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Abstract:  In this paper, the quantum codes over    are constructed by using the cyclic 

codes over                    with                , and        is an 

odd prime. Moreover, the parameters of quantum codes over    are determined. 
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1. INTRODUCTION  

 

 

Quantum error correcting codes are used in quantum computing to protect quantum 

information from errrors. The first error correcting code was discovered by Shor in [1] and 

independently by Steane in [2]. Although the theory quantum error correcting codes has 

differences from theory classical error correcting codes, Calderbank et al, gave a way to 

construct quantum error correcting codes from classical error correcting codes. 

Many quantum error correcting codes have been constructed by using classical error 

correcting codes over many finite rings [3-16]. 

In this paper, in section 2, we give some knowledges about the ring   . In section 3, a 

necessary and sufficient condition for cyclic codes over    that contains its dual is given. The 

parameters of quantum error correcting codes are obtained from cyclic codes over   . Some 

examples are given. 

 

 

2. PRELIMINARIES 

 

 

In [17], the commutative ring                    with              

   was introduced, where    is a finite field with   elements and        is an odd prime. 

The skew cyclic codes over    were studied. For    , the commutative ring    was 

introduced by Mehmet Ozen et al. in [14]. In this paper the quantum codes over    were 

constructed by using cyclic codes over   . 
Let 
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It is easy to show that   
             and ∑     

 
    , where             and 

   . This show that    ∑   
 
     . Therefore, for any      ,   can be expresed uniquely 

as   ∑   
 
      , where      , for          . 

We define the Gray map   from    to   
  as follows,  
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This map   can be extended to   
  in obvious way. 

 

Theorem 1. The Gray map    is a distance preserving map from   
  (Lee distance) to   

   

(Hamming distance) and it is also    -linear. 

The Hamming distance ),( yxdH
between two vector x  and y over    is the Hamming 

weight of the vector yx  . 

The Lee weight )(xwL
of n

qn Yxxxx   ),...,,( 110  is defined as ))(()( xwxw HL  . 

The Lee distance ),( yxdL
is given by )(),( yxwyxd LL   for any n

qYyx , . 

A linear code of length n  over qY  is a qY -submodule of n

qY . 

 

Lemma 2. Let C be a linear code of length n  over qY  with rank k  and minimum Lee distance 

,d  then )(C  is a  dkn ,,4  linear code over .qF   

For any   (         )   (         )  the inner product is defined as  
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If 0xy , then x  and y are said to be orthogonal. Let C  be a linear code of length n  

over qY , the dual of C  

 : , 0C x y C xy      
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which is also a linear code over qY  of length n . A code C  is self orthogonal, if 
 CC  and 

self dual, if .CC   

Theorem 3. Let C  be a linear code of length n  over .qY   If C  is self orthogonal, so is   .C   

 

Proof: It is proved that as in [4]. 

If iB  ( 4,3,2,1i ) are codes over qF , we denote their direct sum by 

 

 1 2 3 4 1 4... : , 1,..., 4i iB B B B b b b B i         

 

Definition 4. Let C  be a linear code of length n  over qY  , we define 
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It is note that iC  ( 4,...,1i ) are linear codes over .n

qF  Moreover, 

44332211 CCCCC     and  .4321 CCCCC    

 

Theorem 5. Let ii
i

CC 
4

1

  be a linear code of length n  over  qY  . Then .
4

1
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Lemma 6. If iG  are generator matrices of q -ary linear codes iC  ( 4,...,1i ), then the 

generator matrix of C  is 

1 1

2 2

3 3

4 4

G

G
G

G

G









 
 
 
 
 
 

 

 

Let 
Ld  minimum Lee weight of linear code C  over qY . Then, 

 

  1 2 3 4( ) min{ ( ), ( ), ( ), ( )}L H H H H Hd d C d C d C d C d C    
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Where )( iH Cd
 
denotes the minimum Hamming weights of codes 

1 2 3 4, , , ,C C C C  respectively. 

Proposition 7. Let ii
i

CC 
4

1

  be a linear code of length n  over qY , where iC  are codes over

qF  of length n  for 4,...,1i . Then C  is a cyclic code over qY  iff , 1,...,4iC i   are all cyclic 

codes over qF . 

 

Proof: Let   ,,...,, 110 i

i

n

ii Caaa  where 4,...,1i . Assume that 4

4
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1

1 iiiii aaaam    

for  1,...,1,0  ni . Then   Cmmm n 110 ,...,, . Since C  is a cyclic code, it follows that  

  Cmmm nn  201 ,...,, . Note that  
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Hence ,),...,,( 201 i

i

n

ii

n Caaa   for  .4,...,1i  Therefore, 
1 2 3 4, , ,C C C C  are cyclic codes 

over .qF   

Conversely, suppose that 
21,CC , 3C ,

4C  are cyclic codes over qF . Let 

Cmmm n  ),...,,( 110  where 4

4

1

1 ... iii aam    for 0,..., 1i n  . Then   i

i

n

ii Caaa 110 ,...,,  

for .4,...,1i   Note that 
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So, C  is a cyclic code over .qY  

 Proposition 8. Suppose ii
i

CC 
4

1

  is a cyclic code of length n  over  .qY  Then  

 

44332211 ,,, ffffC   

 

where 4321 ,,, ffff  are generator polynomials of ,,,, 4321 CCCC  respectively. 

Lemma 9. For any cyclic code ii
i

CC 
4

1

  of length n  over qY , there exists a unique 

polynomial )(xf  such that  xfC   and   1| nxxf  where )(xf i  are the generator 

polynomials of , 1, 2,3, 4iC i   and   ).()()()( 44332211 xfxfxfxfxf     

Lemma 10. Let ii
i

CC 
4

1

  be a cyclic code of length n  over  qY , where 4321 ,,, CCCC  are 

codes over qF . Then 

  44332211 hhhhC   

 

where for )(xhi

  are the reciprocal polynomials of      xfxxh i

n

i /1 , that is 

   1)(deg   xhxxh i

xh

i
i  for 4,3,2,1i . 
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Lemma 11. (9) A cyclic code C  with generator polynomial  xf  contains its dual code if 

 

  ffxn mod01  

where )(xf 
 is the reciprocal polynomial of )(xf . 

 

 

3. QUANTUM CODES FROM CYCLIC CODES OVER qY
 

 

 

Lemma 12. (13) Let 1C  and 
2C  be linear codes over qF  with parameters  

q
dkn 11,,  and 

 
q

dkn 22 ,, , respectively and 12 CC 
. Furthermore, let  

 

},{min)}\()\(:)({min 211221 ddCCCCvvwd t    

 

Then, there exists a quantum error correcting code C  with parameters 

  
q

dnkkn ,, 21  . In particular, if 11 CC 
, then there exists a quantum error correcting 

code C  with parameters   ,,2, 1 dnkn   where }.\:)(min{ 111

 CCvvwd t   

 

Theorem 13. Let C  be a cyclic code of arbitrary length n  over qY , where 

  ),()()()( 44332211 xfxfxfxfxf    then CC   iff  ,)()(mod01 xfxfx ii

n   

where )(xf i

  are the reciprocal polynomials of )(xf i  respectively, for .4,3,2,1i   

 

Proof: Let  )()(mod01 xfxfx ii

n   for .4,3,2,1i  By using Lemma 11 ii CC   for 

.4,3,2,1i  By using this, we get iiii CC    for .4,3,2,1i  Hence, 
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Conversely, if CC  , then .
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  Since iC  are the q -ary codes such 

that iiC  is equal to C  mod , 1,2,3,4i i  , we have , 1, 2,3, 4.i iC C i    So,

 1 0 mod ( ) ( ) , 1, 2,3,4.n

i ix f x f x i     

 

Theorem 14. Let ii
i

CC 
4

1

  be a cyclic code of length n  over qY . If ii CC   where 

,4,3,2,1i  then CC   and there exists a quantum error-correcting code with parameters 

  ,,42,4 Ldnkn   where 
Ld  is the minimum Lee weight of the code C  and k  is the dimension 

of the code ).(C   
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4. EXAMPLE 
 

 

Let 5n ,   5510 )4(11  xxx in ][5 xF . Let    1 2 4,f x f x x  

3 4 5 6( ) ( ) ( ) ( ) 1f x f x f x f x x     . Thus 662211 ,...,, fffC  . 6,...,1, iCi  are 

 2,9,10  codes of length 10 . So, )(C  is  2,36,40  linear code. By Theorem 13,  CC   . 

Using Theorem 14, we obtain a quantum code with parameters [[40,32,2]]. 
 

Table 1. Some parameters of quantum codes. 

n q Ci Ψ(C) [[N,K,D]] 

3 19 [3,2,2] [12,8,2] [[12,4,2]] 

4 9 [4,3,2] [16,12,2] [[16,8,2]] 

5 5 [5,3,3] [20,12,3] [[20,4,3]] 

12 3 [12,9,2] [48,36,2] [[48,24,2]] 

20 9 [20,16,4] [80,64,4] [[80,48,4]] 

27 3 [27,21,2] [108,84,2] [[108,60,2]] 

30 5 [30,29,2] [120,116,2] [[120,112,2]] 

36 5 [36,34,2] [144,136,2] [[144,128,2]] 
 

 

CONCLUSION 
 

 

In this paper, by using cyclic codes over the finite ring qY  some parameters of 

quantum codes are obtained. 
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