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Abstract. In this work, a new emerging analytical techniques variational iteration
method combine with Aboodh transform has been applied to find out the significant important
analytical and convergent solution of some mathematical models of fractional order. These
mathematical models are of great interest in engineering and physics. The derivative is in
Caputo’s sense. These analytical solutions are continuous that can be used to understand the
physical phenomena without taking interpolation concept. The obtained solutions indicate the
validity and great potential of Aboodh transform with the variational iteration method and
show that the proposed method is a good scheme. Graphically, the movements of some
solutions are presented at different values of fractional order.

Keywords: Aboodh integral transform; variational iteration method; Adomian
polynomials; analytical solution.

1. INTRODUCTION

Integral transform is about two hundred years old as Laplace transform introduced in
1780s by P.S. Laplace [1]. After him many researchers and few scientists worked on
transforms as it can be seen in [2-7] and researchers have seen the applications of integral
transforms and fractional calculus in different fields of real life and sciences such as biology,
diffusion, probability potential theory, electrochemistry, optics, mathematical physics, and
engineering mathematics. When researchers realize that integral transforms play an important
and vital role in solving differential equations then they turn their research attention in the
development of integral in last century and more especially in this current decades. Like, the
Sumudu transform introduced by Watugula in (1993) [8], the Natural transform initiated by
Khan and Khan (2008) [9], T.M. Elzaki introduced the Elzaki transform [10] in (2011) and
K.S. Aboodh was devised the Aboodh transform in (2013) by [11]. In the last three decades,
more attention has been paid by the authors and researchers in the kingdom of nonlinear
fractional PDEs due to their compact description of modeling of widespread complex
phenomena in the universe. The fractional concept has become common in modeling
approach and is extensively applied for real world physical problems in almost all fields of
engineering and mathematical physics. Any problem can be solved by integral transform
directly but to solve nonlinear FPDEs researchers emerge transforms with other method to
make approximate results reliable. However, the emergence of variational iteration method
with these newly introduced integral transforms remains on other hand. Recently, Cherif [11]
has reported the coupling of variational iteration method with Aboodh transform for solving
some one-dimensional PDEs. Integral transforms for fractional differential equation is new
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idea to work in this modern era. The primary objective of this manuscript is the application of
the introduced new method [11] to some problems of fractional order arising in mathematical
physics.

2. MATERIALS AND METHODS
2.1. ABOODH TRANSFORM

The definition of Aboodh transform [12] for set A
A={u:u(t)|<Me"* te(-1)' x[0,);(M,k,,k,>0)}

is known by
Alu(t)] = %Tu(t)e‘“dt =U V),V e(k,,k,).

Using Aboodh transform, nth order derivative is

AL O} =vUW -5 L O )

k=0 V

We can indisputably stretch out this consequence to the nth derivative by exploiting
numerical enlistment.

2.2. METHOD

To demonstrate the indication of used method, here the most general non- linear FPDE
subject to constraint

“D"u(v,7) +Ru(v,7) + Nu(v,7) = g(v,7), (2)

where n—1<q<n, n=12,... along with initial conditions

{aa“—(”)} O @3)
4 7=0

o7 . : - . .
where °D” = Fy) is Caputo fractional derivative, R as linear operator, represent all nonlinear
T

terms as well as g(v,7) is occurs as source term.
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Now applying M as a transform operator
M[Du(v,7)]+M[Ru(v,7)]+M[Nu(v,7)] = M[g(v,7)]. (4)

Now, we can apply the differential properties of transformation. Here M is invertible,
and its equivalent can be expressed as

U(V,7) = H(v,7)—M*[PM[Ru(v,7) + Nu(v,7)]}, (5)

where P comes due to initial conditions and H(v,7), is resulting source term
By taking partial derivative of Eq. (5), we get

Uv,7) o

o o M *[PM[Ru(v,7)+ Nu(v, T)]]—% =0. (6)

The correction functional is read as

M, (v.¢, 0y -{\%M[Run(v,éﬂ Nun(V,J)])

)=, [0 % a.
g

here A is the general Lagrange multiplier. Finally, the solution is u(v, z) = lim u, (v, 7).

The variational iteration method’s convergence is introduced by Tatari. et al in [13].
3. RESULTS AND DISCUSSION

Problem 1: Consider one-dimensional nonlinear homogeneous time-fractional Boussinesg-
like equation [14]

Diu+(Uu?), —(U*) =0, t>0, xeR,1<a <2, (8)

subject to constraints
4 . X 1. (x
u(x,0) = =sinh?| = |, u,(x,0) = —=sinh| = |. 9
()3 (let()s(zj (9)

Using fractional Aboodh transform with initial conditions we get,

A[u(x,t)]=i2(%sinhZGD ¥ %(—%sinh[gn - L Al(A), +Via Al(B.)wa]  (20)

v v v
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Using inverse Aboodh transform
4 . x) 1. (X 1 1
u(x,t)==sinh’| = |- =sinh[ = [t - A"| =—A +A = A|(B : 11
(x) =g |- 2ain| XJo- 2| Data)1|eatl DA}

Taking partial derivative of Eq. (11)

O utxt) = —2 Lainn[ X =@ anl L L0 a1
S U0 = at3smh@t A [Va A[(An)xx]} &A[ Al(B,) 1 ]} (12)

The correction functional is read as

U, (x,t)=u, (x,t)+

ou, (X, g”) 1 0 4 1
| ) o]

0 0 4 1
%{A [v_" Al(B,) oo ]}}

Here the value of Lagrange multiplier is -1 via variational theory.

d¢ (13)

Uy (1) =u, (X,t) +

ou, (X, g) 1 0 4 1
| o ;mh[zj —{A [V—aA[(An)xx]}—

! % {A—l[viaA[(Bn)xxxx]}

Using the defned polynomials,

de (14)

2 2
A] = un’ Bn = un’
2 2
A, = Uy, B, = Uy,
A =2uu,, B, =2u,u,,

Consequently, from Eq. (14) we have

ou (X 4’) += smh j
u, (x,t) =u, (x,t) —j . de.
; g{ [V R R Ch ]|
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a l+a
ul(x,t):ﬂsinh2 X —lsinh X t+lcosh Xt —isinh X t—, (15)
3 4) 3 2) 6 2)(a)! 12 2)(1+a)!
On same scenario,
a l+a
uZ(X,t)=fsinhztij—lsinh(ijt+1cosh[§jt —isinhtij t
3 4) 3 2 6 2)(a)! 12 2)(1+a)! (16)
1 x) t** 1 . (x) t¥*
+—cosh| — ——sinh| — ,
24 2)(2a)! 48 2)1+2a)!
a 1+a
Us(x,t)zﬂsinhz(ﬁj—lsinh(ijt+lcosh(§jt —isinh[ﬁj L
3 4) 3 2 6 2)(x)! 12 2)A+a)!
1 x) t* 1 . X)) e 1 X)) t3
+—cosh| — ——sinh| = |————+—-cosh| — 17
24 2)(2a)! 48 2 )(1+2a)! 96 2 ) Ba)! (17)

1 X tl+30{
———sinh| — |[——,
192 2 ) (1+3a)!
-
507
40
304
20+
10
T = . —if = 1
-10 -5 0 I e P
t
=125 —— =15 = =175
Uy 4T O 125 Uy A1 15 Uy AT 175
z{apﬁmcx=2 LR -uﬁ_aﬁmcx=2

Figure 1. Solution of fractional Boussinesq-like equation and gives the comparison of approximate
solution u(X,t) R u3(X,t) in Eq. (17) for different values of & with the exact solution for & = 2.

Fig. 1 depicts the solution of fractional Boussinesg-like equation and gives the
comparison of approximate solution u(x,t)~ u,(x,t) in Eq. (17) for different values of & with

the exact solution for & =2. The approximate values of the parameters are used for better
understanding of the physical facets of the problem (8-9). From the figure, a very good
agreement can be seen between these results that reflects the validity of the determined
analytical solutions by the new coupled technique VIMAT. To enhance the compatibility of

solution, higher order solution can be considered.

Problem 2: Consider well known Nonlinear Newell-Whitehead-Segel equation [15]

Diu=u,+2u-3u® 0<a<l,
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subjected to the following constraints
u(x,0) = A. (19)

Using fractional Aboodh transform on (18) along Eq. (19),

1 1 1 1
A[u(x,t)]zV—2/1+V—aA[uXX]+V—aA[2u]—V—aA[3An1 (20)
By applying inverse transform, one get
4l 1 4l 1 4l 1

u(xt)=4+A 1{\/—0[ A[uxx]} +A 1[\/_‘% A[ZU]} ~-A 1{\/_‘% A[BAH]} (21)
We have

et _ 0 pal 1 a1l At L ] @ aa[ L

o A [Va A[uxx]} A {V A[ZU]} <A [Va A[3An]} (22)

The CF for Eq. (22) can formed as

au, (% ¢) _Q[A_{i A D_i(A-lF A, D
S Ve Ve o¢ Ve

Upis () =1, (1) - | ¢.
0 +i[A‘{i A[3An]D (23)
o¢ %
Using polynomials, as a result from Eq. (23) we hane
u (x,t) =1+ (24— 3/12) t (24)
(@)t
) 5 tZa
u, (X, t)=1+(21— 3/1)( )+2(1 32)(24 - 3’1)(205)!’ (25)
5 tZa ) t3a
uy(x,t) =4 +(24—34 )(2 )+6/1(2/1 3/1)(3 W (26)

Fig. 2 depicts the solution of fractional Newell-Whitehead-Segel equation and gives
the comparison of approximate solution u(x,t)~ u,(x,t) in Eq. (26) for different values of &

with the exact solution for « =1. Approximate values of the parameters are used for better
understanding of the physical facets of the problem in (18-19). From the figure, a very good
agreement can be seen between these results that reflects the validity of the determined
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analytical solutions by the new coupled technique VIMAT. To enhance the compatibility of
solution, higher order solution can be considered.
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Figure 2. Solution of fractional Newell-Whitehead-Segel equation and gives the comparison of
approximate solution u(x,t) ~ u3(X,t) in Eq. (26) for different values of & with the exact solution for

a=1.
Problem 3: Consider the system of nonlinear PDEs with time-fractional derivatives [16]

°Dfu(x,t) +w(x,t)u, (x,t) +u(x,t) =1, 0<a <1,

(28)
D/ w(x,t) —u(x,t)w, (x,t) —w(x,t) =1, 0< g <1,
subject to constraints

u(x,0) =e*,and w(x,0) =e™. (29)

According to above described steps, we have

S !

u(x,t)_z+e -A [V—a A[ﬁ]}— A [V—a Alu (x,t)]},

(30)

w(x,t) = v e+ A" [i A[B ]} +A! [i AJw(x t)]}
’ yii v " v/ AT

The iterative CF formula is

Up,a (X, 1) = U, (X, 1) — I (%ﬁ—%%—% A [Vi A[M}%A‘l[% A[un(x,g“)]Ddé,

_ (M) 0" o —1[i J_i —1[i }
W (X,t) =w (X, 1) !( o 5 g agA A[B,] agA VﬂA[Wn(x,g)] .
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Consequently, we have

u, (%, t) :UO(X’t)_g(%ﬁ_%%Jr%A_l[vi“A[AO]}r%A_l[viaA[uo(X’g)]Ddg’

t s
w, (X, t) =W0(X,t)—_([[%?§)—%%—%A‘l [i A[BO]}—% Al [viﬁ A[Wo(x,g)]Ddg“.

X t*
u(x,t)=e [1— (a)!j

(31)
Wl(x,t)ze‘X[1+ﬁj,
p!
uz(x,t)zex[l— t + t j
(@)! (2a)!
(32)
WZ(X,'[)—EX(1+£+ t* )
st @2p)!
u3(x,t):e*(1— t + t - t j
(2)! (2a)! (3a)!
(33)

tﬁ tzﬂ t3ﬂ J

B! @A) @p)!

w,(x,t)=e"" (1+

= omo :{appam'_:[]_?ﬁ ——w@pmﬁ:[]_?i — z{@parcr_:[}_i
W O f=05 H@para=[]_?5 — -w@parﬁ=[}_?5

- = :{appam'_:l ——w@pm[}:l U, aro=1
W AF =1

Figure 3. Comparison of approximate solution U(X,t) ~ u3(x,t) in Eq. (33) for different values of & with

the exact solution for @ =1.
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Fig. 3 depicts the comparison of approximate solution u(x,t)~ u,(x,t) in Eq. (33) for
different values of & with the exact solution for a =1. Approximate values of the parameters
are used for better understanding of the physical facets of the problem in (28-29). From the
figure, a very good agreement can be seen between these results that reflects the validity of
the determined analytical solutions by the new coupled technique VIMAT. To enhance the
compatibility obtained solution, higher order solution can be considered.

Example 4: Finally, taking the system of nonlinear FPDEs [17]

Diu+v,w, —vw, =-u, O<a,fB,y<]
B — 34
DLiv+u,w, +u w, =V, (34)

Diw+uyv, +uyv, =w,
subject to constraints
u(x,y,0)=¢e*", v(x,y,0)=e*", w(x, y,0)=e . (35)

According to above described steps, the iteration CF formula is

u, (X y,t)=u.(x, y,t)—j (%&MOJF%(AH {Via A[A]]_V%A[Bn] j+i[e”y (i_a)!}]dg,

Vn+1(X! y,t) =Vn(X, y,t)—j [%ém-&—%(Al [Vi“ A[Cn]—i_viaA[Dn] j—%ex)’ (i_(;!}jé/;

_ _t aWn(X,y,é/) i -1 i i _i —x+yé/_a
Wy .0 =, (0,3, g[—% L[ o] Ze (a)!jdg.

Consequently,

(%, Y1) = Uy x, ym)—j(%&}’%%(ﬁ{%A[Ao]—iA[Bo]D+i[e“y%Ddi’

Y1) = Vo (% y’t)_.[(%ém*-%(p\l{viaA[Co]"'viaA[Do]} _ie#y —a]dé/,

w, (X, y,t) = w, (X, y,t)-I[%@W+%[A1‘:\/%A[Eo]+iaA[Fo] j—iexw L“I]dé/

Using
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Ah = VnXWny’
A\) = VoxWoy =1,
Cn = uanny’

2X
E, = UgyVo, =—€

By computing, we have

a5

ey

e i )

WWW.josa.ro

Dn = unyan1
2y
Do - uOyWOX =—€7,
I:n = l‘“Inyvnx'
2x

(36)

(37)

Mathematics Section



Application of Aboodh transform on ... Jawaria Tariq and Jamshad Ahmad 671
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Figure 4. comparison of approximate solution u(x,t) ~ US(X,t) in Eq. (38) for different values of & with

the exact solution for a =1.

Fig. 4 depicts the comparison of approximate solution u(x,t)~ u,(x,t) in Eq. (38) for

different values of & with the exact solution for & =1. Approximate values of the parameters
are used for better understanding of the physical facets of the problem in (34-35). From the
figure, a very good agreement can be seen between these results that reflects the validity of
the determined analytical solutions by the new coupled technique VIMAT. To enhance the
compatibility of solution, higher order solution can be considered.

4. CONCLUSIONS

In this work, fractional Aboodh integral transform coupled with variational iteration
method is implemented in easy way to some fractional nonlinear mathematical problems to
derive the more general analytical solutions. This coupling makes the numeric calculations
very easy. It gives reliable and efficient results. Figures empower that to consider the
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difference between two solutions graphically. From the graphs we can see that the exactitude
of analytical solution can be enriched by using higher order calculations in solution.

REFERENCES

[1] Laplace, P. S., Theorie Analytique des Probabiliti‘es, Lerch, Paris, 1 1820.

[2] Turut, V., Nuran, G., European Journal of Pure and Applied Mathematics, 6, 147,.
2013.

[3] Stieltjes, T. S., Annales de la FacultAt'e des Sciences de Toulouse, 8, 1, 1894.

[4] Khan, Y., Austin, F., Zeitschrift fur Naturforschung A, 65, 1, 2010.

[5] Fourier, J., Théorie Analytique de la Chaleur, Chez Firmin Didot,Paris, 1822.

[6] Wazwaz A. M., Computers & Mathematics with Applications, 54, 895, 2007.

[7] Kashuri, Fundo, A., Advances in. Theoretical and Applied Mathematics, 8, 27. 2013.

[8] Watugula, G. K., International Journal of Mathematical Education in Science and
Technology, 24, 35, 1993.

[9] Khan, Z. H., Khan, W. A., NUST Journal of Engineering Sciences, 1, 127, 2008.

[10] Elzaki, T. M., Elzaki, S. M., Global Journal of Pure And Applied Mathematics, 7, 65
2011.

[11] Cherif, M. H., Ziane, D., Universal Journal of Mathematics and Applications 1, 113,
2018.

[12] Aboodh, K. S., Global Journal of Pure and Applied Mathematics, 9, 35, 2013.

[13] Tatari, M., Dehghan, M., Journal of Computational and Applied Mathematics, 207,
121, 2007.

[14] Hemeda, A. A., Abstract and Applied Analysis, 1. 2013.

[15] Prakash, A., Manish, G., Shivangi, G.,. Nonlinear. Engineering, 7, 1, 2018.

[16] Cherif, M. H., Ziane, D., International Journal of Analysis and Applications, 15, 188,
2017.

[17] Jafari, H., Seifi, S., Communication in Nonlinear Scirnce and Numerical Simulation, 14,

1962, 2009.

WWW.josa.ro Mathematics Section



