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Abstract. Fermi-Walker derivative and the energy of magnetic curves have an
important place in physics and differential geometry. In this study, we calculate the Fermi-
Walker derivatives of T, N,, N, magnetic curves according to the Bishop frame in the
space. Moreover, we obtain the energy of the Fermi-Walker derivative of magnetic curves
according to the Bishop frame in space. Finally, we have energy relations of some vector
fields associated with Bishop frame in the space.
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1. INTRODUCTION

The closed 2-form F on Riemannian manifold(M,g) is called a magnetic field.
Magnetic curves on a Riemannian manifold (M, g) is a trajectory characterized by a charged
particle moving in under the influence of a magnetic field F. If these charged particles enter
the magnetic field they are exposed to a force called a Lorentz force. The Lorentz force is an
(1, 1)-type tensor field & on Riemannian manifold (M,g) and it satisfies that

g(@(X),Y)=F(X,Y), VX,Yey(M). Lorentz force equation is expressed by
d(X) =V x X. Morever the magnetic trajectories of the magnetic field F is given by

V. T=d(T)=VxT.

Generalized Lorentz equation obtained from the geodesics of M is given by V. T =0
[1-3].

A charged particle moves along a curve in the magnetic vector field then it is exposed
to the magnetic field. The researchers have examined the trajectories of charged particles
moving in an area modeled by the homogeneous space S*xR [4]. The notions of T -
magnetic, N,-magnetic and N, -magnetic curves and some characterizations for them in the
semi-Riemannian manifolds have been determined by some researchers [5-9].

The local theory of the curves has been investigated by some researchers by
considering Serret-Frenet laws. Bishop frame, which is also called an alternative or a parallel
frame of the curves by means of parallel vector fields. The Serret-Frenet and Bishop frames
have one thing in common i.e. their tangent vector field. Recently, many studies have been
done on the Bishop frames in the Euclidean space [10-12].
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On the other hand, several methods in the research of magnetic curves for a given
magnetic field on the constant energy level have been invesitgated by Muntenau in [1]. Also,
many researchers have identified energy related studies using different methods [13-21].

In this study, we calculate the Fermi-Walker derivatives of T, N,, N, magnetic

curves according to the Bishop frame in the space. Moreover, we obtain the energy of the
Fermi-Walker derivative of magnetic curves according to the Bishop frame in space. Finally,
we have energy relations of some vector fields associated with Bishop frame in the space.

2. MATERIALS AND METHODS

At this stage, some basic concepts about curves in space are given.
The Euclidean 3-space supplied with the standard straight metric given by

(1) = dx{ +dx; +dx3.

Here (x,, X,, X;) is a coordinate system of the Euclidean 3-space.

Considering that {T,N,B} is the Serret-Frenet frame of o that the following Frenet-
Serret equations can be given.

T 0 k OYT
N |[=|-x 0 7| Nj (2.1)
B 0 -z O)\B

(T,T) = (N,N)=(B,B)=1,
(T,N) = (T,B)=(N,B)=0.

The Bishop frame, which is referred to as the alternative or parallel frame of the
curves depending to parallel vector fields, was introduced by L.R. Bishop in 1975. It is a well-
defined alternative approach even in the absence of the second derivative of the curve [22].
The Bishop frame is explained as

T 0 k kYT
N, |=|-k 0 0[N, (2.2)
N,| =k, 0 0N,

from here

Here, {T,N,,N,} is called Bishop trihedra and k, and k, are called Bishop curvatures
of the curve and the connection between Frenet and the Bishop frame is expressed as follows
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T 1 0 0 T
N|=|0 cosé(s) sind(s) | N, |
B 0 -—sind(s) cosd(s) \N,

where e(s):arctan%, 7(s)=0 (s) and x(s) = +/(k)* +(k,)* . Bishop curvatures are

1

defined by k; = xkcosd(s) and k, = xsin 4(s) [12].
3. FERMI-WALKER DERIVATIVE

In this section, we give the definitions of T, N,, N, magnetic curves and Fermi-
Walker derivative [23-25].

Definition 3.1. Let «: 1 =R — R®be a curve with Bishop frame in Euclidean 3-space
and F, be a magnetic field inR®. If the tangent vector field T of the Bishop frame satisfies

the Lorentz force equationV .T=®(T)=VxT, then the curve «is called aT -magnetic

curve according to Bishop frame [23].

Proposition 3.2. Let « be a unit speed T -magnetic curve according to Bishop frame
in Euclidean 3-space. Then, the Lorentz force according to the Bishop frame is obtained as

(T) 0 k kYT
(D(Nl) = _kl 0 P Nl! (3-1)
®(N,)) |-k, —p 0N

where p is a certain function defined by p = g(®N,,N,), [15].

Definition 3.3. Let «: 1 =R — R®be a curve with Bishop frame in Euclidean 3-space
and F,be a magnetic field inR®. If the vector fieldN, of the Bishop frame satisfies the

Lorentz force equationV .N;, = ®(N,) =V xN,, then the curve «is called aN,-magnetic
curve according to Bishop frame [23].

Proposition 3.4. Let o be a unit speed N, -magnetic curve according to Bishop frame
in Euclidean 3-space. Then, the Lorentz force according to the Bishop frame is obtained as

®MY (0 k 7T
®(N,) [=| -k, 0 OfN,| (3.2)
o(N,)) \-n 0 O)N,

where 7is a certain function defined by = g(®T, N,) [23].
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Definition 3.5. Letar: | R — R®be a curve with Bishop frame in Euclidean 3-space
and F, be a magnetic field inR®. If the vector field N,of the Bishop frame satisfies the

Lorentz force equationV .N, = ®(N,) =V xN,, then the curve «is called aN,-magnetic
curve according to Bishop frame [23].

Proposition 3.6. Let « be a unit speed N, -magnetic curve according to Bishop frame
in Euclidean 3-space. Then, the Lorentz force according to the Bishop frame is obtained as
d(T) 0 v kYT
®(N) |[=| =y 0 O | N,| (3.3)
®(N,) -k, 0 O AN,

where y is a certain function defined by y = g(®(T),N,) [23].

Definition 3.7. X is any vector field and «(s)is unit-speed any curve in space.

VX _8X T XyA+ (A XOT (3.4)
Vs ds
defined as%—X derivative is called Fermi-Walker derivative. Here T = (jj—a, A= ((jj—T [26].
S S S

Definition 3.8. X is any vector field along the o(s) space curve. If the Fermi-Walker
derivative of the vector field X _
VX
— =0, 3.5
s (3.5)
the vector field X along the curve, parallel to the Fermi-Walker terms, is called [26].

Theorem 3.9.Let  be a T -magnetic curve with Bishop frame. Then, Fermi Walker
derivatives of Lorentz forces®(T), ®(N,), ©(N,) are given by

V.d(T) = kN, +k,N,,
V.ON,) = -k T+pN,, (3.6)
6T(D(Nz) = —kT-pN,

where p=g(®N,,N,).

Corollary 3.10. Lorentz forces®(T), ®(N,), ®(N,) are parellel according to Fermi
Walker if

k, = constant,
k, = constant,
p = constant.
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Proof. Assume that « is a T -magnetic curve with Bishop frame. By using Fermi
Walker derivatives, we have

V.O(M) = kN, +kN,,
ViON) = -k T+pN,,
V.O(N,) = —-k,T-pN,.

Also, Lorentz forces®(T),D(N,), ®(N,) are parallel to the Fermi--Walker terms,
then

k, =0,k, =0andp =0.
Therefore, k, =constant, k, = constant and p = constant is obtained.

Theorem 3.11.Let « be aN, -magnetic curve with Bishop frame. Then, Fermi Walker
derivatives of Lorentz forces®(T), ®(N,), ©(N,) are given by

V.O(T) = -k, T+kN,+7'N,,
V,O(N,) = —kT-kk,N,, (3.7)
%T(D(NZ) = _77.T_77k2N21

wheren = g(®T,N,).

Corollary 3.12. Lorentz forces®(T), ®(N,), ®(N,) are parellel according to Fermi
Walker if

k, = constant,
k, = 0,
n = constant.

Proof. It is clear with Theorem 3.11.

Theorem 3.13. Let « be aN, -magnetic curve with Bishop frame. Then, Fermi Walker
derivatives of Lorentz forces®(T), ®(N,), ®(N,) are given by

6Tq)(T) = _7’k1T+Y'N1+k'2N21
ViO(N,) = -y T-kN,, (3.8)
V.®(N,) = —k,T-kk,N,,

wherey = g(®T,N,).

Corollary 3.14. Lorentz forces®(T), ®(N,), ®(N,) are parellel according to Fermi
Walker if
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k, = 0,
k, = constant,
y = constant.

Proof. It is clear with Theorem 3.13.

4. RESULTS AND DISCUSSION

In our this part, we define Fermi-Walker derivative and energy with Sasaki metric
[27].

Definition 4.1.For two Riemannian manifolds (M, ) and (N,H) energy of a
differentiable map f :(M, p) — (N,H)is defined by

o(f)=; [, JHer b, ot (o,

(4.1)

where v is the canonical volume form on M [27,28]. Sasaki metric defined as

ps(61:6,) = pldals, ), dals, )+ p(Q(s,). Qls, )

Now, we study relationship between Fermi-Walker derivative and Frenet fields of
curves. Fermi transport and derivative have the following theories.

Fermi-Walker transport is defined by
VX =V X+ T< X, V,T>-V,T<XT>=0.
VI¥X is called Fermi Walker derivativefor X by T along the particle [29].

Theorem 4.2. Let a be a unit speed T -magnetic curve according to Bishop frame in

Euclidean 3-space [30]. Then, energy of ®(T), ®(N,), ®(N,)with Sasakian metric are
given by

BOT) = 2] A+ + () +())es,
BON)) = [ (W +kap)? +ki 4 (kb +0) ) 42)
BON) = [ (1 (ap—k) +(ck, +p) k)i

Proof.Let « be a unit speed T -magnetic curve according to Bishop frame in

Euclidean 3-space. By using V., ®(T) = (-k/ —k)T+ kl‘N1+k;N2 equation and from (4.1)
energy formula, we get
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g(d(T) = %L(H(VT(D(T),VTCD(T))ds

= D (k) () )s

Also, using V- ®(N,) equation and from energy formula, we have

B@ON)) = 2 [ (1+(Vr0(N), VO (N))s

1 ' 4 ,
=5 [ @+ +kop)? +ky +(kik, +0)7)ds.

Similarly by using V ®(N,) = (klp—k;)T—(klkz+p')N1—k22N2 and from energy
formula, we get

BON) = [ (L+(V,D(N,), V,0(N, ))ds

1 - . 4
= [0+ (kp—ko) + (ki + )"k, )ds.

Theorem 4.3. Let « be a unit speed N, -magnetic curve according to Bishop frame in
Euclidean 3-space. Then,energy of ®(T), ®(N,), ®(N,) with Sasakian metric are given by

BOT) = 2 [ Lk 1K) + 00+ 1)),

BON)) = 2] (L ()P +k + (ko)) (4.3)

BOIN) = 2[00+ k) + (k) )ds

Proof: Let o be a unit speed N,-magnetic curve according to Bishop frame in

Euclidean 3-space. Then, by using V,®(T) = (-k —7k,) T+ kl'Nl+77' N, equation and from
energy formula

HOT) = [ @+ (VO(T), V- 0(T))ds
= L)+ () (r ) )ds
is obtained.

Similarly by using VTCID(Nl):—kllT—kal—klkzN2 equation and from energy
formula, we get
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BON)) = [ (V0N V0N, ))ds

- % [ (@ (k)2 +k +(k,)?))ds.

On the other hand, using V,®(N,) = -7 T—7nk N, —7k,N, and from energy formula,
we have

BON) = [ (L+(V,D(N,), V- 0(N, ))ds

= L@ )+ (k) )ds

Theorem 4.4. Let « be a unit speed N, -magnetic curve according to Bishop frame in

Euclidean 3-space. Then,energy of ®(T), ®(N,), ®(N,)with Sasakian metric are given by
1 ) .
@) = o[ (W lrky k) + () + ;) ),

BOND) = [ (L () + (1) + (0k,) ), (4.4)

BOIN,) = 2 [0+ () + (ko) 4K

Proof. Let o be a unit speed N,-magnetic curve according to Bishop frame in

Euclidean 3-space. Then, by using V,®(T)= (—3(k1—k22)T+y'Nl+k;N2 and from energy
formula

HOT) = [ W+ (VOT), V- 0(T))ds

= L Ok () () )ds
is obtained.

Then, using V. ®(N,) =y T—kN, —k,N, and from energy formula we have

BON)) = 2 [ (L4 (V0(N,), V- 0(N,))ds

= LG k) + (rk) s

Similarly, by using V ®(N,)= -k, T—kk,N,—k’N, and from energy formula, we
get

BON,) = 2] (V0N V0N, ))ds

= %L(u (k)2 + (kiK,)? +k2))ds.
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Theorem 4.5. Energy of §TCD(T), §T®(N1), §TCD(N2) with Sasakian metric are
presented

£(V.0(T) = % [ @ Gk, k) + (k) )7 + (K )7)d,

£(V,®(N,))

L ep ) k) (0 —kk)ds (45)

e(V;®(N,))

1 ' " ' " '
@+ ki=k )P+ (kaky + o )"+ (koky) )

Proof.Let « be a unit speed T -magnetic curve according to Bishop frame in

Euclidean 3-space. When Eq. 5TCD(T)=kl‘Nl+k;N2 and (2.2) are written in the energy
formula

£(V,0(T)) = %L(l+(VT&TCI)(T)),VT&T@(T)»)dS
= 0tk k) )+ ))ds

is obtained.
Similarly by using 5T<D(N1) =k, T+ p N, equation and from energy formula we
have

BTN = [ [+ (V5 (T 0(N)). V(- 0(N, )]s

= 21K ep Y (k) (0 —kik) TS
Then by using §T<D(N2) = —k;T—p'N1 equation and from energy formula we have

5(€T®(N2)) = %L(l"' <VT(§T®(N2))’ VT(%T(D(NZ))>)dS

= LAkl )+ (ki +p )+ (kok;)*)ds:

Theorem 4.6. Energy of 5TCD(T), §T®(N1), §T®(N2)With Sasakian metric are
presented

sT0(M) = 2 [ @+ (k,) +hik+k,)’
+(k, —7k,k,)? + (7" —nk3)?)ds,
i _ 1 2 ) "I, \2
g(qu)(Nl)) = EL(l"'(klkz_kl) +(k1k1) (4.6)
+ (ko k, +(kk,) )2)ds,
s(T10N,) = 2 [ A+ 0k =)+ (0 k)’

+((mk, + (k) )*)ds.
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Proof.Let o« be a unit speed N,-magnetic curve according to Bishop frame in

Euclidean 3-space. When Eq. %TGJ(T)=—77k2T+ kl'N1+77'N2 and (2.2) are written in the
energy formula

sTr0(T) = 2 [ @V (T 0(T), V1 (T o(M))es
= %L(:H‘ ((Ukz)l "‘77' kz + kll k1)2
(K ko) + (7 —7k2)D)ds,
is obtained.

Similarly by using §T(D(N1) = —kllT—klkzN2 equation and from energy formula we
have

BN = 2 [ L4V (Tr0(N)) V- (T 0 (N, )

) %Lﬂ+&$?*b“whmf+wkfuhnnﬂw

Then, by using 5TCD(N2)=—77'T—77k2N2 equation and from energy formula, we
obtain

e(V ®(N,) = %La+wq&qMNnga%4ng»Ms

= [ (oka—k) + ok + p )"+ (kok,))ds.

Theorem 4.7. Energy of 5TCD(T), §T<D(N1), 5TCD(N2)with Sasakian metric are
presented

(V. (T)) = %Lﬂ+w&f+@M+7hf+0*—%bz+&}ﬂﬁbfw&
e(V®(Ny) = %L(H(ykf—7")2+(y'k1+(m)')2 +(r k,)*)ds, (4.7)
£(V;O(N,)) = %L(u(kﬁkz-kg)z+(k;kl+(klk2)')2 + (k,k,)?)ds.

Proof.Let o« be a unit speed N,-magnetic curve according to Bishop frame in

Euclidean 3-space. When Egq. §TCD(T):—;4<1T+7/N1+k;N2 and (2.2) are written in the
energy formula

sT0M) = 2 [ AV (Tr0(T), V1 (Fro(T))ek
= %L(l+ (k) +kk, + 7 k) +(r = k)% + (K, — kK, )?)ds,

is obtained.
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Similarly by using 5TCD(N1) = —y T -k N, equation and from energy formula we get

BTN = 2] (1 (V (T 0(N,)), V- (V0N )

S e R e S T B

Then by using §T®(N2) = —k,T—kk,N, equation and from energy formula we have

e(V.O(N,) = %Lm<vT(%ch(Nz)),vT@T@(Nz)»)ds

= %L(H (k2Ky =Ky )% + (KoK, + (KiK,) )2 + (KoK, )?)ds.

CONCLUSIONS

The study of computing an energy of given vector field depending on the structure of
the geometrical spaces has becoming more popular research area recently.

In this paper, it was calculated the Fermi-Walker derivatives of some magnetic curves
according to the Bishop frame in the space. Moreover, it was obtained the energy of the
Fermi-Walker derivative of magnetic curves according to the Bishop frame in space. Finally,
the energy relations of some vector fields associated with Bishop frame in the space was
obtained.
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