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Abstract. In this paper, we define the new families of Gauss k-Jacobsthal numbers and
Gauss k-Jacobsthal-Lucas numbers. We obtain some exciting properties of the families. We
give the relationships between the family of the Gauss k-Jacobsthal numbers and the known
Gauss Jacobsthal numbers, the family of the Gauss k-Jacobsthal-Lucas numbers and the
known Gauss Jacobsthal-Lucas numbers. We also define the generalized polynomials for
these numbers. Further, we obtain some interesting properties of the polynomials. In addition,
we give the relationships between the generalized Gauss k-Jacobsthal polynomials and the
known Gauss Jacobsthal polynomials, the generalized Gauss k-Jacobsthal-Lucas polynomials
and the known Gauss Jacobsthal-Lucas polynomials. Furthermore, we find the new
generalizations of these families and the polynomials in matrix representation. Then we prove
Cassini’s Identities for the families and their polynomials.

Keywords: Gauss Jacobsthal polynomials; Gauss Jacobsthal-Lucas polynomials;
Cassini’s identity; generating function.

1. INTRODUCTION

Fibonacci numbers have exciting properties and many applications in many branches
of mathematics [1-4]. In [5], Mikkawy and Sogabe gave a new family of k-Fibonacci
numbers. In [6], Ozkan et al. defined a new family of k-Lucas numbers and gave some
properties about the family of the numbers. There were some works on polynomials of the
families of k-Fibonacci numbers and k-Lucas numbers [7,8]. In [9], Falcon and Plaza gave
general k-Fibonacci numbers and showed properties of these numbers were related with
elementary matrix algebra. In [10], Bolat and Kdse found some important properties about k-
Fibonacci number. The Jacobsthal numbers also have many applications to some field of
science and many generalizations [11-16]. In [17], Koken and Bozkurt gave some identities
and Binet formula for the Jacobsthal number by using matrix method.

We organize the paper into three parts. In Section 2, we give some known definitions
and properties. We organize Section 3 into two parts. In Part 1, we define the new families of
Gauss k-Jacobsthal numbers and Gauss k-Jacobsthal-Lucas numbers. Then we find generating
functions of the families for k=2 and k=3. We obtain some exciting properties of the families.
We give the relationships between the family of the Gauss k-Jacobsthal numbers and the
known Gauss Jacobsthal numbers, the family of the Gauss k-Jacobsthal-Lucas numbers and
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the known Gauss Jacobsthal-Lucas numbers. Further, we find the new generalizations of these
families in matrix representation. Then we prove Cassini’s Identities for the families.

In part 2, we define the generalized polynomials for these numbers. We obtain some
interesting properties of the polynomials. We give the relationships between the generalized
Gauss k-Jacobsthal polynomials and the known Gauss Jacobsthal polynomials, the
generalized Gauss k-Jacobsthal-Lucas polynomials and the known Gauss Jacobsthal-Lucas
polynomials. In addition, we find the new generalizations of these polynomials in matrix
representation. Then we prove Cassini’s Identities for the polynomials.

2. MATERIALS AND METHODS
2.1. DEFINITION
The Gauss Jacobsthal numbers {GJ,}n=, are defined by the following recurrence
relation
Glns1 = Gl +2G/p-,n 21 1)
i

with initial conditions GJ, = -and GJ; = 1.[18]

T2
The Gauss Jacobsthal-Lucas numbers {Gj,}n=o are defined by the following
recurrence relation

Gjns1 = Gjn + 2Gjp— (2)

with initial conditions Gj, = 2 — > and GJ; = 1 + 2..[18]
Binet formulas for GJ,, and Gj, are given by as follows

_ an_ﬁn i an—l_ﬁn—l
G]n - a_B + l a_B (3)
and
Gj,=a™+ "+ i(a™ 1+ p" 1 (4)

where « = 2 and § = —1.[18]
Now we introduce the matrix Q and the matrix P. Let Q and P denote the 2 X 2
matrices defined as

Q:H S]anszll-lH }l

Forn > 1, we have

Gln+2 G]n+1]

QP = [G/n+1 Gl

where GJ,, is the nth Gauss Jacobsthal number. [17]
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Now we introduce the matrix R. Let R denote the 2 x 2 matrix defined as

540 1+20
A=+ 2-L)

Forn > 1, we have

Gjnsz  Gjns1
"Rz[ M n ]
Q G]n+1 G]n

where GJ,, is the Gauss Jacobsthal-Lucas numbers.[17]

2.2. DEFINITION

The Gaussian Jacobsthal polynomials {GJ,,(x)},=, are defined following recurrence

relation
Glns1(x) = GJp(x) + 2xGJ_1(x),n =1

with initial conditions GJo(x) = £ and GJ; (x) = 1.[19]

()

The Gaussian Jacobsthal-Lucas polynomials {Gj,(x)}n=, are defined following

recurrence relation
Gjn+1(x) = Gjn(x) + Zijn—l(x)rn =1

with initial conditions GJo(x) = 2 — - and GJ; (x) = 1+ 2ix.[19]
Now we introduce the matrix S. Let S denote the 2 x 2 matrix defined as

1+ ix 1
S = 1 if.
2

Forn > 1, we get
QnS — [ ]n+2(x) G]n+1(x)
G]n+1(x) G]n(x)

where GJ,, (x) is the nth Gaussian Jacobsthal polynomials [16].
Now we introduce the matrix . Let T denote the 2 X 2 matrix defined as

1+4x+ix 1+ 2xi
T:l 1+ 2xi 2—%]'
Forn > 1, we have
QnT — [G]:n+2 (x) Gjn‘+1(x)
G]n+1(x) G]n(x)

where GJ,, is the Gauss Jacobsthal-Lucas polynomials.[16]

(6)

ISSN: 1844 — 9581 Mathematics Section



896 A new families of Engin Ozkan and Merve Tastan

3. RESULTS AND DISCUSSION

3.1. THE GENERALIZED GAUSS K-JACOBSTHAL NUMBERS AND THE GENERALIZED
GAUSS K-JACOBSTHAL-LUCAS NUMBERS

3.1.1. Definition

There are unique numbers m and r such that n=mk+r where m, k (# 0) natural
numbers and 0 < r < k. The generalized Gauss k-Jacobsthal numbers G],(lk) are defined by

k-r
K O(m_Bm . O‘m»l_Bm-l am+1_Bm+1
G]r(l) = |( +i ] [

o-B o-B

r

+ iam'Bm)] ,n=mk+r (7)

o-3 o-3

where ¢ = 2 and g = —1.

Also, we can find the generalized Gauss k-Jacobsthal numbers by matrix methods.
Indeed, it is clear that

GJ51Q"P =

(k) (k)
G kn+k+1 G]kn+k ]

(k) (k)
G]kn+k G]kn+k—1

Let's give some values for the Gauss k-Jacobsthal numbers in Table 1.

Table 1. The generalized Gauss k-Jacobsthal numbers G],(lk) for some kand n

k=1 k=2 k=3 k=4 k=5 k=6
G — —— - — — —
Jo 2 8 16 32 64
*) l 1 i 1 i
G 1 — _- —— — —
h 2 4 8 16 32
' 1 i 1
(k) 141 1 L _= — —
GJ; 2 4 8 16
@ _ _ i 1 i
GJ; 3+ 1+ 1 3 ~1 ~3
(k) 5+ 3i 2i 14 1 : !
GJ, + 3i i + i > -2
61 11450 | 2+4i 2i 1+1i 1 .

From (3) and (7), the following relation between the generalized Gauss k-Jacobsthal
and the Gauss Jacobsthal numbers was obtained

WWW.josa.ro

GJ8 = (GJ)* " (GJmsr)" m = mk + 7

(8)
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Considering the case k =1 in (7), we see that m = n and r = 0. Therefore, G],(ll) IS
the ordinary Gauss Jacobsthal numbers GJ,,.
Throughout this paper, let kK, m € {1,2,3, ... }.

3.1.2. Theorem

For k and m, we have

[(Gms1)* = (GI)¥] = [, — GIEN.

Proof: By using (8), we get

GIS, 15k = GISY = [(GIn)* ™ (Glma1)*] = [(GI) ™ (GJms1)°]
= (G]m+1)k - (G]m)k- [

For k = 2,3,4 and n, we have the interesting following properties between these
numbers.

i. G/ =62

2n

i GSY, = GJ5w + 265,

i. 675 =¢J3,

iv.  GJ, = GJ2G)nn,

v. GI., =GJ.G/2,,,

Vi GI0, =6 + 2615,
vii.  GJ%Y =gJt,
viii.  GJP,, = GJ3G 1,

iX.  GJo, = GJ2GJ2,,,

4an+2

4
X, GlSs = GlnGl3,
xi. GJ . =6/ 426/

4in+1 4in—-1"

Let's suppose that G]E';)(x) =0fork=1,2,...
3.1.3. Theorem

For n, we have the relation

Gl = G2 +2G)5

kn+1 kn—1"

Proof:
GI% + 260 = G + 2(GJor GIE)
= G]ﬁ_l(G]n + ZG]n—l)
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= G]rlf_lG]rHl
— G](k) O

kn+1*

3.1.4. Theorem

(Cassini’s Identity) Let G],gk) be the generalized Gauss k-Jacobsthal numbers. For
n, k > 2, Cassini’s Identity for G],(lk) is as follows:

k) (k) k) 2 ( GJEE2(=D™M(3 —1D)2™ 77, t=1
G]kn+tG]kn+t—2 - (G]kn+t—1) - { 0 Ja ( ) ( ) t£1 "

Proof: By using (8), we get

2
Gloy Gy = (G1hee1) = (IS Clnae) (I Clve—2) — (G Cneer)?

= (G]r’f_l)z(G]nHG]nH:—z - (G]n+t—1)2)
= G]‘rzlk_z ((G]n+tG]n+t—2 - (G]n+t—1)2)-

Fort = 1:
= SR G~ G
Fort #1,t =m, (m € N):
= GJF?((GJntmGlnim-2 — (Glntm-1)?)

_ - () )
- G]%k 2(G]2n+2m—2 - G]2n+2m—2)
=0. O

3.1.5. Definition

There are unique numbers m and r such that n = mk + r where m, k (# 0)natural

numbers and 0 <r < k. The generalized Gauss k —Jacobsthal-Lucas numbers Gj,(lk) are
defined by

G.Tgk) = [(a™ + 'Bm) + l-(am—l +'Bm—1)]k—r[(am+1 _|_‘Bm+1) +i(a™ _I_'Bm)]r’
n=mk+r wherea =2and g = —1.

Also, one can obtain the generalized Gauss k —Jacobsthal-Lucas numbers by matrix
methods. Indeed, it is clear that

() :(fo)

- jlgn)+k+ jlgn)+k

] 1

G]k 1QnR — )
Jkn+k Jkn+k-1

Let's give some values for the Gauss k —Jacobsthal-Lucas numbers in Table 2.
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Table 2. The generalized Gauss k-Jacobsthal-Lucas numbers ijlk) for some k and n

k=1 | k=2 k=3 k=4 k=5 k=6

g | 5 L |15 |13 47 | 161 | 101 1121 | 495 611

Jo 2 |2 278 e | 8 32| e 8!

ci® | 1420 | 3.7y | 3L 1L | 73,57 641 41 | 1323 313

= —+—= —+— —+ i — — =i

1 2 |2 2| 778! 16 '8 16 32

19 13 349 477 341

(k) S5+i | —3+4i | —4+—i | —— +21i 4+ —i — =

Gj, 4+21 4+211 +81 6 41

3 181 29 | 333 413

(k) . . . . . .

Gj 7450 | 3411 | =11—-2i | —23+42j | ——— 427 | 22 _=2

J3 23+21 2 + 21 2 3 i
89 297

GiY | 17470 |24+10i | 19+ 17i | —7 —24i —26-—i | —=——76i

(k) . . . . . ) 193

Gi& 1314170 |30+32i | 4+58i |-53i—21i| 41— 38i 63 — —~i

From (4) and Definition 3.5, we have the relation
Gjn” = (Gjm) T (Gjmsr)" m = mk A7 ©)
When k = 1 in last equation, we get thatm =nand r = 0 so Gj,(f) = GJp.
3.1.6. Theorem

For k and m, we have the following relation between the generalized Gauss k-
Jacobsthal-Lucas numbers and the known Gauss Jacobsthal-Lucas numbers

[(Gims)® = )] =[G, 1y — GIS.
Proof: By using (9), we get
Gioe, 1y = Gt = [(G ) *(Gims1)*] = [(Gjn)*°(Gfim+1)°]
= (Gjm+)* = (Gi)". O

For k = 2,3,4 and n, we have the interesting following properties between these
numbers.

i. GJ(Z) Gjz,
i. G2 = GjuGlpsn,
i.  GiP+6% +6i%, = Gjp.s,
iv. GjP =22y 2(=2)" +1,
v. G2, =62 +262,

vii  G6j© =qj3,

ISSN: 1844 — 9581 Mathematics Section
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vii. G]3(::’L)+1 = Gj2Gjpi1,

viii.  Gi$., = Gj,Gjz,,,
ix. G2, =6/ +2655)
x.  Gjg =Gj,

Xi. G]4n+1 = Gj5Gjns1,

xii. Gj{¥ . =Gj2Gj2,,,

xiii.  GjY . = GjuGj3,,,

xiv. GJ(4) _ G](4) +ZG](4)

n+1 4in—-1-

3.1.7. Theorem

For n, we have the relation

kn+1 kn 1

Proof: By using (9), we get

Gi +26Gj, = GE + 2(Gjn_1GjE™)
= Gjrlf_l(Gjn + ZGjn—l)i
= Gjn_lGjn+1
= Gj® 0

kn+1°

3.1.8. Theorem

(Cassini’s Identity) Let Gj, % pe the generalized Gauss k-Jacobsthal-Lucas numbers.

For n, k > 2, Cassini’s Identity for Gj, ) is as follows:
ORPR) ) 2 Gj2*2(-1)"9(3 —i t=1
G]kn+tG]kn+t 2 (G]kn+t 1) - {O’]n ( ) t+1

Proof: By using (9), we get

2
Gl Ghe—s = (Giyio) = (GIE (G Clnae—2) = (G Glnae—r)?

= (G]}If_l) (Gjn+tGlnse—2 — (Gjn+t—1)2)
= G]nk 2((G]n+tG]n+t 2 (Gjn+t—1)2)-

Fort =1;

= G]nk 2((G]n+1G]n 1 (Gjn)z)
= GjE* 2 (=193 - i).
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Fort #1, t =m, (m € N);,

= G]nk 2((G]n+mG]n+m 2 (Gjn+m 1)2)

_ @3] )
= Gjp*~ Z(G]2n+2m 2~ Glontom—2)
= 0. o

For n, there are exciting relations between the generalized Gauss k-Jacobsthal

numbers and the known Jacobsthal numbers, the generalized Gauss k-Jacobsthal-Lucas and
the known Jacobsthal-Lucas numbers (m € N);

k _
GJ% = GJEtGL,,
and

k . .
Gi%,, = GjktGjt ;.

nk+t

3.2. THE GENERALIZED GAUSS k-JACOBSTHAL POLYNOMIALS AND THE
GENERALIZED GAUSS k-JACOBSTHAL-LUCAS POLYNOMIALS

3.2.1. Definition

There are unique numbers m and r such that n = mk + r where m, k (# 0) natural

numbers and 0 <r < k. The generalized Gauss k-Jacobsthal polynomials G](")(x) are
defined by

am m am1(x)—gm-1 K=7" r m+1,.4_ pm+1 Mer_ pm r
(k) [ (x)-B (x) + ix (x)-B (x)] [a x)-p (x)+ ix (x)-B (x))] '

a(x)—-B(x) a(x)-B(x) a(x)—B(x) a(x)—B(x)
n=mk+r
1+\/m

where a(x) = and B(x) = m.

Also, we can find the generallzed Gauss k-Jacobsthal polynomials by matrix methods.
Indeed, it is clear that

651060 = [ Clinsicsr ) i)
Sinrc () i1 ()

G]n+2 (X) G]n+1(x) .

ng —
where " = |20 ey
Let's give some values for the Gauss k-Jacobsthal polynomials in Table 3.
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Table 3. The generalized Gauss k-Jacobsthal polynomials G]ﬁl")(x) for some k and n

k=1 k=2 k=3 k=4
) L 1 ! 1
k [ 1 l
G117 (x) 1 = -2 -3
i 1
6759 (x) 1+ ix 1 . -4
6/ (x) 1+ 2x + ix 1+ ix 1 %
k) 1+ 4x 2 . .
GJ,  (x) + (1 + 2x)ix 1—x°+2ix 1+ ix 1
1+ 6x + 4x? 1+ 2x + x?
Q) 24 o .
GJs (%) + (1 + 4x)ix +(2x+2x2)i | 17X F2ix I+ix

The generalized Gauss k-Jacobsthal polynomials and the known Gauss Jacobsthal
polynomials are related by

GI(x) = (Gl (X)) (Clsr (X)), 0 = mk + 7 (10)
If kK = 1in last equation, we getthatm =nandr = 0 so G](l)(x) = G, (x).
3.2.2. Theorem

For k and m, the generalized Gauss k-Jacobsthal polynomials and the known Gauss
Jacobsthal polynomials satisfy

[(Glns1 () = (GIm())*] =[]0 19 () = IS (0],

Proof: By using (10), we have

GJE) () = [(Gm )V (G 1 ()] = [(G T () (GJoms1(%))°]
= (11 = (Gm())¥. =

(k)
GJim+1)k (x) =

For k = 2,3,4 and n, we have the interesting following properties the generalized
Gauss k-Jacobsthal polynomials and the known Gauss Jacobsthal polynomials.

i G2 (x) = G2,

i, G2, (%) = GJp(x)Glni (%),
(2)

i.  G6J2 ) = 6P ) + 265, (x)
iv.  GJS)(x) = GJA(),
Vo GIS, () = GIR(0) Gl (1),

WWW.josa.ro Mathematics Section
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Vi, GJ, 00 = Gl (x)GJ2 1 (%),

vii. 6732 0 = 618 (x0) + 2x67C)_, (%),
vii. P = 6JE ),

X Glime1 (X)) = GI3 ()G e (),

X, Gl (%) = G20 GJZ 4 (),

Xi.  Glg 3 (%) = G ()63, (),

xi.  GIP ) = 1P () + 2xG7P_, ().

3.2.3. Theorem

For n, we have the following relation

615 0 = 678 () + 2x67%)_ ().

kn+1

Proof: By using (10), we have

GIS (x) + 2G| (x) = GJE (%) + 2%(GJnr (X)GJE1 (%))
= GJE (1) (GJn (x) + 2%G 1 ()
= G/ (X)Glny1 (%)
= Gine1 (). 0

(Cassini’s Identity) Let G (k)(x) be the generalized Gauss k-Jacobsthal polynomials.
For n, k > 2, Cassini’s Identity for G](k) (x) is as follows:

2
G]lglrcl)th(x)G]lEI:z)th—z (x) — (G]I(clrcl)-l-t—l(x)) =

{ GJ2-2(x)(—1)"2" 2" 12 4 x — i), t=1
0, t#1

Proof: By using (10), we get

Fort =1:

ISSN: 1844 — 9581

618, (OGIE, (0 = (61, 0)’
= (GI )G () )(GIET ) G ar—2(0)) = (GIE ()G e (1))
= (GIE (0)2 (st () G2 () = (G2 (0)")
= GJ252(0) ((GJns ()G nst—2(0) = (GJnse-1(0)")

= GJ2*2(2) ((GJng1 (X) Gl o1 () — (GJ0(0)))
= G 2()(=1)"2" 2" (2 4+ x — ).
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Fort#1, t =m, (m € N):

= G]‘rzlk_z () ((CJem () Gl ppm—2(x) —

= GJ2* 2 () (G) 52y am—2 () = GJ523m—z ()

=0.

3.2.5. Definiton

(G]n+m—1(x))2)

There are unique numbers m and r such that n = mk + r where m, k (# 0) natural
numbers and 0 < r < k. The generalized Gauss k-Jacobsthal-Lucas polynomials Gj (k)(x) are

defined by

(k)

+ Lx(am(x) + ,Bm(x))]

n = mk + r where a(x) =

1+v1+8x

and B(x) = ——

= [(@™(x) + B (X)) + ix(@™ 1 (x) + BT ][ (@M (x) + FTH ()

1- \/1+8x

Also, one can obtain the generalized Gauss k-Jacobsthal-Lucas polynomials by matrix
methods. Indeed, it is clear that

where

n+1(x)Q”T [

(k)
kn+k+1
- (k)

kn+k

® G
() Gy ()

QnT _ [Gjn+2(x) Gjn+1(x)

B Gjn+1(x)

Gjn(x)

Table 4. The generalized Gauss k-Jacobsthal Lucas polynomials G](k)(x) for some kand n

() L 15 . 13 47 161
G| 273 T 7% 161
X+ 2 4 +15+ 15x 13+47x+ 47
G'(k)(x) 1+ 2ix 1\ . XT (T > 2 r
1 +(4x — )i . t
2 —2)i + 13x)i
—8x? 15
8x 1+2x+1 T—le
GO0 | 1+ax+ix | —4x?+1+4ix | +(-5+8x 2t 15
+ 2x?)i + 8x2)i
2 +3x — 24x% — 4x3
1+6x+(1 —2x%+4x+1 1 — 122 1
(k) 1 "
|+ 4x)ix + (3x + 8x2)i + (6x — 8x3)i +( >t 12x + 6x
— 16x3)i

WWW.josa.ro
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k=1 k=2 k=3 k=4
5 5 1+ 4x — 8x? 5 .
1+ 8x + 8x 15x“+8x +1 _ 3 1—24x°+ 16x
jk)(X) . o~ 16x° + (5x 3 s
4 + (1 + 6x)ix + (2x + 8x°)i +16x2 — 4x3)i + (8x — 32x°)i
1+ 8x + 11x? 1+ 4x — 18x?
1+ 10x 1+ 10x + 23x?2 — 16x3 _ 483 + 8x*
. 2 43
G0 | F20 (L e B | Grr2a |+ (x+ 24
+ 8x + 8x%)ix | + 14x° + 16x°)i +30x3)i — 20x3 — 32x%)i

The generalized Gauss k-Jacobsthal-Lucas polynomials and the known Gauss
Jacobsthal-Lucas polynomials are related by

G (%) = (Gjm () T (G (X)), n = mk +7 (11)
If kK = 1 in last equation, we getthatm =nandr = 0 so Gj,(ll)(x) = GJn(x).
3.2.6. Theorem

For fixed k and m, we have

[(Gimsr () = Gim(OIK] =[G, 1 () — G ()],

Proof: By using (11), we get

G maye @ = Gl () = [(GJm () (Gims1 0] = [(Gfm () (G fimsr)°]
= (Gm+1 () = (Gjm (). O

For k = 2,3,4 and n, the generalized Gauss k-Jacobsthal-Lucas polynomials and the
known Gauss Jacobsthal-Lucas polynomials satisfy

i G2 = G2,
GiP, (%) = Gjn(X)Glper (),
Gi&,, () = GiE () + 2xGjZ, (x)

iv.  GiS(x) =G,

V. 3n+1(x) = G]n(x)G]n+1(x)
vi. 3n+2(x) = G]n(x)G]n+1(x)
Vil Gi$, (0 = Gi$) () + 226, (1)

viii.  GiM () = Gt (),

iX. 4n+1(x) = G]n ()G 41 (x),
X, GiP L) = GRG0,

ISSN: 1844 — 9581 Mathematics Section
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Xi.  Giaha(0) = Gn ()G (x),
xii.  GiP (0 = 6P @) + 22650, ().

3.2.7. Theorem
For fixed natural numbers n, we have
k k k
,En)ﬂ(x) ( )(x) + 2ij,En) ().

Proof: By using (11), we get

Gj (x) + 2xGj ) () = GjE () + 2x(Gjn_1 (X)GJE(x))
= GjE1(0) (Gjn (%) + 2%G i1 (x))
= Gjn_l(x)Gerl(x)

= Ginea (0. O
3.2.8. Theorem
(Cassini’s Identity) Let (k)(x) be the generalized Gauss k-Jacobsthal-Lucas

polynomials. For n, k > 2, Cassini’s Identity for G]n )(x) is as follows:

2
Gin e G () = (G o1 () =
{G]n" 2 (=D 2n2x 124+ x —i)(1 4+ 8x), t=1
0 t#1
Proof: By using (11), we get

IEI:l)-I-t(x)G]IE’:l)-I-t 2(x) — (GJ:E'fllt 1(x))2
= (G ) Gins G (GR T () Gy r—2(X)) = (Gfrll; LX) Gjne-1(x))?
= (Gjr’f_l(x))z(Gjn+t(x)Gjn+t 2(x) — (Gjn+t—1(x))

= G2 2() ((Glnse () Glinse-2(0) = (Ginse-2(0)”):
Fort =1,

= G2 2(2) (G () Ginr () = (G ()
= Gj22(x)(=1)" 12" 2x" 1 (x + 2 — i) (1 + 8x).

Fort #1, t =m, (m € N);

= G2 2() ((Gnsm @) Glnsm-2z ) = (Clnam-1())")

= Gj* z(x)(sz(i)Jer ,(x) — G]2(121)+2m—2 (x))
=0. O

For fixed natural numbers n, there are the following interesting relations between the
generalized Gauss k-Jacobsthal polynomials and the known Gauss Jacobsthal polynomials
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and the generalized Gauss k-Jacobsthal-Lucas polynomials and the known Gauss Jacobsthal-
Lucas polynomials: (t € N)

GJW. (%) = GIEE ()G 1 (%)

and

Gi%) (@) = GIE ()Gl ().
4. CONCLUSIONS

In the present paper, we defined the new families of Gauss k-Jacobsthal numbers,
Gauss k-Jacobsthal-Lucas numbers and their polynomials. We gave some relations among
these families and the known Gauss Jacobsthal numbers and the known Gauss Jacobsthal-
Lucas numbers. In addition to, we obtained the relationships among their polynomials and the
known Gauss Jacobsthal polynomials and the known Gauss Jacobsthal-Lucas polynomials.
Further, we find the new generalizations of these families and the polynomials in matrix
representation. Then we prove Cassini’s Identities for the families and their polynomials. We
would like to thank the editor and referees for their valuable comments and remarks which led
to a great improvement of the article.

Acknowledgments: The authors are grateful to the editor and referees for helpful suggestions
and comments.
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