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Abstract. In this paper, we define the modified Riemannian extension gy . in the
cotangent bundle T*M, which is completely determined by its action on complete lifts of
vector fields. Later, we obtain the covarient and Lie derivatives applied to the modified
Riemannian extension with respect to the complete and vertical lifts of vector and kovector
fields, respectively.
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1. INTRODUCTION
1.1. THE COTANGENT BUNDLE

Let M be an n —dimensional smooth manifold and denote by m:T*M — M its
cotangent bundle whose fibres are cotangent spaces to M. Then T*M is a 2n —dimensional
smooth manifold and some local charts induced naturally from local charts on M can be used.
Namely, a system of local coordinates (U, x"),i = 1,...,n in M induces on T*M a system of
local coordinate (m~'(U),x,,x*=p;),i=n+i=n+1,....2n, where x' =p; are the
components of covectors p in each cotangent space T,y M, x € U with respect to the natural
coframe {dx'}.

Let X = Xi% and w = w;dx" be the local expressions in U of a vector field X and a

covector (1-form) field w on M, respectively. Then the vertical lift  w of w, the horizontal
lift " X and the complete lift © X of X are given, with respect to the induced coordinates, by

Yo = w;0;, (1.1)
HX = X'0; + ppltX/0; (1.2)

and
X = X'0; — pr0;X"0;, (1.3)
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a
where ai = Py

connection Vin M.

0; = 2 and T" are the coefficients of a symmetric (torsion-free) affine
axl Y

Definition 1: The Lie bracket operation of vertical and horizontal vector fields on T*M is
given by the formulas

[“ X H Y] =H [X,Y]+(p o R(X,Y)) (1.4)
[H XY a)] =V (Vyw)
[V 0/ a)] =0

for any X,Y € 33(M) and 9, w € I9(M), where R is the curvature tensor of the symmetric
connection V defined by R(X,Y) = [Vy, Vy] — Vxy [1, 2].

1.2. MODIFIED RIEMANNIAN EXTENSION

Let M be an n —dimensional differentiable manifold and T*M be its cotangent bundle.
There is a well-known natural construction which yields, for any affine connection V on M, a
pseudo-Riemannian metric gV on T*M. The metric gV is called the Riemannian extension of
V. Riemannian extensions were originally defined by Patterson and Walker [3] and further
studied by Afifi [4], thus relating pseudo-Riemannian properties of T*M with the affine
structure of the base manifold (M, V). Moreover, Riemannian extensions were also considered
by Garcia-Rio et al. in [5] in relation to Osserman manifolds (see also Derdzinski [6]). Since
Riemannian extensions provide a link between affine and pseudo-Riemannian geometries,
some properties of the affine connection V can be investigated by means of the corresponding
properties of the Riemannian extension gV. For instance, V is projectively flat if and only if
gV is locally conformally flat [4]. For Riemannian extensions, also see [7-15]. In [16, 17], the
authors introduced a modification of the usual Riemannian extensions which is called the
modified Riemannian extension.

Let M,, be a 2k —dimensional differentiable manifold endowed with an almost
complex structure J and a pseudo-Riemannian metric g of signature (k,k) such that
g(UJX,Y) = g(X,]JY) for arbitrary vector fields X and Y on M,;,. Then the metric g is called
the Norden metric. Norden metrics are referred to as anti-Hermitian metrics or B-metrics. The
study of such manifolds is interesting because there exists a difference between the geometry
of a 2k —dimensional almost complex manifold with Hermitian metric and the geometry of a
2k —dimensional almost complex manifold with Norden metric. A notable difference
between Norden metrics and Hermitian metrics is that G(X,Y) = g(X,JY) is another Norden
metric, rather than a differential 2-form. Some authors considered almost complex Norden
structures on the cotangent bundle [18-20].

In this paper, we will use a deformation of the Riemannian extension on the cotangent
bundle T*M over (M,V) by means of a symmetric tensor field ¢ on M, where V is a
symmetric affine connection on M. The metric is the socalled modified Riemannian extenson.
The article is constructed as follows, firstly, we define the modified Riemannian extension
Gv . in the cotangent bundle T*M, which is completely determined by its action on complete

WWW.josa.ro Mathematics Section



Some notes on the modified Riemannian ... Hasim Cayir 933

lifts of vector fields. Later, we obtain the covariant and Lie derivatives applied to modified
Riemannian extension with respect to the complete and vertical lifts of vector and kovector
fields, respectively.

For a given symmetric connection V on an n —dimensional manifold M, the cotangent
bundle T*M can be equipped with a pseudo-Riemannian metric gV of signature (n,n): the
Riemannian extension of V [3], given by

Gv(CXEY) = —y(Vx¥ +VyX),

where ¢ px ¢y denote the complete lifts to T*M of vector fields X,Y on M. Moreover, for
any Z € 3y(M), Z = 7'9;,0Z is the function on T*M defined by yZ = p;Z* [1]. The
Riemannian extension is expressed by
. <_2phrif]l' 5})
9v 51’] 0
with respect to the natural frame.
Now we give a deformation of the Riemannian extension above by means of a

symmetric (0,2)-tensor field ¢ on M whose metric is called the modified Riemannian
extension. The modified Riemannian extension is expressed by

gV,C =gV+T[*C = <6~] 0

i

with respect to the natural frame. It follows that the signature of gy . is (n,n) [1].
Denote by V the Levi-Civita connection of a semi-Riemannian metric g. In this
section, we will consider T*M equipped with the modified Riemannian extension gy . over a

pseudo-Riemannian manifold (M, g). Since the vector fields " X and ¥ w span the module of
vector fields on T*M, any tensor field is determined on T*M by their actions on " X and

vV gw- The modified Riemannian extension gy . has the following properties [1]:
~ H H —
Gv,e ( X, Y) =cX,Y) (1.6)
e ("X XY @) = goe (Y 0 X) = w(0)

gV,C (V w’V 9) = 0
forall X,Y € I§(M) and w, 8 € I9(M), which characterize gy,.
We know see, from (1.2) and (1.3), that the complete lift X¢ of X € IF(M) is
expressed by
X¢ =Xx" - (p(vX))’, (1.7)
where p(VX) = p;(V,X)dx". Using (1.6) and (1.7), we have

Gy, (X6, Y) = c(X,Y) = p(VY)(X) — p(VX)(Y). (1.8)
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Since the tensor field gy . € I3(T*M) is completely determined also by its action on
vector fields type X¢ and Y, we have an alternative characterization of gy . on T*M: gy . is
completely determined by the condition (1.8). Similarly, we get the following results

) G, (X, YC) = (X7 — (VX)) YH — (p(VY)") (1.9)
= o (XY™ = gu X7, (p(VY))")
—Gvc(P(VX))Y, (p(VY))") = v, ((P(VX))", YH)
=c(X,Y) —p(VV)(X) — p(VX)(Y)

i) gy, (X6, ") = Gy, X" — 0(VX))", 0")
= gv (X", 0") = G((@(VX))", 0")
= w(X)

iii) gy e (", Y) = gy (", Y7 = (p(VY))")
= Gvc (@, Y") = gy (0", (p(VY))")
= w(Y)

iV) ’gV,C(wVIHV) =0

Throughout this paper, all manifolds, tensor fields and connections are always
assumed to be differentiable of class C*. Also, we denote by Sg(M) the set of all tensor

fields of type (p,q) on M, and by SZ(T*M) the corresponding set on the cotangent bundle
T"M.

2. RESULTS

Definition 2: Let M"™ be an n —dimensional diferentiable manifold. Differantial
transformation of algebra T(M"), defined by
D =Vy:T(M™) - T(M™), X € I5(M™)
is called as covariant derivation with respect to vector field X if
Vixsgrt = fVxt + gVyt, (2.1)
Vxf =Xf,

where Vf, g € IJ(M™),VX,Y € I5(M™), vt € J(M™) (see [21], p.123).
On the other hand, a transformation defined by

V:SA(M™) X Sh(M™) > FHM™)

is called as an affine connection (see for details [21-25]).
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Proposition 1: Covarient differentiation with respect to the complete lift V¢ of a symetric
affine connection V in M™ to T*(M™) has the following properties:

VEv8Y =0,VE,YC = —y(wo(VY)) = —(p(wo(VY)))Y, V58 = (Vx6)Y,

VEYC = (VyV)C +y(V(VxY + VyX)) — y(VxVY + V,VX)
= (VxV)¢ + (p((V(VxY + VyX)) — (VxVY + V, VX))V

for X,Y € SL(M™), 8, 0 € 32 (M™)[2].

Proposition 2 Covarient differentiation with respect to the horizontal lift V¥ of a symetric
affine connection V in M™ to T*(M™) satisfies

ViaYH = (VyH, Vivw” =0, (2.2)
Ve’ = (Vyw)V, ViyYH =0,

forany X,Y € 35(M™), 0, w € I9(M™) [25].

Theorem 1 Let gy, be the modified Riemannian extension, is defined by (1.9) and the

complete lift V¢ of symetric affine connection V in M™ to T*(M™). From Proposition (1) and

Definition 2, we get the following results

i) (Vovgue)(8,6) =0,

i) (Vicdve)(8,6) =0,

i) (Vv gv,)(8",26) =0,

V) (Vcdve)(6",Z29) = 0,

V) (Vevdn)(Y6,§Y) =0,

Vi) (Ve (Y€, §7) =0,

Vi) (Vv Gn) (Y€, Z9) = p(@(V)(2) + p(w(V2)(Y),

viii) (Viegu ) (Y€, Z6) = (Vx0) (Y, Z) = (Vxp(VZ)Y) — (Vxp(VY))Z
+@(V(VxY)))(2) + (p(V(VxZ2)))(Y)
—((V(VxY + VyX) — (Vx(VY) + Vy(VX))))(2)
~((V(VxZ + VzX) = (Vx(VZ) + Vz(VX)))(Y),

where the vertical lift w” € IL(T*M™) of w € IY(M™) and complete lifts X¢, € I3 (T*M™)
of X € I{(M™), defined by (1.1) and (1.3), respectively.
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Proof:
) (Vvdve)(8Y,6Y) = Vv guc(8Y,8") — Gy (VerBY,€Y) — Gy (8Y,VE vEY)
=0
i) (Vicdue)(0Y,6Y) = Viedyc(0Y,€") — Gu,c(Vic8”, V) — Gy (0¥, VcE")
= —Gvc((Vx0)",&") — gy (6Y, (VxO")
=0
i) (Vvgve)(0Y,26) = VEvgyc(8Y,2€) — Gy (V8" Z€) — Gy (8Y,VE v Z6)
=VSv0(2) + Gvc 6V, @(w(VZ))")
= w"(6(2))
=0
V) (VicGue) (0,29 = Ve (8Y,Z29) = Gy e (V8. Z€) — Gy (0¥, V5cZ6)
= V5cO(Z) — By, ((Vx0)Y, Z€) — &y (8Y, (VxZ)©
+(p(V(VxZ + VzX) — (Vx(VZ) + Y (VX)))Y)
= (Vx0(2)) — (Vx0)(Z) — By,c(8Y, (Vx2)©)
—8y.c(0Y, (P(V(VxZ + VzX) — (Vx(VZ) + V7(VX))")
= Vx0(Z) — (Vx0)(Z) — 8(VxZ)
=0
V) (Vevdn)(YE,EY) = Ve v gy (YE,EY) — G (VorYC,€Y) — G(YE, Ve veY)
=V yEY) + Gy ((@(VY))Y, )
= wE(Y)
=0
Vi) (Vcdne) (Y6, EY) = VieGu e (YE, EY) — G (VY €Y) — Gy c (Y, V5cEY)
= V5cE(Y) — Gy (VxV)E — Gy, (YE, (VxOY)
+(P(V(VxY + VyX) — (Vx(VY) + Vy (VX))))", €)
= X)) — v, (VxY)E,EY) — (VxE)(Y)
— Gy, (P(V(VxY + VyX) — (V5 (VY) + Yy (VX)))Y, €")
= (VxE(Y) — E(VxY) — (VxE) (V)Y
=0
Vi) (Vevgu) (V6,29 =V vy c (Y6, Z9) = Gy c (VoY E,Z9) — Gy (YE,VE v Z6)

= w"(c(X,Y) = p(VV)(X) — p(VX)(V))
+Gv,c((P(@(VY)), Z) + Gy, (YE, (p(w(VZ)))")
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=p(w(VY))(Z) + p(w(VZ))(Y)
Vi) (Viedin)(YC, Z€) = VicGuc (Y, Z) = Gy e (Ve €, Z€) = G (YE, Ve ZC)
=X(c(Y,Z) —p(VZ)(Y) — p(VY)(2))
—Gvc (V) + ((V(VxY + VyX) — (V5 (VY) + V¢ (VX))))", Z9)
~Gvc(YE, (VxZ) + (p(V(VxZ + VzX) — (Vx(VZ) + Vz(VX)))")
= (Vxc(Y,Z2)) = (Vxp(VZ)(Y) + p(VY)(Z))
—c((VxY), Z) + p(VZ)(VxY) + p(V(VxY))(Z)
—((V(VxY + VyX) = (V4 (VY) + Vy(VX))))(Z)
—c(Y, (Vx2)) + (p(V(Vx2))(¥) + (p(VY))(VxZ)
—((V(VxZ + VX)) = (Vx(VZ) + V2(VX))))(Y)
= (Vxo)(Y,Z) = (Vxp(VZ))Y = (Vxp(VY))Z
+(@(V(VxY)))(Z) + (p(V(Vx2)))(Y)
—(P(V(VxY + VyX) — (Vx(VY) + Vy(VX))))(Z)
—P(V(VxZ + VzX) = (Vx(VZ) + V2 (VX)))(Y),
where fV(P) = f(P) (P, P are points of M and T*(M) respectively), c¢(Y,Z) and w(Y) are

function on T*(M),X,Y,Z € I{(M), w,0,¢& € IL(M), f € IJ(M) and V40(Z) = (V40)Z +
0(VyZ).

Definition 3: Let M™ be an n —dimensional diferentiable manifold. Differential
transformation D = Ly is called as Lie derivation with respect to vector field X € IL(M™) if

Lyf = Xf,Yf € Jp(M™), (2.3)
LyY = [X,Y],VX,Y € I (M™).

[X,Y] is called by Lie bracked. The Lie derivative LyF of a tensor field F of type (1,1) with
respect to a vector field X is defined by [23, 24, 2]

(LxF)Y = [X,FY] — F[X,Y]. (2.4)
Proposition 3: If X € I{(M), w € II(M) and F, G € I1 (M), then [2]
F¢wV = (woF)",F¢yG = y(GF),
FEXC = (FX)¢ + y(LyxF).
Theorem 2: Let gy . be the modified Riemannian extension, is defined by (1.9) and Ly the

operator Lie derivation with respect to X. From (1.9), Definition (1) and Definition (3), we get
the following results

) (Lyvguc)(87,§7) =0,
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i) (Lycgv,e)(87,€") =0,

iii) (L,vgvc)(0Y,2¢) =0,

V) (Lyedv,)(67,2°) =0,

V) (LyvGu ) (Y€, EY) =0,

Vi) (Lycgu) (Y€, §7) =0,

Vi) (Lyv Gv ) (Y6, Z9) = (Lyw)(Z) + (Lzw)(Y),

viii) (Lyc gy, ) (Y6, Z6) = (Lxc) (Y, Z) — (Lxp(VZ))(Y) — (Lxp(VY))(Z)
P (V(LxY))(Z) + p(V(LxZ))(Y),

where the vertical lift oV € IL(T*M™) of w € I)(M™) and complete lifts X¢, € IL(T*M™)
of X € IF(M™), defined by (1.1) and (1.3), respectively.

Proof:
i) (Lovdvc)(0Y,EY) = Lyvgyc(0",8") = GL,wv0",&") — Gyc(8",L,vEY)
=0

i) (Lycgue)(07,6") = LycGyc(87,€") — Guc(Lxct,&Y) = Gu,c (0¥, LycE")
= —Gv,c(Lx®)", &) = v, (0¥, (Lx§)")
=0

i) (LyvGr)(6Y,2) = Lyvdoc(6Y,2) = Go,c(L 8", 2°) = Jo,c(8Y, L,wZ°)
= L,v8(Z) + Jo,c(6", (Lz0)")
= w'0(2)
=0

V) (Lxedue)(0,2°) = Lycgue (6, 2°) = Guc(Lyc8¥,Z€) = Gu,c(6Y, LycZC)
= LycO(Z) — Gy ((Lx0)",Z°) — Gy (8", (LxZ)")
= (LXQ(Z) - (LXH)Z - H(LXZ))V
=0

V) Lvdvd(Y6EY) = Ly e (Y6, EY) = Guc(Lyr Y€, 87) = Gue (Y, LyrEY)
= L,vE(Y) + Gyc((Lyw)”, &)
=0

Vi) (LyeGv (Y4, EY) = Lyedinc (Y6, EY) = Grc(LxcY €, ") = Gu o (Y6, LycE?)
= XM = Gre((LxV)E) = o (Y4, LxdY)
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= (Lx§(Y) — §(LxY) — (LxHY)Y
=0

Vi) (LyvGre) (Y6, Z6) = Loy G (Y6, Z) = G (LY €, Z6) = Gg (Y, Ly Z6)
= L,y (c(Y,2) = p(VZ)(Y) = p(VY)(2))
+Gc(Ly®)",Z6) + Goe (Y6, (Lz0)")
= WY (c(Y,2) = p(VD)(¥) = p(VV)(2)) + (Lyw)(Z)
+(Lz0)(V)
= (Lyw)(Z) + (Lz0)(V)
Vill)  (LycGn) (Y6, 26) = Lyego (Y6, Z6) = Goe(LyeY €, 26) = G (Y, LycZ6)
= X6 (c(¥,2) = p(VZ)(Y) = p(VY)(2))
G ((Lx¥), Z6) = Go (VS (Ly2)°)
= (Lxe(Y,2)) = c((Lx¥), Z) = c(¥, (Lx2))
~(Lyp(VZ)(Y) = p(VZ)(LxY))
—~(Lyp(VY)(Z) = p(VY)(LxZ))
+p(V(LyV))(2) + P(V(LxZ)(Y)
= (Lx)(Y,2) = (Lxp(VD)(¥) = (Lyp (VV))(2)
+p(V(Ly))(Z) + (VL Z)(Y),

where Ly8(Z) = (Lx0)Z + 6(LyZ),Lyx0 € I9(M),0(2) € I3(M).
3. CONCLUSION

In this paper, obtain the covarient and Lie derivatives applied to the modified
Riemannian extension with respect to the complete and vertical lifts of vector and kovector
fields, respectively.
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