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Abstract. In this paper, we study the existence of solutions for a coupled system of
fractional differential equations with nonlocal integro multi point boundary conditions by
using the Laplacian operator and the Hilfer derivatives. The presented results are obtained by
the fixed point theorems of Krasnoselskii. An illustrative example is presented at the end to
show the applicability of the obtained results. To the best of our knowledge, this is the first
time where such problem is considered.
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1. INTRODUCTION

Fractional differential equations and systems can be found in a wide range of
engineering and scientific fields. We recommend the reader to example [1-17] for some recent
developments on this theory. Fractional integrals and derivatives are currently defined in a
variety of ways, ranging from the most well-known Riemann-Liouville and Caputo fractional
derivatives to less well-known approaches. R. Hilfer proposed the fractional Hilfer derivative

of order o and type g <[0,1]in[18-20], which is a generalization of the Riemann-Liouville

and Caputo derivatives. [18-20] and the literature cited above provide some features and
applications of the Hilfer derivative. Several authors have looked at prime value difficulties
with fractional Hilfer derivatives (see [21-23]). However, there are only a few papers on the
subject in the literature.

However, in the literature there are few papers on the boundary value problems of the
fractional Hilfer derivatives and many applications of Hilfer fractional differential equations
can be found in many fields of mathematics, physics, etc. see, [24] and [25].

Beddani, H,. and Beddani, M in [26], proved the existence and uniqueness of
solutions for the coupled system of ¢ — Caputo fractional differential equations, of the form:

CD:j(p (CD:i?‘/’ +ﬂ1)u(t) = f(t,u(t),v(t)), te [a,b]
ch:jw(cD:i:w +y2)v(t) = g(t,u(t),v(t)),
u(@@ =u,, u(b)= Aéu(é )

V@ =v,, vb) =BXv(S),
th 1, >0, 0<a<(; <b<owo, and p(b)-gp(a)=M >0.
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where °DI7,i =14 arethe ¢— Caputo fractional derivative of orders «;, and
O<a, <1i=14 1,14, ABeR ,u,v,eR" meN" ,and ¢ : J >R bean increasing

function with ¢'(t) =0 ,forall teJ , tobedefinedlater, g,f : IxR"xR™ ->R" is

a given function .

In the present research, we study the existence and uniqueness of solutions for the
following coupled system of ¢ —Hilfer-type fractional differential equations order of the
form:

"pm ey (Mpm e, ) () = F(tu, (1)U, (1), telab],
"Dy, (MDE O, ) M) = Fo (b, (), u, (1), telab],

a*

U, (@) = 0., (0) = X (4w, (6)+6u, (n)). @<, <b, 2.5, <R (L1)

v, ( D By )(a) = v, (H D:kf,ﬁkzwuk )(b) =0,k=12

Here, we take HD:&l'ﬂM’ and " D:kf’ﬂ“;“’ , k=12 arethe ¢@—Hilfer fractional
derivative of orders ¢,, and ¢, with 1<e,,0,<2 and B, B, two parameters
0<fu b <L and w, (X) =|x|p“2 x denotes the p, —Laplacian operator and satisfies

Lad=1(y, )71=y/qk, and ¢ : (ab]—>R be an increasing function such that
@'(t)=0 ,forall te[ab],and F :[ab]xRxR—>R , (k=12) is given function.

will be well defined later.
2. PRELIMINARY RESULT

In this section, we introduce some notations and definitions of ¢ —Hilfer Derivatives Calculus
and present preliminary results needed in our proofs later, for details, see [3,22, 23]. Let
¢ : [a,b] >R be an increasing function with ¢'(t) =0, for all te J, and let C([a,b],R)

be the Banach space.
Forall v>-1and s,te[0,),(t>s),wepose ¢, (t,s) = (o(t) —@(s))".

Definition 2.1. ([3,22]) Let (a,b), (—eo<a<b<oo) be a finite or infinite interval of
the half-axis (0,.0) and « >0. In addition, let ¢(t) be a positive increasing function on
(a,b], which has a continuous derivative ¢'(t) on (a,b). The ¢-Riemann-Liouville
fractional integral of a function U with respect to another function ¢ on [a,b] is defined by

Iu(t) = —— j 9'(3)9, . (t,S)u(s)ds, (2.1)
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where r() is the Gamma function.

Definition 2.2. ([3,22]) Let ne N and let p,u eC"(J) be two functions such that € is

increasing and ¢'(t) =0, for all t e (a,b]. The left-sided ¢— Riemann Liouville fractional
derivative of a function u of order « is defined by

1 d
@'(t) dt

B r(nl_ ) ( (Dfl(t) %) [0 G2, 1t s)u(s)ds,

D“7u(t) :( j T eeu(t)

where n=[a]+1 [«] represents the integer part of the real number @

Definition 2.3. ([3,22]) Let n—1<a<n with neN, [a,b] is the interval such that
—o<a<b<o and gp,UEC”([a,b],R) two functions such that € is increasing and

@'(t) =0, forall t e[a,b]. The ¢-Hilfer fractional derivative of a function u of order a and
type 0< B <1 is defined by

| (1 dY | o
H DIX;/]'WU(t) — I/fiﬂﬁt),w ; i I(lzﬂ)("*ﬂ)v(/?u(t) — Iﬁa'wDy’fU(t),
a a ¢ (t) dt a a a

where n=[a]+1,y —a = g(n—a).
Lemma 2.1. ([3,22]) Let «, p > 0. Then, we have the following semigroup property given by
I'TCu(t) =I27Cu(t), t>a
Next, we present the ¢ -fractional integral and derivatives of a power function.

Proposition 2.1. ([23]) Let «>0,0>0 and t>a. Then, ¢-fractional integral and
derivative of a power function are given by

1) I:f¢o-—l ta)) = r(ra((fl) Poraa (U, Q).
2) "pe,ta)t) =250, . (ta),n—1l<a<no>n

Lemma2.2. ([23]) If ueC"([a,b],R),n-1<a<n0<pB<land y=a+ B(h—a). Then

k=n t,a
IL;W (H D:jg;WU)(t) — U(t) _ Z ¢7—k ( ) v[n—k]

RO i VT uG@, teab)
k=1 -

where VIlu(t) = (;454) u(t).

v'(t)
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Lemma 2.3. ([23]) Let ue C"[a,b] and 0 <q <1, we have

Iu(t,) - I‘“”u(tl)‘ ” “ )qoq(tZ’tl)

Lemma 2.4. ([24]) For the p — Laplacian operator v, the following conditions hold true:
(D) If |8],]6,|= p>0,1< p=<2,66, >0, then

v, (8) v, (5,)| < (p—-1) p" 2|5, - 5,].
() If p>2,|5].|5,| < p. >0 then
‘V/p (61) ¥ (52)‘ < ( P _1)p*p_2 |51 _52|'

Lemma 2.5. [16] For nonnegative a,,i =1,...,k,

[Z:‘a%)q ) kq_l(zk:af‘j,q >1.

i=1

Lemma 2.6. [25] (Krasnoselskii fixed point theorem). Let A be a closed, bounded, convex
and nonempty subset of a Banach space X . Let I',IT be operators such that:
(i) Ix+IlyeA, x,yeA
(i) T is compact and continuous.
(iii) TT is a contraction mapping.
Then there exists & € A suchthat &=T¢& +11&
In this subsection, we consider now the linear coupled system:

"z Ay (MDA )(t) = f (), te[a,b] k=12

a*

u.(a) =0,u, (b) = z(ﬂ’iul (é/i)-'_é‘iuz (77i )), a<g; <b, (2-2)

N A S R

where f, : (a,b]—>R are continuous functions, and

a0, l<o,,a,<2 0B, 06,1
and (2.3)
Ya = a T Ba(C—ay), Vo=, + B 2-ay,).

Lemma 2.7. Let f, e C([a,b])(k =1,2) , the unique solution of the coupled system (2.2) is
given by:
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u, (t)
_ (p}’szl (t'a) d
_mg(ﬂ"“‘m*@“z( QAT kz)f(/’( )0, 4 (4)
i Iqﬂ ()@, 1 (s,%) fy (2)dz - wrﬂ;w f(b) |Lds
e F( kl) Qg1 ~ 7k1_1(b a) .
(t,a
F(a(pyk);, ( ( I¢ (8)e,,1(bY)

7k1*1(y a) ;i
X{V/q{r( kl)Iqo(S)(p%l(y,Z)f (2)dz - mlf fk(b):l}dy

71

Proof: Assume u and v satisfies the system (2.2) and considering the first equation in the
system (2.2). By applying the fractional integral operators 17, to (2.2) and using Lemma,

we conclude that:

n'sz 2, . TOoK1s Cl C
V,pk( e Aoy )(t)_Ia+ #’fk(t)+—r(7kl_1)gow2 (t,a)+r(;kl)goyk11(t,a), (2.4)

for some real constantes ¢, and c,. Now, using the first boundary condition (2.3)

‘//pk ( aakz Pz (/’uk )(a) 0
in (2.4), we get

Cl CZ
—0, ,(a,a)+ o, ,(a,a)=0.
F(ykl _1) i 2( ) F(yl) Yk 1( )

One has

wykrl (a, a) =0and ¢7’k1’2 (t’ a) —> 0, t—a,

then ¢, = 0. Using the second boundary condition

l//pk (H D:lizyﬁkz;(ﬂuk )(b) — O,
in (2.2), we have

. C
I’ f (b)+ 2 ¢, ,(b,a)=0,
: ‘ F(Vkl) 7 l( )

these imply that

r(7k1) .
c,=————1I"?f (b).
’ go}/ki—l (b’a) ¢ ‘
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Substituting the value of c, in (2.4), we obtain

. . Q. e t, a .
T R e
V1™ !
thus, we have
: : e ,(ta)
H Dalizvﬂkzﬂ’u (t) =y, Iakj,(ﬂ f (t) _M—Ia‘f’(p f (b) | .
a k % | Ta k o (b, a) a k ( )

by applying the fractional integral operators I***, to (2.5) and using Lemma 2, we get

t,a _
uk(t)=xgkf;¢’{qu {I;wfAt)—%I;?"”fk(b)}} (26)
e AN
C, C,
+——0, ,(t,2)+ o, ,(t,a),
F(J/kz —l) T2 2( ) F(ykz) T2 1( )

for some real constantes ¢, and c,, Using the second boundary condition u(a) =0 in (2.6),
we obtain

Cy

r(7/k2)

C
> ) ¢7k2_2 (a’ a) + (072—1 (a’ a) = 0’

(7, -1)
and we have
¢}’kz*l (a’ a‘) = O’ ¢}/sz2 (t: a) —>o00, t—a,

which implies that ¢, =0. Now, substituting the value of c, in (2.6), we obtain

. . e ,(ta)_
t) = 1% 100 f, (1) - i f (b 2.7
uk( ) a {l//qk ( a k( ) ¢7k171 (b,a) a k( )]} ( )
C,
+ o, ,(ta).
F(?’kz) k2 l( )

In view of condition u, (b) = i(ﬂ,,ul (&) +8u,(m)) in(2.2), we get

Zn:(ﬂfllh (é/i)_'_ o;U, (77i ))

: : o, J(ta)_ c
—reedy |t @) Lt peeg gy U % (pa),
’ { " ( : k ¢}’kl_l b’a) ) k }}teb r(ykZ) e 1( )

then
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¢ =) S ()« u ()

- ¢7k2_1 (b’ a) i=1

F(sz) - ; P (t’a) ;
~ V) gusie )y, | pesie g ) - Pt %) oo gy | L
Py (b’ a) ) T k Prat (b’ a) : k t=b

substituting the value of ¢, in (2.7), we get

. . o, ,(ta)_
t) =17 I f (1) - ———=17 f (b
Uk( ) a {‘/lqk { a k( ) ¢7k1_1 (b,a) a k( )]}

(07 fl(t'a) %2 a1 (07 fl(t'a) 1

_ k2 Iakf,(/’ ‘//k Iak+1,¢7f (t)_ k1 Iak+1:¢7f (b)
(Di’kz*l(b’a) ! ‘ (DJ’krl (b’a) k t=b
¢,,(ta)g

+ 2 AU (&) +ou,(m)).
?,,1(b.a) i=1( () :{ ))

The proof is finishe
3. MAIN RESULTS

In this section, we present our main results on the existence and the stability for the
above problem. We begin by considering the space ¢ =C([a,b], R) denotes the Banach space

of all continuous mappings from [a,b] to R endowed with the norm
lullc = sup tefapyllu(@)ll. It is clear that the space X =cCxcC endowed with the norm

[z, =l + el -
AN EXISTENCE RESULT

Now, we need to make the following assumptions:

(A,): There exist positive real constants N, >0,k =1,2, such that, for all t [a,b], and
UV, € R(k=12), we have

R (tuy,u,) — F (6 v, V) < N (Juy = v | +|u, —v|)

(A,): There exist positive real constants Y, Y, >0,k =1,2, such that, for all t <[a,b],
and u, € R(k =1,2), we have

| R (6 U, U )] < o fJug [+ g fJug ||
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Now, we define the following quantities:

K =g¢(b) - ¢(a)
A > KN a0
I'l+e,,)

-1
ek (K ()|
4TI+ ) r(l+a,) ’ ’

(-1
6o [K““ (Y, +Y2k)Jq 15

B, = T
1+ a,) IQ+ea,)
and
-1 Aqk_zKakZ oo n
Bkez(qk )AL {ZK Nk}Z(ﬂﬁ@),k:Lz
I+ e,) Ml+a,) | =
Based on the above hypotheses, we present to the reader the following result.
Now, consider the following operator T : X — X by:
T, (U;, U,)(t)
9'(8)@,,1(t,s)
T(a kz)f
x{ vy [0, (5. 2)F, D)z s (12) 1°F, (b)
F( kl) ' 7krl(b’a)
e, 4 (ta)Q o, ,(ta) °
+——— D (AU (&) + U, (1 = 9'(8)p,,,1(b.Y)
(/)ykzl(bva)iz_ll( 1( ) 2( )) F(akz) y“l(b,aj. 21
9, (ta)_
XYW 9'(8)p, (s, 2)F, (2)dz - —“——=1"F, (b) |;ds
{ “ {F( M)I 1 ?,.1(0.2)
where
Fuk t) = F (t’ulvuz)-
Here, we divide the operator T(u,,u,)(t) as follows
T(U,, U, )(t) = (T, (U, U, )(1), T, (uy, u,)(1)),
and (3.1)
T (U, U ) () = By (U, Uy )(E) + By (U, U, )(0) K = 1.2
where
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By (Up u,)(t)

j ()0, (t.9)

I(@ kZ)

X{qu L( )J ()9, +(s,2)F, (2)dz - MI;WFUK (b)}}ds

¢7k1—1 (b’ a)

and
By (ul,u )(t)

go;/ —1 n
—— = u +5u
¢7k2—1(b a = ( 1 ( ))
go}’kz—l( ’a)

J ?'(9)0,,4 (b, Y)

r(akZ)(o;/ ,-1 (bl a

x4y qu(s)(p (s,2)F, (z)dz - MIW‘”F (b) |+ ds
& 1—‘( kl) ™t ¢ykl—l (b a‘) 3 *

Our first result concerning the existence of solutions of the problem (3.1) for which
we have used the fixed point theorem of Krasnoselskii's is as follows

Theorem 1. Let F, :[a,b]x R* — R be continuous functions which satisfy conditions A -

A, If
(i(i. +5i)j<%, and (B, +B,;) <1.

i=1
Then, problem (1.1) admits at least one solution on [a,b]

Proof: The proof will be given in several steps. Let U, ={(u,,u,) € X,|(u,,u,)| <r}, so that

ax{(6B,,) " (6B, ) "} <r

First step: We prove that
|T(u,, u)O), <.
From (3.1), we obtain

I, u)®), =T (U, u,) O, +[T u, u)O)], .
and

O, < 80P 23O+ 5Up 2 (0,0, )(0) K =12

Let (U,,U,),(v;,v,) €U, .by w, (2)=z|z/* *, and Lemma 5, we have
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B, (Ul,U )(®)

j 0'(8)¢,,,4(t5)

“Ta kz)
o, ,(t.a)_
|V 0'(8)@,,,+(8,2)F, (2)dz -~ CT°F, (b) | ds
{ ! L—‘( kl)I ' (pm_l(b,a)
a1
Kakz . (t,a) .
= (P(S)(Pak_ (s, Z)F (2)dz - M—I‘;T””Fuk (b)
e 7O 1(02)
3qk72 Kakz w : g1
= 0'(5)p, (s, 2)F, (2)dz|  +[I7°F,
rd+ea,)| |T(e kl)j kol )
-1
< 3Qk*2 K %2 5 K % (Ylk +Y2k)5q
T+ a,) T(l+a,)
gz [ (K (T +1,) )"
< 2 1k 2k St (33
Fl+a,) rd+e,,)
<B,r%?,

and
By (U, U, )(0)]

< Mi(ﬂf.ul(gi)"'é‘iuz (771))‘

g0}’k2—:|- (b' a) i=1

(p}’krl( )
F(akz)(ﬁy 2—1(b

j ¢'()9,,,10.Y)

¢7k1—1(t’a) 41,0
X{WQ{F( o)) I ?'(s)g,,, 1(s,2)F, (2)dz— —ba)x F, (b)}}ds

7k 1

g(zn:(ﬂ,, +5i)]r+Bkqukl, (3.4)

i=1

by (3.2), (3.3) and (3.4) we get

T(u,,u,)t)|, <2 n A+8)|[r+2B, r* +2B,r* <r.
Uy, u )@, <2 D (4 +6) " 2

i=1

Second Step: P, isa contraction. (B, =B, +B,,)

Let (u,,u,),(v;,Vv,) €U, , we have the following estimate
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By, (U, U, ) (1) — By (v, V) (1))

<3 (A (6) (&) alus (7). (n)

Kakz
NI

rt+e,,)

_ }’krl(’ ) Teai® ]
X|Wq, | T(a kl)J-q)( 0.,4(8 2R, (2)dz - 0, 1(ba) Ik, (b)
¥ _ I(P( )P, (S, Z)F (z2)dz - 7“ (’ ) I°°F, (b) ’

qk F( kl) ™ 7k1’1( ’ ) a*

by Lemma 4 , we get
[y (U U )(E) = By (v, o) (1)

<Z(Mu G+, () =y (m1)]) +
y 2K %
F(1+ock1)

(S -l 36 v

(qk _1)AQk*2K0‘kz
I'l+e,,)

am—amﬂ

i=1 i=1

q -1 AQk*ZKakz 2K %N
] e

I'l+e,,) r'l+ea,,)

q —1)AF K% | 2K %N
SL( o {mmkﬂ ZMJ (Jo. ]+, v, )

=1

SBy, (||ul ~Vy [+, _V2||)'

So,

|(P2 (ul’ uz)(t) - (Pz (V11V2)(t)| S (Bls + By, )(”ul - V1|| + ”uz =V, ”) < ”ul _V1|| + ”Uz -V, ”

Since (B, +B,,) <1, the operator P, is a contraction.

Third Step: P is compact and continuous.

Since F, are a continuous functions, this implies that the operator P, is continuous

on U, and by (3.4) we have
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n

B, (u,,u,)(®)| < 2[2(&I +0, )) r+B,r* +B,r", (35)

i=1

Moreover, P (u,,U,)="P,(u,,u,)+PB,(u;,u,) isuniformly bounded by (3.5).
Next, we show equicontinuity and t,t, €[0,1], such that t, <t, we have

By (U, U,) () — By (U, U, )(1)]

" o) j 9 ()P, 4(t;.5)

1 S ! (p7k1—1(t’a) PR
><{l//qk [F(akl) _E!.(/? (8)o,, 1(s,2)F, (2)dz —m% F, (b)}}ds

R PIOT I

S . t, .
{W [r(jm)! g”'(S)%m-l(S’Z>Fuk<2>dz—%—(b?)lzwuk (b)}}ds

7~ !

2 x 3%2 K (Yy + Y ) ) .
SF(l+ak2){2( T(l+a,) ] }r (o(t)-o(t,))

<rB (o(t)-0(L))™
So,
[B(U,U,) () — B (U, U)(1)] < 1By, (0t ) - o(t)™ +1%By, (o(t) - (L) ™ .
Consequently,
B (U, U,)(8,) — B (U, U,) ()| >0, ast, —t,.

This shows that BU, is equicontinuous. Hence, by Arzelia-Ascoli theorem P, is

completely continuous on U, . As a consequence of Krasnoselskii's fixed point theorem, we

conclude that has a fixed point which is a solution of (1.1). The proof of Theorem 1 is thus
completely achieved.
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4. EXAMPLE

Consider the following problem for all t €[0,1]:

( %;tz (l;tz ): Ju(t) Sinv(t)

D DY, u(t :
o+ ¢p | Dor u(® w2(0) +3 | 16+ ¢2

12 L2 u(t) + 2 Sin v(t)
D% g, | DZ v(t) | = + :
ot Pp ( o+ U ) u(®+3  fv2() +3

u(0) =v(0) =0,

- 1 1;t2
u(l) = ;m(u(&-) +v(8)), ¢p <D§+ u(t)) =0,

1 Le

v(1) = ) oo (u6) ~v(8)).= ¢, (Dgf v(t)) =0,
i=1

\

Clearly,

Ju(t) N Sinv(t)

u2(t)+3 16 +t2’

(

J F(t,u®),v(®)) =
1 1

| Fl(t,u(t),v(t)) < Zsupte[o,1]|u(t)| + ESUPte[OJ]W(tN-

and
u(t) + 2 Sin v(t)

w®+3 " i +3

3 1
| F> (t; u(t), V(t)) < Zsupte[o,ﬂ lu(t)| + ESUPte[o,ﬂ lv(®)].

F(t,u®),v(®) =

Thus, the assumptions ( A — A, ) are satisfied and Theorem - implies that the problem

has a unique solution on [0,1].

5. CONCLUSION

In this article, we have demonstrated the existence of solutions of a coupled system
of fractional differential equations with nonlocal integro multi point boundary conditions by
using the p-Laplacian operator and the ¢-Hilfer derivatives, using the fixed point theorem of
Krasnoselskii's, we have completed our work by example is presented at the end to show the

applicability of the obtained results.
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