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Abstract: In this paper, the quantum codes over F,; are constructed by using the cyclic
codes over Y, = F, + uF, + vF, + uvF, with u®* = 1,v* = 1,uv = vu, and ¢ = p™,p is an
odd prime. Moreover, the parameters of quantum codes over F, are determined.
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1. INTRODUCTION

Quantum error correcting codes are used in quantum computing to protect quantum
information from errrors. The first error correcting code was discovered by Shor in [1] and
independently by Steane in [2]. Although the theory quantum error correcting codes has
differences from theory classical error correcting codes, Calderbank et al, gave a way to
construct quantum error correcting codes from classical error correcting codes.

Many quantum error correcting codes have been constructed by using classical error
correcting codes over many finite rings [3-16].

In this paper, in section 2, we give some knowledges about the ring Y. In section 3, a
necessary and sufficient condition for cyclic codes over Y, that contains its dual is given. The
parameters of quantum error correcting codes are obtained from cyclic codes over Y,. Some
examples are given.

2. PRELIMINARIES

In [17], the commutative ring Y, = F, + uF, + vF, + uvF, withu® = 1,v*> = Luv =
vu was introduced, where F; is a finite field with g elements and g = p™, p is an odd prime.
The skew cyclic codes over Y, were studied. For g =3, the commutative ring Y; was

introduced by Mehmet Ozen et al. in [14]. In this paper the quantum codes over F; were
constructed by using cyclic codes over Y;.
Let

A= (%Jrl)(l+u +V+Uuv)
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_ (91 q° -1
A =( n )d+u) +( n )(V+uv)
A=+ @ D ew)
A, = (qz LY uv)+(qz L+

4

It is easy to show that 27 = 2;,4;4; =0 and Y4_, 4, = 1, where i,j = 1,2,3,4 and
i # j. This show that Y, = Y#_, A F,. Therefore, for any a € Y, a can be expresed uniquely
asa = Y-y Ay a , where a;, € F,, for k = 1,2,3,4.

We define the Gray map ¥ from Y, to Fq4 as follows,

lP:Yq—>Fq4

a+ub+vc+uvd — f
where

B =) @+b+c+d), (Eh)(@+b)+ (5 +d), (h)(@+c) + (b +d),(Gh(a+d)
+ (52 (b +c)).

This map ¥ can be extended to Y;* in obvious way.

Theorem 1. The Gray map ¥ is a distance preserving map from Y;* (Lee distance) to F,"
(Hamming distance) and it is also F,-linear.

The Hamming distance d,, (x, y) between two vector X andy over F; is the Hamming
weight of the vector x—y.

The Lee weightw, (x)of X =(X,,X,...X,,) €Y, is defined as w_(x) =w, (P(X)).
The Lee distance d, (x,y)is givenby d _(x,y)=w_(x—y) forany x,y e Y.
A linear code of length n over Y, isa Y,-submodule of Y.

Lemma 2. Let C be a linear code of length n over Y, with rank k and minimum Lee distance
d, then W(C) is a [4n,k,d] linear code over F,.
Forany x = (xg, ..., Xp—1), ¥ = Vo, ---, Yn—1) the inner product is defined as

n-1
Xy = zxi Yi
i=0

If xy=0, then x and y are said to be orthogonal. Let C be a linear code of length n
over Y,, the dual of C

C'={x :VyeC,xy=0}
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which is also a linear code over Y, of length n. A code C is self orthogonal, if C < C* and

self dual, if C=C".
Theorem 3. Let C be a linear code of length n over Y. If C is self orthogonal, so is ‘P(C)

Proof: It is proved that as in [4].
If B; (1=12,3,4) are codes over F_, we denote their direct sum by

B,®B,®B,®B, ={b +..+b, : b eB,i=1..,4}

Definition 4. Let C be a linear code of length n over Y, , we define

T+ asbtcd)c F" - atub d
C,=4( 2 )@+b+c+d)eF' : a+ub+vc+uvd eC

2 2
C, ={(q 4+1)(a+b)+(q 4_1)(c+d) eF : a+ub+vc+uvd eC}

c, {(q aio)s (q

A a+ub+vc+uvd eC}

c, {(q i id)s (q

A a+ub+vc+uvd eC}

It is note that C,
C=4C, ®4C, ®AC, ®4,C, and |C|=|C,|[C,|[C,IC.|

(i=1..,4) are linear codes over F;. Moreover,

4 4
Theorem 5. Let C = X A,C; be a linear code of length n over Y, .Then C* =X AC;".
i=1 i=1

Lemma 6. If G, are generator matrices of g-ary linear codes C; (i=1...,4), then the
generator matrix of C is

4G,

ﬂ“ZGZ

4G,

2464

G=

Let d, minimum Lee weight of linear code C over Y. Then,

dL = dH (IP(C)) = min{dH (Cl)’dH (Cz)vdH (Ca)vdH (C4)}
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Where d,, (C;) denotes the minimum Hamming weights of codes C,, C,,C,,C,, respectively.
4

Proposition 7. Let C = > 4,C; be a linear code of length n over Y , where C; are codes over
i=1

F, of length n for i=1...,4. Then C is a cyclic code over Y, iff C, i=1...,4 are all cyclic
codes over F,.

Proof: Let (ag,a{,...,anfl)e C,,where i =1,...,4. Assume that m, = 4, a" + 1,a} + 4,3’ + ,a;
for 1=0,1..,n-1. Then (mo,ml,...,mn_l)eC. Since C is a cyclic code, it follows that
(m,_,,m,,...m_,)eC. Note that

(Mg Mo My ) = Ay (@0 1088 5) o A4 (874,800,855

Hence (a,,,ay,..,a, ,) €C;, for i=1...,4. Therefore, C, C,,C,,C, are cyclic codes
over F,.

Conversely, suppose that C,,C,,C;,C, are cyclic codes over F,. Let

(my,m,,...,m,,)eC where m; = 4,a/ +...+ 4,3 for i=0,..,n—1. Then (ac‘,,al‘,...,ain_l)e C,
for i=1,...,4. Note that

(Mpgs Mg oMy, ) = 24 (85 1,850 85 5) + o A4 (7 41,851 80 ) € C = 4,C, @ 4,C, ® A,C, ® 4,C,.

So, C is acyclic code over Y,.

4
Proposition 8. Suppose C =2 4,C; is a cyclic code of length n over Y,. Then
i=1

C=(4f, 41414, 1,)

where f,, f,, f;, f, are generator polynomials of C,,C,,C,,C,, respectively.
4

Lemma 9. For any cyclic code C=>AC; of length n over Y,, there exists a unique
i=1

polynomial f(x) such that C:<f(X)> and f(x)|x” —1 where f,(x) are the generator
polynomials of C,,i=1,2,3,4 and f(x)=Af,(X)+ 4, f,(X)+ A f;(X) + 4, f,(X).
Lemma 10. Let C :i/lici be a cyclic code of length n over Y, , where C,,C,,C;,C, are
codes over F,. Then )

C* = (Al + 2,h; + Agh; + 2,h;)

where for h’(x) are the reciprocal polynomials of hi(x):(x”—l)/ f.(x), that is
b (x)= x9N ®h (x 1) for 1=1,2,3,4.
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Lemma 11. (9) A cyclic code C with generator polynomial f(x) contains its dual code if

X" —1zo(mod ff*)
where f *(X) is the reciprocal polynomial of f(X).

3. QUANTUM CODES FROM CYCLIC CODES OVER Y,

Lemma 12. (13) Let C, and C, be linear codes over F, with parameters [n,kl,dl]q and

[n.k,.d,], , respectively and C; < C,. Furthermore, let
d = min{w, (v): ve (C,\C;)uU(C,\C;)}=>min{d,,d,}

Then, there exists a quantum error correcting code C with parameters
[[n.k, +k, =n,d]],. In particular, if C; =C,, then there exists a quantum error correcting

code C with parameters [[n,2k, —n,d], where d, = min{w,(v): veC,\C;'}.

Theorem 13. Let C be a cyclic code of arbitrary length n over Y,, where

f(x)= 4 F,(0) + 4, f,(0) + A F,(X) + 4, f,(X), then C* =C iff x" —1=0(mod f,(x) f,"(x))

where f,"(x) are the reciprocal polynomials of f;(x) respectively, for i=1,2,3,4.

Proof: Let x" —1so(mod fi(x)fi*(x)) for i1=12,3,4. By using Lemma 11 C' cC, for

i=1,2,3,4. By using this, we get A.C." < AC, for i=1,2,3,4. Hence, i/ljcj c iljcj . So,
j=1 j=1

we have <iﬂjh}‘(x)> c <i/11. fj(x)>. This implies that C* < C.
=1 =

4 4
Conversely, if C* < C, then > 2,C; = X 4,C;. Since C; are the q-ary codes such
j=1 j=1

that A4C, is equal to C mod 4,i=1234, we have C; cC,i=1234 So,
x"~1=0(mod f,(x)f"(x)), i=12,34.

4
Theorem 14. Let C=3XAC; be a cyclic code of length n over Y. If C/ < C; where
i=1

i=12,34, then C* < C and there exists a quantum error-correcting code with parameters
[[4n,2k —4n,d, ]| where d, is the minimum Lee weight of the code C and k is the dimension
of the code W(C).
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4. EXAMPLE

Let n=5, x°-1=(x+1)°(x+4)°in
f,(x)=f,(x) = f,(x) = f;,(x) =x+1. Thus

F[x]. Let
C :<771f17772 PR/ f6>'

f,(x)="f,(x)=x+4,
C,i=1..,6 are

[10,9,2] codes of length 10. So, W(C) is [40,36,2] linear code. By Theorem 13, C* < C .

Using Theorem 14, we obtain a quantum code with parameters [[40,32,2]].

Table 1. Some parameters of quantum codes.

n q Ci Y(C) [[N.K,D]]

3 19 [3,2,2] [12,8,2] [[12,4,2]]

4 9 [4,3,2] [16,12,2] [[16,8,2]]

5 5 [5,3,3] [20,12,3] [[20,4,3]]

12 3 [12,9,2] [48,36,2] [[48,24,2]]
20 9 [20,16,4] [80,64,4] [[80,48,4]]
27 3 [27,21,2] [108,84,2] [[108,60,2]]
30 5 [30,29,2] [120,116,2] [[120,112,2]]
36 5 [36,34,2] [144,136,2] [[144,128,2]]
CONCLUSION

In this paper, by using cyclic codes over the finite ring Y, some parameters of
qguantum codes are obtained.
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