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Abstract. The multiplicative convergence on Riesz algebras introduced and
investigated with respect to norm and order convergences. If X is a Riesz space and E is a
Riesz algebra then the vector norm u: X — E, can be considered. Then (X, u, E) is called
algebraic lattice normed spaces. A net (x,)qeq in an (X, u, E) is said to be multiplicative u-

convergent to x € X if u(x, —x)-u %0 holds for all u € E,. In this paper, the general
properties of this convergence are studied.
Keywords: Lattice normed space; Riesz space; Riesz Algebra.

1. INTRODUCTION AND PRELIMINARIES

Riesz algebras and lattice normed spaces provide natural and efficient tools in the
theory of functional analysis. However, as far as we know, the concept of Riesz algebras and
lattice normed spaces have not been combined before. This paper aim to use the mo- and mn-
convergences that were introduced by Aydin [1] for combining the concepts of the Riesz
algebras and lattice normed spaces, and also, introduce a new convergence.

Let recal, first of all, some basic terminologies and notations which are used in the
current paper. Let E be a real-valued vector space. Thus, if there is an order relation "<" on E,
I.e., it is antisymmetric, reflexive and transitive, then E is called ordered vector space
whenever, for every x,y € E such that x < y, the inequalities x+z <y +z and ax < ay
hold for all z € E and a € R. Consider an ordered vector space E. Then it is called Riesz
space or vector lattice if, for any two vectors x,y € E, the infimum x A y and the supremum
xVyexistinE.

Let E be a Riesz space. Then, for any x € E, the positive part of x is x*: = x v 0, the
negative part of x is x7:=(—x) v 0 and the absolute value of x is |x|:=xV (—x).
Moreover, for any two elements x, y in a Riesz space is called disjoint whenever |x| A |y| =
0. If every nonempty bounded below subset has an infimum (or, every nonempty bounded
above subset has a supremum) in a Riesz space E then it is called Dedekind complete Riesz
space.

A given partially ordered set I is called directed if, for each a,, a, € I, there is another
a € I such that a > a; and a = a,. A function from a directed set I into a set E is called a
net in E. Thus, a Riesz space E is Dedekind complete if and only if every 0 < x, T< x
implies the existence of supremum of the net (x,)qeca. A subset A of a Riesz space E is called
solid if, for each x € A and y € E, |y| < |x| implies y € A. A solid vector subspace of a
Riesz space is referred to as an ideal. An order closed ideal is called a band [2-4].
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A net (x,)qea in @ Riesz space E is said to order convergent to a vector x € E if there
exists another net (yz)zep | 0 such that for every g, there is an index ag such that [x, — x| <

o
yp for all indexes a = ap. In this case, it is abbreviated as x, — x. A subset A of a Riesz

space is said to be order closed whenever (x,)qe4 In A and x, Sx implies x € A [5, 6].
Recall that, in a Riesz space E, a net (x,)q4e4 1S called unbounded order convergent (or, uo-
convergent, for short) to x € E if |x, — x| Au 50 for every u € E,. In this case, write
Xg Zx [7-9].

Let E be a Riesz space under an associative multiplication. If the multiplication with
the usual properties makes E an algebra, and also, the multiplication of two positive vectors in
E is positive, i.e., x,y € E, implies x - y € E,. Then E is called a Riesz algebra (or, shortly,
[-algebra). In addition, if x - y = y - x holds for all x, y € E then E is called commutative. For
any Riesz algebra E, it can be seen fromthat if x Ay = 0 implies (z-x)Ay=(x-2z)Ay =
0 for all z € E, then E is called f-algebra [10].

Recall that, for each real number x > 0, the Archimedean property; the sequence (x,,)

IS unbounded above in R. That means %x 1 0 holds in R for each x > 0. Motivated by this

property, a Riesz space E is said to be Archimedean whenever %x 1 0 holds in E for each

x € E,. Every Riesz space does not need to be Archimedean. To see this, give the following
example.

Example 1.1. Consider the vector space R? with the order, for any (x;,x,), (v1,y,) € R?,
(x1,x3) < (y1,y,) if and only if x; <y, or x; = x, and y; < y,. Thus, (R?, <) is a Riesz
space, but it is not Archimedean. Indeed, %(1,1) lin R?, but % (1,1) is not decreasing to zero.

Next, let E be arbitrary an Archimedean f-algebra which has a multiplicative unit
vector e. Hence, from the equality e = e-e =e? > 0, one can see that e is a positive
element. Moreover, it can be seen that e is a weak order unit because x A e = 0 implies
x=xAx=(x-e)Ax = 0.Itis known that Archimedean implies the commutative. Thus, in
the current paper, unless otherwise, assume that every Riesz spaces are real and Archimedean,
and also, all [-algebras are assumed to be commutative. Recall that a net (x,)qea In an f-

algebra E multiplicative order converges to x € E if |x, — x| - u 50 for all u e E,. ltis

abbreviated as (x,)q,e4 mo-converges to x, or shortly x, 2 x Also, the mo-Cauchy, mo-
complete and mo-continuous are defined [11, 12]. On the other hand, a Riesz algebra E is said
to be normed Riesz algebra if it is Banach lattice and Il x -y lI<Il x lIll y |l holds for all
x,y € E. Recall that the classical normed spaces are a function from a vector space to real
numbers. However, when a vector-valued norm is taken, it means that the norm is a function
from a vector space to Riesz space. Consider the structural properties of a vector space with
some norm taking values in a Riesz space. So, it is called a lattice normed space; an LNS for
short. Now, give some basic properties of lattice normed spaces [13, 14]. Let X be a vector
space and E be a Riesz space. Then the map u: X — E, is called a vector norm whenever it
satisfies the following axioms:

1. u(x) =0ifandonly if x = 0 for all x € X;

2. u(Ax) = |A|u(x) forall x € X and 1 € R;

3o ulx+y) <pulx) +u®).

WWW.josa.ro Mathematics Section



The convergence on ... Abdullah Aydin 911

Definition 1.2. Let (X,u, E) be a lattice normed space over E. Then it is called algebraic
lattice normed spaces if X is a Riesz space, E is a Riesz algebra and the vector norm u is
monotone, i.e., [x| < |y| implies u(x) < u(y). Then, it is abbreviated the (X, u, E) as ALNS.

Dealing with ALNSs, shall keep in mind also the following examples.
Example 1.3. Let X be a Riesz algebra. Then (X, |.|, X) isan ALNS.
Example 1.4. Let X be a normed Riesz space with a norm |I-ll. Then (X, |I-Il, R) is an ALNS.

Let £ be a Riesz space. Then consider the set Orth(E) ={T € L,(E):x L
y implies Tx L y}, where L, (E) is the set of all the order bounded operators on E. This set
is not only a Riesz algebra but also an f-algebra.

Example 1.5. Let X be a Riesz space and Orth(X) be the set of orthomorphisms on X. Then
define the map w:X — Orth(E) by wu(x)(f)=|f|(]x]). Thus, one can get that
(X,u, Orth(E)) isan ALNS.

2. BASIC RESULTS

In this section, the concept of convergence is introduced on algebraic lattice normed
spaces.

Definition 2.1. Let (X, u, E) be an ALNS. Then a net (x,)qe4 in X is said to be multiplicative
u-convergent to x € X if

U(e =) u=0
.y . mu
holds for all u € E,. Then it is abbreviated as x, — x.

It is clear that x, 2 x is the same as saying u(x, — x) =o. Also, for a Riesz algebra
E, it follows that the bo-convergence coincides with the mu-convergence on the ALNS
(X,| - |,X) [14]. Also, for a lattice normed space X, the norm convergence is the same with
the mu-convergence on the ALNS (X, II-ll, R). The following useful lemma is frequently used,
so it is important to keep in mind it, which can be obtained by using the properties of Riesz
algebras.

Lemma2.2. If y < x for x and y in a Riesz algebra E thenu -y <u-xforallu € E,.

Recall that an element x in an f-algebra E is called nilpotent whenever x™ = 0 for
some natural number n. The algebra E is called semiprime if the only nilpotent element in E
is the null element [10]. Now, let’s begin with the next basic properties of the mu-
convergence which directly can be gotten from Lemma 2.1. and the inequality ||x| — |y|| <
|[x —y| < |x| + |y]| in Riesz spaces, so the proof of the following results are omitted.
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Proposition 2.3. Let x,, = x and Vg Tﬁfy beinan ALNS (X,u, E). Then
mu . A mu
1. x,—xifandonlyif (x, —x)—0,
my
2. x4, — x for each subnet (x,,) of (x,),
Ky
3. Axq + 0yg = Ax + oy foreach 1,0 € R,
i mu mu . ..
4. if x, — x and x, — y then x = y whenever E is semiprime f-algebra,
mu
5. |xg| — |x].
The mu-continuity of lattice operations in ALNSs are obtained by the following sense.

Proposmon 2.4. Consider two nets (x4)qea and (¥g)gep inan ALNS (X, u, E). Then x, x

mu
and Vg i y implies (x, vV Vg)(ap)eaxs — X VY.

Proof: Assume x, ™ x and Vg ﬂy. Then the assumption implies that there are two nets
(ty)yer ¥ 0and (z3),ep L 0in E. Also, for each (y,4) € T X A there exist a, € Aand 5, € B
so that u(x, —x)-u <z, and u(yg —y) - u<w, forall a = a, and g = f;, and for each
positive vector u. By applying the inequality |x Vy — x V z| < |y — z| [4], one can see that

pxeVyg—xVy)-u =p(xgVyg—x4Vy+x,Vy—xVy|)-u
Sp(lxeVyg —xVyD u+pu(lxgVy —xVyl) u
<u(lys —yl) u+ulxg—xD-u <w, +z,

forall @ = a, and g = B, and for every u € E,.. Hence, u(x, Vyg —xVy)-u 5 0 because
of (wy + z,) 1 0, that is, one can get (x4 V ¥g) (a,p)caxs xv y.

Let E% be a Dedekind complete Riesz space and E be another Riesz space. Then E¢ is
called order completion of E if E is isomorphic to a majorizing order dense Riesz space
subspace of E®. It is known that Riesz space has a unique order completion if it is
Archimedean [2]. Thus, the following work can be given.

Theorem 2.5. Let (x,)qeq e a netinan ALNS (X,u, E). Then x, ™0 in E if and only if
Xg 2 0inthe ALNS (X, u®, E%), where u®(x) = sup{y € E:y < u(x)} forall x € X.

Proof: Suppose that (x,) mu-converges to zero in (X,u, E). That is, u(x,) " u 50 in E for

allu e E,. Thus, u(x,) " u 50inES forallu € E. [9]. Consider an arbitrary positive vector
w € E%. Since E9 is order completion of E, E majorizes E? i.e., there is a positive element
u,, € E, such that w < u,,. Thus, one can get that u%(x,) w < u(x,) - u, because of

o] m
18 (x,) < u(x,). Hence, it can be seen that u%(x,) - w — 0 in E%. It means that x, — 0 in
the order completion E¢ because w € E? is arbitrary.

WWW.josa.ro Mathematics Section



The convergence on ... Abdullah Aydin 913

Conversely, suppose x, 50 in ES. That is, ul(xy)  u 50 in ES for every u € ES.
In particular, u%(x,) - v = 0 in E for each v € E,. As a result, 4% (x,) - v — 0 in E holds for
all v e E, [9]. Hence, u(x,) v S0inEforallve E.,and so, x, L oholdinE.

Definition 2.6. Let (X,u, E) be an ALNS and Y be a subset of X. Then Y is said to be mu-
closed if, for any net (x,)4e4 InY that is mu-convergent to x € X, it satisfiesthat x € Y.

Remark 2.7. In LNFAs, every band is mu-closed. Indeed, Let B be given a band in an LNFA
(X,u,E). Take a net (xg)qgea In B such that xaﬂlx. Thus, by using Proposition 2.4.,

Xy A |z| i |x| A |z| for any z € BL. Since (x,) in B and z € B, |x,| A |z| = 0 for all a.
Thus, |x| A |y| = 0, and so x € B+ = B.

The following useful property can be directly gotten as a result of Proposition 2.4.
Proposition 2.8. The positive cone X, inan ALNS (X, u, E') is mu-closed.

Proposition 2.9. Every monotone mu-convergent net in an ALNS order converges to its mu-
limit.

Proof: Assume (x,)qea IS an increasing net in an ALNS (X, i, E). Then it is enough to show
that x, ™ x implies x, T x. Let’s fix an arbitrary index a. Then xz — x, € X, for f = a.
From Proposition 2.8., x5 — x4 x— X, € X,. Then it can be seen that x > x, for each a.
Thus x is an upper bound of (x,) because « is arbitrary. Take y as another upper bound of

(xg), 1.6., ¥y = x, for all . Then, again by Proposition 2.8., y — x, "—W;y —X€EX,,0ry>x.
Therefore, one can obtain x, T x.

Let (X,u,E) be an ALNS and F be a Riesz subalgebra of E. For a net (x,)qea INn X,
Va oin (X, u, E) implies x, X oin X, u, F).

Theorem 2.10. Let (X, u, E) be an ALNS and F be a Riesz subalgebra of E. Assume (x,)gea
IS a net in X such that xaﬂlo in (X,u, F). Then yaﬂ 0 in (X,u, E) if each one of the
following cases holds: F is majorizing in E, F is a projection band in E, or if, for eachu € E,
there are element f;, f, € F such that |[u — f;| < |f2|-

Proof: Suppose (x,)qea IS an mu-convergent to zero net in (X, u, F). Take afixed u € E,.
Firstly, assume F is majorizing in E. Thus, there is f € F, such that u < f. So, one
can see the following inequality

p(xg) - u < plxg) - f.

Since 1(xg) - f = 0, 1(xg) - u — 0. That is, x, — 0 in (X, u, E).

Secondly, let F be a projection band in E. Then, by Theorem 1.41.(1) [4], E=F &
F* and F = F1+. So, one can get positive vectors u, € F, and u, € F}+ such that u = u; +
u,. It is known that (x,) in F and u, € Ft, and so x, Au, = 0 for all indexes a. Thus,
X, *u = 0 for each a [6]. As a result, by the following equality u(x,) -u = u(xy) - (uy +

wy) = u(xy) 1wy — 0, u(xy) " u— 0 in E. Therefore, x, — 0 in (X, , E).
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Lastly, assume there exist some elements f;, f; € F such that |u — y| < |x]| for the
givenu € E,. Then

p(xe) u = p(xg) - [u = fil + u(xa) - |fil = p(xa) - If2] + 1(xa) - 1f1l:

Thus, by using the mu-convergence of (x,)qeq In (X, 1, F), it is known u(x,) - |fil

%0 and ulxy) " 1f2l A 0, and so u(x,) " u 0. It means that Xg ™ oin (X, u, E) because u
is arbitrary in E .

Definition 2.11. Let (X, u, E) be an ALNS, A be a subset of X and z be a vector in X. Then

1. zis said to be mu-unit if, for any x € X, u(x —x Anz) - u order converges to zero
forallu € E,;

2. A is said to be mu-dense in X if, for any a € A and for any 0 # w € u(X), there is
y € X suchthat u(a —y)-u<wforallu € E,.

Theorem 2.12. Let (X,u, E) be an ALNS, z € X, and I, be the order ideal generated by z in
X. If I, is mu-dense in X then z is a mu-unit.

Proof: Take a non zero element w € u(X). Let’s fix a positive vector x € X,. So, there is
y €1, such that p(x —y)-u <w for all u € E, because I, is ug-dense in X. One can
observe the following inequality [4];

ly*Ax—xAx| < |yt —x| =y —xT| < |y —x].

Hence, by replacing y by y* A x. Thus, assume without loss of generality that there is
y€l,suchthat 0 <y <xand u(x—y)-u<w forall u € E,. Therefore, for any k € N,

there is y, € I, suchthat 0 <y, < x and u(x —yx)-u < %w for every u € E,. Then there

isj =j(k) € Nsuchthat 0 < y, < jz because of y, € I,. So, 0 < y, < jz A x holds.
Asaresult, forn>j, x —xAnz<x—xANjz<x—yi, andso u(x —xAnz) -u <

ulx —yp)-u < %w for all u € E,. Therefore, u(x —x Anz)-u % 0 for each u € E., and so
z is a mu-unit.

Remark 2.13. Let (X, u, E) be an ALNS. Then the followings hold:

1. Let z be mu-unit in X. Take a positive reel number A and a positive vector y € X, .
Forany x € X,, it can be observed that

Ulx —nazAx) = au(z—nz/\i) and u(x —n(z+y)Ax) < u(x —x Anz).
Therefore, it can be easily seen that ae and e + z are both u-units.

2. A positive vector z in a Riesz space X is called strong order unit if, for each x € X,
there exists an integer m such that |x| < mz. If z € X is a strong unit, then z is a mu-
unit. Indeed, fix an element x € X, then there is j € N such that x < jz, so
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ux—xAnz)-u=20
foranyn > jand forallu € E,.

3. A positive vector z in a Riesz space X is said to be a weak order unit whenever the
band generated by z satisfies B, = E. Assume z € X is a mu-unit. Then z is a weak
unit. Suppose x A z = 0. Thus, x A kz = 0 for any k € N. So,

Uux—xAkz)-u=ux)-u=0

for all u € E, because z is a mu-unit. Hence, x = 0. Therefore, by the fact that a
vector e > 0 is a weak order unit if and only if x Az = 0 impliesx =0 [4], z isis a
weak unit.

Proposition 2.14. Let (X,u, E) be an ALNS. Then, for each mu-unit z in X # {0}, z> 0
holds.

Proof: Suppose z # 0 is a mu-unit in X # {0}. It is enough to show that z= = 0 because of
z=2z"—z".Assume e~ > 0. Then, for x: = z~, it can be obtained that

ulx—xAnz)-u=u (Z_ — (z‘ An(zt — Z‘))) U= ,u(z‘ — (—nz‘)) .

=u((r+1Dz7) u=m+Duz") u

for all u € E,. Thus, (n + 1)u(z™) -u is not order convergent to zero. This is impossible
because z is a mu-unit. Therefore, z~— = 0, it means that z > 0.

3. CONCLUSION

The concept of ALNS and the mu-convergence are introduced. The continuity of
lattice operations in ALNSs with the mu-convergence are given. A relation of the mu-
convergence between Riesz spaces and their Dedekind completions is shown. A relation
between the mu- and the order convergences is seen. The notions of mu-unit and mu-density
are defined. Some basic properties of mu-unit and mu-density are proved.
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