1i,j < 2) of the second fundamental form are obtained as

Lip = (Pss, Ny) = —kf + k3
liz = (st Np) = —k1 A1 + A3k3
Ly = Pee, Ny) = =27 + 15
Thus, we get the following equalities:

Ll — 12
K, = 11t22 12 —1
911922 — 912

_ 111922 — 2112912 + 132911 _
2(911922 — g%z)

k12=H2+ ’HZZ—K2=—1
k22:H2_ /HZZ_KZZ_l

Theorem 4.2.2. Let a be a spacelike curve, the Frenet normal N of a be timelike and the

projection vector k be timelike. Under the assumption k,v; —v;k; > 0, the Gaussian
curvature K,, the mean curvature H, and the principal curvatures k,, and k,, of ¢ are given

by

-1

H,

Kz = 1,H2 = _1, klZ = _1, k22 = _1

ISSN: 1844 — 9581 Mathematics Section
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Proof. The calculations can be made similar to the proof of Theorem 4.2.1.

Theorem 4.2.3. Let a be a timelike curve and the projection vector k be spacelike. Under the
assumption ks, — usk, > 0, the Gaussian curvature K,, the mean curvature H, and the
principal curvatures k,, and k,, of ¢ are given by

KZ = 1,H2 = _1, klZ = _1, kzz = _1
Proof. The calculations can be made similar to the proof of Theorem 4.2.1.

4.3. TIMELIKE SURFACES CONSTRUCTED USING THE SPHERICAL INDICATRIX OF
THE QUASI BINORMAL

Let a3(s) = by(s) be the spherical indicatrix of the quasi binormal to the curve a.
The equation of surfaces constructed by the evolution of a5 is given by

Q= Eq(s, t).

Theorem 4.3.1. Let a be a spacelike curve, the Frenet normal N of a be timelike and the

projection vector k be spacelike. Under the assumption k,65; — 8,k > 0, the Gaussian
curvature K5, the mean curvature H5 and the principal curvatures k;5 and k,5 of ¢ are given

by
K3 = 1,H3 = _1, k13 = _1, k23 = —1.
Proof. The tangent space to the surface is spanned by
Ps = _kth + kgnq
(4.3.2)
P = _62tq + 63nq
where the lower indices show partial differentiation. Then the unit normal to ¢ is given by

QOSAQDt

VN

Using the equations (3.5), (3.6) and (4.3.1), the second order derivatives are calculated
and given by

Pss = (_(kz)s - k1k3)tq + (k1k2 + (k3)s)nq + (k% - k%)bq
©ee = (—(62)¢ — 6163)ty + (610, + (63))ng + (65 — 522)bq

@st = (—(kp)e — 81k3)ty + (kp81+(k3))ng + (k363 — k,6,)by
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The components g;;, (1 <i,j < 2) of the first fundamental form are obtained as
follows:

g1 = <(ps'(ps) = k% - k%
12 = @s, @¢) = kp 6, — 83k3
22 = @Qr, @) = A% —l%

The components [
follows:

i)y (1 =1,j < 2) of the second fundamental form are obtained as

iy = (@5 Ny) = k3 — k3
liz = Qs N(p) = O3k3 — ky6,
l2 = (ptt:N<p> = 532 - 522
Thus, we get the following equalities:

Ll — 12
K, = 11622 12 _1
911922 — 912

_ 111922 — 2112912 + 122911 _

-1
2(911922 — 9122)

3

k13:H3+ ’H:%_K3:_1
k23:H3_ ’H32_K3:_1

Theorem 4.3.2. Let a be a spacelike curve, the Frenet binormal B of a be timelike and the

projection vector k be spacelike. Under the assumption k,p; — p,k; > 0, the Gaussian
curvature K3, the mean curvature H5 and the principal curvatures k;5 and k,5 of ¢ are given

by
K3 = 1,H3 = _1, k13 = _1, k23 = —1.

Proof. The calculations can be made similar to the proof of Theorem 4.3.1.

Theorem 4.3.3. Let a be a timelike curve and the projection vector k be spacelike. Under the
assumption k,us; — u,ks > 0, the Gaussian curvature K3, the mean curvature H; and the
principal curvatures k,5 and k,5 of ¢ are given by

K3 == 1,H3 == _1, k13 == _1, k23 = _1

Proof. The calculations can be made similar to the proof of Theorem 4.3.1.
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5. CONCLUSIONS

Surfaces constructed by the evolution of the spherical indicatrices of a space curve are
studied by Soliman in [1]. In that study, they used the Frenet frame of the curves in Euclidean
3-space. In our study [5] on surfaces constructed by evolution according to quasi frame, we
studied spherical indicatrices of a space curve given with the quasi frame and obtained some
geometric properties of the surfaces constructed by the evolution of them in Euclidean 3-
space. There are two main advantages of the quasi frame over the Frenet frame [9]: 1) It is
well defined even if the curve has vanishing second derivative, 2) it avoids the unnecessary
twist around the tangent. Moreover, the computation of the quasi frame is easier than the
rotation minimizing frames, for example one of them is Bishop frame. In this work, we
consider timelike surfaces constructed by the evolution of the spherical indicatrices of a space
curve given with quasi frame in Minkowski 3-space. We obtain some geometric properties
such as fundamental forms and curvatures of these surfaces.
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