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Abstract. In this paper, we examine Min matrix  
( )

min , 1
, 1

,
n

r

k i j
i j
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 where ( )r

nL  

denotes the nth hyper-Lucas number of order r. We mainly focus on characteristic polynomial 

of L. Also, we compute determinants, inverses of L and its Hadamard inverse. Moreover, we 

give a numerical example to illustrate our results.   
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1. INTRODUCTION  

 

 

There are many special matrices in mathematics. Two of them are Max and Min 

matrices. The elements of Max and Min matrices are defined by means of maximum and 

minimum concepts. The fundamental examples of Max and Min matrices are 
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There are interesting relationships Fibonacci numbers and Max and Min matrices [1, 

2]. Also, determinants and inverses of these matrices can be computed easily [3-7]. For the 

Min and Max matrices 
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, 

 

by means of Mattila and Haukkanen [6], we know that for 0nz   the (i,j)th entry of inverse 

matrix  
max

T  is 
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and for 1 0z   the (i,j)th entry of inverse matrix  
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In this study, we mainly focus on characteristic polynomial of matrix    

        

              

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1

( ) ( ) ( ) ( ) ( )

min , 1 1 2 2
, 1

( ) ( ) ( ) ( )

1 2 1

r r r r

k k k k

r r r r

k k k k
n

r r r r r

k i j k k k k
i j

r r r r

k k k k n

L L L L

L L L L

L L L L L L

L L L L

  

    


   

 
 
 

    
   

 
 
 

,                                  (3) 

 

where ( )r

nL  denotes the nth hyper-Lucas number of order r. Moreover, we compute 

determinant, inverse and Hadamard inverse of this matrix.  

The numbers 2, 1, 3, 4, 7, 11, 18, ... are called as Lucas numbers. The Lucas numbers 

have the recurrence  relation 1 2n n nL L L    for 2n  with 0 2L   and 1 1L   [8]. There are 

many generalizations of Lucas numbers. One of them is hyper-Lucas numbers. nth hyper-

Lucas number of order r is defined by the rule    



n

k

r
k

r
n LL

0

1  under the conditions 
 

nn LL 0
, 



Min matrices with hyper-Lucas number Derya Ozgul and Mustafa Bahsi 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

857 

  20 rL  and   121  rL r  [9]. Also, the sequence of hyper-Lucas numbers has the recurrence 

relation )1()(

1

)( 

  r

n

r

n

r

n LLL  [9]. 

 

 

2. MAIN RESULTS 

 

 

Theorem 2.1. The characteristic polynomial,  ,p n  ,  of n n  matrix L in (3) holds  
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By using elementary row and column operations, we have 
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respectively. Then, by computating the above last determinant by the last row, we have  
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for 2n  , under the conditions  0, 1p    and   ( )1, r

kp L   .                                   

 

Now, we have the sequence  0, 1p   ,  1,p  ,  1,p  , … ,  , .p n   

  

Corollary 2.2. The determinant of n n  matrix L in (3) is 
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Proof: Let  ,p n  be the characteristic polynomial of n n  matrix L. Then, 
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Corollary 2.3. If 0  , then  ,p i   does not vanish for 1 i n  . 

 

Proof: The relation (4) yields 
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Corollary 2.4. Two consecutive terms  ,p i  ,  1,p i   can not have a common zero, for 
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0 0   and the 

equation (4) holds 

 

     0 0 01, 2, 0, 0p i p i p        . 

 

But it is impossible since  00, 1p    and 
0 0  .                                                    

 

  



Min matrices with hyper-Lucas number Derya Ozgul and Mustafa Bahsi 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

859 

Theorem 2.5. The inverse of n n  matrix L in (3) is 
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Proof: For  
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Theorem 2.6. The determinant of Hadamard inverse of n n  matrix L in (3) is 

 

  
 

1 ( 1)1
1

( ) ( ) ( )
1 1

1
det .

n rn
k i

r r r
ik k i k i

L
L

L L L

 
 

   


   

 

Proof: By using elementary row operations on  

 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1

1

( ) ( ) ( ) ( )

1 2 2

( ) ( ) ( ) ( )

1 2 1

1 1 1 1

1 1 1 1

det det ,1 1 1 1

1 1 1 1

r r r r

k k k k

r r r r

k k k k

r r r r

k k k k

r r r r

k k k k n

L L L L

L L L L

L

L L L L

L L L L

  



  

   

 
 
 
 
 
 
 
 
 
 
 
 
  

                                    

 

 

we have upper triangular form: 
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Theorem 2.7. The inverse of Hadamard inverse of n n  matrix L in (3) is 
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Proof: Consider the matrix 
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Now, we give a table related to hyper-Lucas numbers and an example to illustrate our 

results.  
 

Table 1. Some hyper-Lucas numbers 
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21 21 21 21 21

21 38 38 38 38

5, 21 38 66 66 66

21 38 66 112 112

21 38 66 112 187

p





 





    

    

     

    

    

 

               5 4 3 2424 35659 1007035 10581732 34486200.           
 

Thus, 

 

 1, 21,p           2 22, 2 17 21 59 357,p              

      2 2 3 23, 2 28 59 357 21 125 2366 9996,p                    

      3 2 2 24, 2 46 125 2366 9996 59 357p               

 
                4 3 2237 10125 128828 459816,         

    

 

4 3 2

2 3 2

5, 2 75 237 10125 128828 459816

                                                                          125 2366 9996

p      

   

     

   

 

                5 4 3 2424 35659 1007035 10581732 34486200.           
 

 

3. CONCLUSION 

 

 

In the present paper, we compute characteristic polynomial, determinant and inverse 

of the Min matrix  
( )

min , 1
, 1

,
n

r

k i j
i j

L L
 



 
 

 where ( )r

nL  denotes the nth hyper-Lucas number of 

order r. We show that the characteristic polynomial of L has a recurrence relation and we 

obtain determinant of L by using that recurrence relation. Also, we compute determinant, 

inverse of Hadamard inverse of L.  
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