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Abstract. In this paper, we examine Min matrix L:[L("

n
(r)
k+min(i,j)71:|i j=1’ where Ln

denotes the nth hyper-Lucas number of order r. We mainly focus on characteristic polynomial
of L. Also, we compute determinants, inverses of L and its Hadamard inverse. Moreover, we
give a numerical example to illustrate our results.
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1. INTRODUCTION

There are many special matrices in mathematics. Two of them are Max and Min
matrices. The elements of Max and Min matrices are defined by means of maximum and
minimum concepts. The fundamental examples of Max and Min matrices are

r 17 1 2 ... N

223 .. n

A=[minG, )]’ ,=|1 2 3 .. 3| and B=[max(i,))] =3 3 n|.
12 3 .. n] nnon oo

There are interesting relationships Fibonacci numbers and Max and Min matrices [1,
2]. Also, determinants and inverses of these matrices can be computed easily [3-7]. For the
Min and Max matrices

Zl Zl Zl Zl Zl ZZ ZS Zn

n Z1 ZZ ZZ ZZ ZZ Z2 ZS Zn
(T),.. :[mln(zi,zj)]i&_:l =z 7z, 7, ... z|and(T) =|z, z; z, ... 2,/
'z z, 1z, Z, | 'z, 7, 1, Z, |

by means of Mattila and Haukkanen [6], we know that for z, = 0 the (i,j)th entry of inverse
matrix (T) __ is
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0, i-ij|>1
: i=j=1
-1,
! + ! : l<i=j<n, D)
Ly~ L~y
— i-il-1
2~z
1 1 .
+=, i=j=n
Zn—l_zn Zn

and for z, =0 the (i,j)th entry of inverse matrix (T ) __is

0, i—ij|>1,
z, .
1=]=1
21(22_21)
! - L : 1<i=j<n, 2
Li—4iy Lz
- i-il=1
2. -2
L , I=]=n
Z,—Z,,

In this study, we mainly focus on characteristic polynomial of matrix

Lf:) LE(r) Lﬁr) . LE(r)
(r) (r) (r) (r)
N Lk Lk +1 Lk a0 Lk+1
|1 —| 1 (r) (r) (r)
L_|:Lk+min(i,j)—ll i Lk Lk+1 Lk+2 Lk+2 d (3)
(r) (r) (r) (r)
L Lk Lk+l Lk+2 e Lk+n—l_

where L denotes the nth hyper-Lucas number of order r. Moreover, we compute

determinant, inverse and Hadamard inverse of this matrix.
The numbers 2, 1, 3, 4, 7, 11, 18, ... are called as Lucas numbers. The Lucas numbers

have the recurrence relation L, =L, +L, _, for n>2 with L, =2 and L =1 [8]. There are
many generalizations of Lucas numbers. One of them is hyper-Lucas numbers. nth hyper-

n
Lucas number of order r is defined by the rule L(nr) => L(k“l) under the conditions L(no) =L,
k=0
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LV =2 and LI =2r+1 [9]. Also, the sequence of hyper-Lucas numbers has the recurrence
relation L = L, + L0 [9].

2. MAIN RESULTS

Theorem 2.1. The characteristic polynomial, p(n,}t), of nxn matrix L in (3) holds
p(n.2)=(24-L01)p(n-12)-2"p(n~-2,2) (4)
where p(O,ﬂ,)=1, p(l,/i)zi—LE(r) and n>2.

Proof: Since p(n,1)=det(Al —L), we write

_A _ Lf(r) _LE(F) _LE(I‘) _Lir)
L e L
p(na)=cet| L -0 A-L, - LY,
L L
By using elementary row and column operations, we have
K U U -0
A A=l D LD L
0 -4 A-LD (r-1) )
p(n, i) = det j . ' k+2 I.<+2 |f+2
0 0 0 A= Lf:jiz —LE::ZZ
Lo 00 A AL
-1 -2 0 0 0o ]
-2 2= -2 0 0
0 -A 241D 0 0
= det . k+2 ' ‘
0 0 22-100, -2
- 0 0 A 2L

respectively. Then, by computating the above last determinant by the last row, we have

p(n2)=(24-L72 ) p(n-1,4)-2°p(n-2,2),
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for n>2, under the conditions p(0,2)=1and p(LA)=2-Ly. O

Now, we have the sequence p(0,4)=1, p(L4), p(L4), ..., p(n4).

Corollary 2.2. The determinant of nxn matrix L in (3) is
det (L (’)H L (5)
Proof: Let p(n,A)be the characteristic polynomial of nxn matrix L. Then,

det(L)=(-1)" p(n,0).
By (4), we have

p(n,0)=-Lp(n-10)=-L2 [ L, p(n-2,0)]
:"'—( 1) Lk:r})ll‘ﬁ:nl 2L$<r+nls'“|‘k+l LE: .
Thus,

det(L <r>H LD o

K+i

Corollary 2.3. If 2=0, then p(i,4) does not vanish for 1<i<n.
Proof: The relation (4) yields
p (I’ 0) _|_("+ 1)1 p( ) == (_1) L(kr+ll)l LE<r+|l)2 L&r+|l)3 : L(kr+:ll) L(r)

Since L =0 and LY™ 0 for s>0, p(i,0)=0 for 1<i<n. O

Corollary 2.4. Two consecutive terms p(i,4), p(i+1,1) can not have a common zero, for
1<i<n-1

Proof: If p(i+14,)=p(i,4)=0 for 1<i<n-1, then from Corollary 2.3 4, =0 and the
equation (4) holds

p(i-14)=p(i-24)="+=p(0,4)=0

But it is impossible since p(0,4,)=1and A, #0. O
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Theorem 2.5. The inverse of nxn matrix L in (3) is

1 1 1
oy T 0 0 0
k k+1 k+1
1 1 1 1
_ + - 0 0
L LD LS L.
1 1 1
L= 0 - LD (D) + LD 0 0
k+2 k+2 k+3
0 0 0 (31) + (rl—l) - (rl—l)
I‘k+n—2 Lk+n—l I‘k+n—1
0 0 0 B (r]—-l) (r]—-l)
L Lk+n—1 Lk+n—1 B

Proof: For z, =L\"). ,, the equation (2) and the relation L = L, + L™ immediately yield

desired result.

Theorem 2.6. The determinant of Hadamard inverse of nxn matrix L in (3) is

_1)”—1 i (D)
)= Tl
Proof: By using elementary row operations on
1 1 1 1 ]
Lﬁr) LE(I’) Lir) LE(F)
1 1 1 1
O
det(L*)=det| 1 1 1 1
0w
1 1 1 1
ISR S B L |

we have upper triangular form:
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1 1 1 1 ]
@) @) @) @)
Lk Lk Lk Lk
0 1 1 1 1 1 1
O O JO Jo 7 G
Lk +1 Lk Lk +1 Lk Lk +1 Lk
det (L") = det 11 11
0 0 T T )
k+2 k+1 k+2 k+1
1 1
0 0 0 L™
L k+n-1 k+n-2 _|
Thus,

11 1)1 1 1 1
det(L )_ OO0 oo Jo | To 7o
Lk I‘k+1 Lk Lk+2 Lk+l I‘k+n—1 Lk+n—2

(r) OO (r) (r) (r)
1 L7 -Lo b — L Loz — Licna

G (r) 1 () (r) 1(n) (r) (r)
Lk Lk+1 Lk Lk+2 I—k+1 Lk+n—1 Lk+n—2
(r-1) (r-1) (r-1)
1 - Lk+l B I—k+2 B Lk+n—l

TTO OO o0 7o o
Lk I—k+1|—k Lk+2Lk+l Lk+n—1Lk+n—2

(—1)nlﬁ Lf(r_l)
— +1
i N

Theorem 2.7. The inverse of Hadamard inverse of nxn matrix L in (3) is

[ QI GIG)
L(r) _ I‘k Lk+1 Lk Lk+1 0 0 0
k LD LD
k+1 k+1
(Ul M (r) () (ONIY
I‘k I‘k+1 _ Lk |‘k+1 _ Lk+1Lk+2 Lk+1Lk+2 0 0
(r-D (r-1) (r-1) (r-1)
I‘k+l Lk+1 I‘k+2 I‘k+2
ONIY (r) (0 ()
0 Lk+1Lk+2 _ Lk+1Lk+2 _ Lk+2 I'k+3 0 0
Lt 1 LD LD LD
- k+2 k+2 k+3
N 1 N (N
0 0 0 e Lk+n—3Lk+n—2 _ Lk+n—2Lk+n—1 Lk+n—2Lk+n—l
LD -0 -0
k-+n-2 k+n-1 k+n-1
o o
0 0 0 Lk+n—2 Lk+n—1 _ Lk+n—2 Lk+n—1
L(r—l) (r-1)
L k+n-1 +n-1

Proof: Consider the matrix
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Then

where

k+n-1

1 1
LE(F ) LE(F )

(r) (r)
I‘k Lk+l

(r) (r)
L Lk I‘k+l

00
|t
01
10

Il

@
Lk

(r)
Lk+l

|_(f)

k+n-1 _|

1
Ly
1
Ly

1
L

= L4

0
0

The matrix L, has the Max matrix form. By considering Equation (1) for inverse of L;, we

have

(L) =,

Lo WL Lo
CoLy L.
+ +
(QIU) (ry () (ONEQ]
I‘k I‘k+1 _ I‘k Lk+l _ Lk+1Lk+2
(r-1) (r-1) (r-1)
Lk+1 Lk+1 Lk+2
(ONEQU]
0 Lk+1Lk+2
— (r-1)
- Lk+2
0 0
0 0

ISSN: 1844 — 9581

(10
Lk+1Lk+2
(r-1)
Lk+2

L(f) L(r)

L(r) L(r)

_ k1 —k+2 _ —k+2 k43

(r-1) (r-1)
+2 Lk+3

0 0
0 0
0 0
(I (N (N
Lk+n—3 I‘k+n—2 _ I‘k+n—2 I‘k+n—1 I‘k+n—2 I‘k+n—1
(r-1) (r-1) (r-1)
I'k+n—2 Lk+n—1 Lk+n—1
M M
I'k+n—2 Lk+n—1 _ I‘k+n—2 Lk+n—1
(r-1) (r-1)
Lk+n—1 I'l<+n—1
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Now, we give a table related to hyper-Lucas numbers and an example to illustrate our

results.
Table 1. Some hyper-Lucas numbers
r
L) 0 1 2 3 4 5 6 7 8
L 2 2 2 2 2 2 2 2 2
L 1 3 5 7 9 11 13 15 17
L 3 6 11 18 27 38 51 66 83
L 4 10 21 39 66 104 155 221 304
L 7 17 38 77 143 247 402 623 927
L 11 28 66 143 286 533 935 | 1558 | 2485
L 18 46 112 255 541 1074 | 2009 | 3567 | 6052
L 29 75 187 442 983 2057 | 4066 | 7633 | 13685
L 47 | 122 309 751 | 1734 | 3791 | 7857 | 15490 | 29175
Example 2.8. For n=5, r=2, k=3, the matrix L is
(21 21 21 21 21]
21 38 33 38 38
L={21 38 66 66 66
21 38 66 112 112
121 38 66 112 187
Then
det (L 2>H O = PP =21.17.28.46.75
= 34486200,
11 1 1 - .
o 0 0 0 38 1
©) @) @) —_— —-= 0 0 0
5 1L4 . L . . 357 17
& Totw e 0 o | |-t 4 1
L Lwr 7 e m O °
) 1 1 1 1 1 74 1
L= 0 — et 0 |=|l 0 -—— — -—— 0 |
R KRR L&) 28 1288 46
0 0 2111 1ty 1121 1
LD TCRTORNTO) 46 3450 75
1 1
1 1 o 0 0 = =
0 0 0 R 75 75 |
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()22

det(Lo—l):(_l) ﬁ (L(GlJzi —

(2) 2)1 (2) 2 2 2 2
T (@ (T (T
B 17.28.46.75 3 9775
(21)°(38)’.(66)°.(112)°187 38731295522304
i @)@ @@ ]
@ L'L LsL
L —Tl)“ LE})A 0 0 0
L(32) L&Z) B I—(32) L&Z) B L(42) L(52) L&Z) L(52) 0 O
v L
R L T i T :
(L ) - 0 T ) O
K T K
ng) L(62) ng) Lg) Léz) L(72) L(62) L(72)
0 0 LD B Lo
() 7 7
0 0 0 LéZ) L(72) _ L(GZ)L(72)
: B BN
i‘ll E 0 0 0
17 17
798 B 64980 2508 0 0
17 476 28
_| o 2508 B 322344 7392 0
28 1288 46
0 0 7392 _1517824 20944
46 3450 75
0 0 0 20944 B 20944
L 75 75
Also,
p(O,/i) =1, p(l,/”t) :M—ZJJ =1-21,
A-21 -21 )
p(2,/1): =A1°-594 + 357,
-21 1-38
A-21 =21 21
p (3, A) =| =21 A1-38 38 |=4%-1251%+23661—9996,
-21 -38 A-66
A-21 -21 -21 -21
-21 A1-38 -38 -38 . 2 )
p(4, /1) = =A"-2371°+101254° -1288281 + 459816,
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A-21 21 21 21 -2
21 21-38 -38 38  -38
p(5,4)=| 21 -38 1-66 66 66

-21 38 66 A-112 -112
-21 38 66 112 A-187
= A°—4242" +356591° —10070354° +105817321 — 34486200.

Thus,

p(LA)=2-21 p(2,4)=(22-17)(A-21)- A% = 4> -591 +357,
p(3,4)=(22-28)(A° ~594+357)- A% (A—21) = 2° ~1254" + 23661 — 9996,
p(4,4)=(22-46)(1°~1251° + 23661 —9996) — A* (1* —594 +357 )

= 1" ~2372° +101254” —128828.1 + 459816,
p(5.1)=(24-75)(A" —2372° +101252° ~128828 + 459816 )

—A?(A°-1252° + 23661 —9996)
= 1° — 424" +356591° —10070354° +105817321 — 34486200.

3. CONCLUSION

In the present paper, we compute characteristic polynomial, determinant and inverse
n
of the Min matrix L=|:L(kr+)min(i,j)—l:|iyj=l’ where L” denotes the nth hyper-Lucas number of

order r. We show that the characteristic polynomial of L has a recurrence relation and we
obtain determinant of L by using that recurrence relation. Also, we compute determinant,
inverse of Hadamard inverse of L.
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