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Abstract. This paper deals with a general class of nonlinear fractional differential

equations with p-Laplacian operator that involves some ?~ sequential Caputo derivatives.
New criteria on the existence and uniqueness of solutions are established. The stability
analysis in the sense of Ulam Hyers is discussed. An illustrative example is presented.

Keywords: p-Laplacian operator; ¥~ Caputo derivative; existence of solution; fixed
point.

1. INTRODUCTION

The fractional calculus has deep applications in various scientific fields; see for
instance [1-5]. Most of these research works have been achieved by means of fractional
derivatives of Riemann-Liouville, Hadamard, Katugampola, Grunwald Letnikov, or Caputo.
However, fractional derivatives "of a function with respect to another function™ [6] is
different from the others since their kernel appears in terms of another function that called ¢.

Recently, some fractional differential results have been considered in [7-8]. In most of the
present articles, Schauder, Krasnoselskii, Darbo, or Monch theories have been used to prove
existence of solutions of nonlinear fractional differential equations with some restrictive
conditions [9-10]. Some authors have worked on the uniqueness of solutions for fractional
differential problems involving p—Laplacian operators. In fact, we cite [11-13] where the

authors have studied nonlinear fractional differential equations p—Laplacian operators. Also,
in the paper [14], the authors have worked on the following problem:

D'y, [ D% (u(t) —v,(t,u(t)) | = AV, (t,u(t - 7)),
v, [0 (WO - Eu®)) ], =y, [0* (WO -t u®) | o

t=

u(0) =u() =0,[ 7" (u(t) - v, (t, u(t)))]\t:0 -0,

where 0<r, <1<r,<2,and v;,v, are continuous but singular at some points. The fractional
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derivatives D" and D™ are of Caputo and Riemann-Liouville, respectively, and
w,(z)=|z|"" z denotes the p—Laplacian operator that satisfies  + 1 =1,(z//p)7l =y,

Then, the authors of the paper [15] have investigated the questions of existence and
uniqueness of solutions as well as the Ulam stability by considering the following problem of

“distinct orders" with v, Laplacian operator:

"Dy, | °D" (u(t) - X1 (1)) | = -w, (L, u(t)).t £ (0,1]
w,| °D® (ut) -2 (1) ] =0,

u(0) =X (0),
u'(d) =X ),
u’(0)=>rv/(0), forj=2,3,...,n-1,

t=

where O0<r <l n-1<r,<n,n>4,and v,,w are continuous functions ‘D" and “D? denotes
. . . . ' . -1
the derivative of fractional order r, and r, in Caputo's sense, respectively, and v (z) = |z|p z

denotes the p—Laplacian operator and satisfies %+%=1,(1//p)71 =y,. Based on the above

p—Laplacian problems, in the present work we are concerned with the following sequential
problem:

D%, | D27 (u®) - T gt u®) ) | =h(t u(t), Dy u(), te 3 =(0,1]

v, [P (WO -1 g uo) | =0, 0
u(0) =0, u(1)=iz,u(§i), ¢ <(0.1]

?(1)-¢(0)=K >0.

We notice that we need to take: D’ i =1,2 asthe ¢ — Caputo fractional derivatives of
orders i, O<r<l<r,<2, O<o<r, and Ig‘?” the fractional integral of order 2o,
4 €R%, and ¢ : J >R is an increasing function such that ¢'(t) =0 , and y,(z) =|z|"" z
denotes the p—Laplacian operator with: £+ =1,(l//p)7l =y, Forall teJ,g : IxR >R,

h: JxRxR—R is a given functions satisfying some assumptions that will be specified
later.

2. PHI-CAPUTO DERIVATIVES CALCULUS
In this section, we introduce some notations and definitions and present preliminary

results needed in our proofs.

Definition 1. [6] For « >0 , the left-sided ¢ —Riemann Liouville fractional integral of order
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« for an integrable function u : J — R with respect to another function ¢ : J —R thatis
an increasing differentiable function such that ¢'(t) =0, for all t € J is defined as follows:

Tou(t)=—— f 9'(s)((t) — ¢(s))“ " u(s)ds.
)

Definition 2. [6] Let neN and let p,ueC" (J) be two functions such that ¢ is increasing

and ¢'(t)=0, for all teJ. The left-sided ¢—Riemann Liouville fractional derivative of a
function u of order « is defined by

vy L9 g
Dru(t) —((D,(t) dtJ out)

1
" I'(h-a)

( '(t) dtJ I @' (s)(@(t) —o(s))“u(s)ds,

where n=[a]+1.

Definition 3. [6] Let neN and let p,ueC" (J) be two functions such that ¢ is increasing
and ¢'(t) =0, for all teJ. The left-sided ¢— Caputo fractional derivative of a function u of

order « is defined by
_ 01
CDa:ﬂut :Injra.(p
O ( (t)dJ "o

where n=[a]+1 for agN,n=¢ for a eN.
To simplify notation, we will use the abbreviated symbol

[n
(t) = [ (t)dt} u(t).

From the above definitions, it is clear that

migo'(s)(co(t) — ()" ul)(s)ds, if £,

‘DIu(t) =
u(E,n] (t) if a eN.

©)
Lemma 1. [16] Let o, >0, and ue L*(J). Then

IUTu(t) =T u(t), ae.teld.
Lemma 2. [16] Let « > 0.Then we have:

If ueC([a,b]), then
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"DIrIu(t) = u(t),te[a,b].

IfueC"(J), n—1l<a<n, hence
nlu ]( )

k=0

a;¢gC H
"D}

I

for all t e[a,b].

Lemma 3. [16] Let t > a, a>0 £ >0.Then
1 [p) - p@)] " = s o) - co(a)]ﬂ*“ *
“ D [p®) —p@)] " = 5 [ep® - ()]
D" [#(t) - $(@)] =0, forall ke{0,..n-L,neN .

Lemma 4. [16] Let ¢ >0,neN; such that n—1<q<n. Then we have
“DIrTru(t) = DICU(t); if 9>«
DT U(t)u(t) =T (t); if a>q.

Lemma 5. [16] Let us consider a function ueC"[a,b] and 0<q<1. Hence, we have

I'ou(t,) —Iou(t )‘ (” ” )((0( ) —o(t))".

Lemma 6. [16] For the operator y , the following assertions are valid:
Q) If |51|,|52| >p>0,1<p<25,06,>0, then

vo (0=, ()| <(P=1) o7 2[5, - 5.
) If p>2, |8].|0,|< p. >0, then

vo (0=, (5| <(P=1) 2[5, - 5.

Lemma 7. Suppose heC(J,R). Hence, the unique solution of the problem

w//p[ = (u(t) - Iz”g(t,u(t)))]:h(t),te.]=(O,1]
v, [PE? (U -9t u®)] =
u(O):O,u(l):gﬁ,,u(g”i),
o(1)—p(0) =K >0

is given by
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u(t)

_ @ (8)(p(t) —p(s))* s9'(e)(p(s) —p(e))*™
_Jo ) v, D‘) m(0) h(e)de}ds

(o) -9 qo'(s)(qo(rli r—;o(s»ff . { I qo'(e)(co(rsz r—)co(e»ﬁ- h(e)de} i @

t o t)— 2ot - A 0,0
+IO<”(S)(‘/’§()20¢)(S)) g(s,u(s))ds+(i§_1:?'u(§i)—%)(co(t)—w(o))-

Proof: For O<r, <1<r, <2, Lemma 2 allows us to obtain

v, [ng"’ (u® -9, u(t))] =I%°h(t) +,.

Using the fact that w, [ D (u(t) - g t, u(t))] =0, we get ¢, =0. Then, we have

t=
[ D27 (u® - gt u() | = w, [T7h®) .
Consequently,

u(t) =12 [, [0 ][+ T2 g L u) +c, (0(0) - 9(0)).

The conditions u(0) =0, and u(l) = iﬂ,,u (&;) allow us to get
i=1

e, =Y () 2z [y [z

t=1

This completes the proof.
3. MAIN RESULTS

Let us consider the Banach space C_ = {u r ueC[0,1],D]'u e C[O,l]} with the norm:

Jul, = max {ul, .o} (6)
where, we define:
ull :tzge]|u(t)|, and |Djru_ :tseg,e] Dg;fu(t)‘.

Now, wee need to consider the following assumptions:
H,) The functions g,h are continuous.
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H,) There exist two positive constants J,,d,, such that

|9t u)-g(t. V)| <3, (Ju-v]),
and
In(t,u,v) —h(t, x, y)| <8, (Ju—x|+ N -y]),

forall t<[0,1], u,v,x,y eR.

H.) There are p,, p,, p; € R, such that

|g(t,u)[< o, Ju(®),
and
Ih(t,u,v)| < p, [u(t)|+ ps V().

We need now to define the following constants:

_ (,02 +p3)q (K+1)K"=™
l“(r2+1)(1“(r2+1))q

KZO'p
M ——+ sup nA, +
2 (20+1) |e{l,‘.l.:,)n} A

and
_(ptpy) (K4DK=T™
r(r,-o+1)(r(r+1))"
We have to prove the following proposition.

Proposition 1. Let b >0,¢,u,v e C"([0,1]). We have

(p(1) - p(0))" <K,

K®

T(b+1)’

wu(t)‘

\h(s, u(s), D;;wu(s))\ <(p,+p5)ll..
|h(s, u(s), Dgu(s)) —h(s, v(s), Dy V(s)) | < 26, Ju V]|,

Proof:
(1) Since ¢'(t) >0,t=[0,1] , then

(2(t) - 9(0))° < (p(1) - (0))" =K.
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(2) We have

U] < ﬁ POCREONRIOE

sup [u(s)|

< ““”F”(b) j '(8)(@(t) - p(s))>*ds

Kl
I'(b+1)

(3) By (H,), we can write

Dg‘:”u(s)‘

‘h(s,u(s),Dg;‘”u(s))‘ <p, s[uri]|u(s)|+p3 s[up;]

<palul, + pu [y

<(p, +,03)||U||Ca :

Cc

(4) We use (H,), so we obtain

Ih(s,u(s), Dy u(s)) —h(s,v(s), Dy "v(s))|

<5, [ sup |u(s) —v(s)|+ sup [D;"u(s) — D;;‘”v(s)‘j
Se[O,l] Se[O,l]

D (u —V)HC)

<6, (Ju~vl, +

<26, |u —v||C6 :

3.1. EXISTENCE OF SOLUTIONS

Theorem 1. Under the hypotheses (H,)-(H,), the problem (1) has a solution.
Proof: We define the operator N : C_ — C_ as follows:

(Nu)(®)
IO C/OR20 IO /ORI
e L ol

YOG ORTI0) M IO O RO i
~(e®-90) [, ¢r(r2§/) W{Jo‘” ¢F(q)¢ hu(e)de}ds

o _ 20-1 no 0,0
+IO¢’(S)(¢’§()20‘/’)(S)) g(s,u(s))ds+(;?u(§i)—%j(€0a)—§0(0))'

where
h, (e) =h(s,u(s), Dy u(s).
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We consider the subset U, :={ueC,_,||ul. <r}. We have

2max {M;, M} r‘* <1, and 2max{M2,r}(<a’ill)}sl.
(o2

Forany ueU, and by (H;), we show that NU, cU, . Therefore,

[(Nu)®,
9'(s)(p(0) —p(s))" s9'(e)(p(s) —p(e)"™
< s%e] j r() { j (o) h, (e)de}ds
19 () (D) —9(s))*™ s '(e)(p(s) —p(e)"™
—(o(t) —co(O))IO () {j r(0) h, (e)de} ds
I co(s)(co(tzzaco)(s)) - 0(5,u(S))ds

[Sate)- 242 otr-oo}

i=1
By Lemma 4 and Proposition 1, we obtain

INW®),

< (K —Hl.)Kr2
B lq(l’2 +l) 5501

r(rn)

{ [RACIGUORO) (e)de}

K20'p
ol +{ s ma
+an
(P2t ps) (K+DK . (—pl_‘_.sup ni+p1]IIUII
r(r,+1)(T(r+ )) [(20+1) ic..

<M, ul, +, Jul -

Also, we can write

o5 (Nw)®)|,
' (5)(p(t) - p(s))= @'(e)(p(s) - p(e))*
<l e D r(r) “@”%
+It Q (S)((ol(fi;)go(s))o— g(S,U(S))dS
1 ()@@ — ()" | (5 '(e)(0(5) — (€)™
o)) ZES | £ o
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By Lemma 4 and Proposition 1, we obtain

D7 (Nu)|.

(K +)K "= ¢'(e)((s) - ()" K’p
<2~ 5 h, (e)d 1
F(r —O'+1)seol] {J. F(I’l) © e}—i_r(a‘kl)”u “
G AT L . .
I“(rz—a+1)(1"(r+1))q ¢ T(o+1)" 7
< q
<ol + oo
Consequently,
o, = max {|(Nw, [z (Nu)], |
KO'
< max {M;,M,} r° +max{M2,F(aill)}r
ror
<—+—=r.
2 2

Now we pass to prove that the operator N is completely continuous.The functions
¢,u,g,h are continuous, thus, N is continuous.On the other hand, for any ueU, and

t,t, €[0,1] such that t, <t,, by Proposition 1, and Lemma 5 we have

[(Nu)(t,) - (Nu)(t,)
AOIG OO [ #Ee) ~p(e)""
° r(r,) r(n)
" co'(S)(w(Ftl()r:)w(S))rz‘ vl [ <o’(e)((p(rsz;)(p(e))r“ h, (e)de
v e (2O -e6) | = 0@)e(s) - pEe)"
(p(t) - o)), () D (o) h, (e)de |ds

b ¢'(s)((t,) —p(s))*™ @' ) (ot) —p(s)) >
+I 1“(20) g(s,u(s))ds J.O 1_(20)

h,(e)de |ds

ds

g(s,u(s))ds

i=1

[ Zn(a)- 282 (ot qo(ti))‘
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o(t,) —o(t,))" s 0/ (@)((s) - (8))"
S( ) sup v, _jow gol“(rl)go hu(e)de}

r(r+1) sy

K (o) -o(t) - { i ' (e)(¢(3) — p(e))* ™ ) (e)de}

r(n+1)  sqor) * r(r)
j2u 20 _
+1_(2(7 )(<0() o(t)) +(nl?up ﬂ,+pl]K((p(t2) o(t),
SO

[(Nu)(t,) - (Nu)(t,)
(p2+p3)qqu1r )= o(t))"? 7

ey ”
j2u _ 20

e 77y P90
(P2t ps) K™ r( 4 ] t,)— ot

{ruﬁl)(r(rﬁl)) AR ORI

We have also

[D7* (Nu)(t,) - D" (Nu)(t,)|

I @' (8)(@(t) —p(s)* { ) AQICORC) (e)de} ds

r(r,-o) r()
L ' (S)e(t) —p(s) ™ (2 6)et) —p(s) ™"
+f o) g(s,u(s)ds- [ (o) g(s,u(s))ds

L' (S)eM® —e(s)* ™ | 2 @' E)(e(s) - e(e)*”
LR [ o

(co(tz)—ca(tl)) 9'(e)(p(s) — p(e))™*
: F(I’Z—O'+l) 5[01 I F(l’l) . (e)de

oY _ -
T (o11) (o(t;) — ()

(e P ) KIT ) gt +

(-0 +1)(0(r+1)) ( )

— (0t) - o))"

So (7) and (8) are close to zero when t, —>t. Then, N (Ur) is equi-continuous. The

Arzela-Ascoli theorem implies that N (U, ) is compact. Hence, N : U, —U, is completely
continuous. Therefore, by Schauder fixed-point theorem, we confirm that (1) has a solution.
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3.2. UNIQUENESS OF SOLUTIONS

Theorem 2. If the three hypotheses (H, - H,) are satisfied, and the quantity 9<1,
3 =max{9,39,} )

then, problem (1.1) has a unique solution,where

9 =

26,(q-1) A (K +)K"™™ s 5,K* 4 sup A
L(r,+1)T(r+1) ['(20+1) icean}
~ 252 (q_l)AqflKl’z—o%rl s é‘lKG
2 r(hL-o+)0(L+1) T(o+1)

Proof: Forany u,veU, t[0,1] and (H,), we give

J(Nw@®) - (W),
[ 600 -0(s)" { [EeO-oE) (e)de}ds

< sup
te[0,1]

r(r,) r(r)
[ 0o { [RARLORGD) hv(e)de} ds

r(r,) r(n)

L' (s)((t) —p(s)*"” L' (s)(p(t) —p(s)*"
+f £ ¢F(20<”) g(s,u(s))ds— [ £ ‘/’F(Za‘”) g(s,v(s))ds
~(p(t) - 0(0)) JE ¢’(S)(¢l(})(;;p(8))’2‘ v, Iz(p’(e)(wgz;)(p(e))“‘ h, (e)de

o)~ 0(0)) IZ ¢'(s)(¢§)(;;o(3))r2' v Izw’(e)(¢;szr—)(p(e))rl‘ h,(¢)de

+(¢(t)—(p(0))zn:%(u(§i)‘V(gi))"

i=1

ds

ds

Hence, we have
I(Nu)(t) - (NV) ()]

a1 (K +1)Kr2

?'(e)(e(s) - e(e)*”

up [, e
17 (e)(‘”(?irj”(e” el ]+ s o, )
26,(q-1) A (K +)K"™™ 5K

S( F(rz +1)F(r1+1) +F(20‘+1)+ie?1li?n}ni'j”u V”

<G fu-v,,
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where
‘z//q(x) z//q(y)‘ q-1)A"*x-y|, and A>0.
We have also
Jo; (Nu)®) - By (W),
< Sl':)e] J @ (S)((D(E)r _(D(S)))r2 il W |:J'S ¢,(e)(¢§—‘sz ;)(D(e))rl_l hu (e)de:| dS
t @' (s)(p(t) —(s))™ t @' (s)(p(t) —(s))™
+f e g(s,u(s)ds- [ (o) g(s,v(s))ds
9'(8)(pt) —p(s)* " s @' (e)((s) — ()"
f r(r,-o) v U (1) Me)de}ds
25,(q-D)ATK= T 5K )
S[r@_a+nrm+g+ruﬂ4JW ” (1)
<4 |u —v||ca .

Using (9) and (10), we obtain

[Nu—=Nul, <fu-v],, .

Hence, N is a contraction operator. The contraction mapping principle implies that
(1) has a unique solution.

3.3. ULAM STABILITIES ANALYSIS

Definition 4. The problem (1) is Ulam-Hyers stable if for every ¢ e R’ , there is a constant
Y >0, such that if one has

D27y, [z (u® - T gt u@)) |- het.u) Dg;“’u(t))Hc <e (12)

then, 3ve C_ satisfying:

v(t)
_ @ (8)(p(t) —(s)) s 9'(e)(p(s) — ()"
_I ) D (o) h(e)de}ds
19/ (s)(e) —@(s)*” s 9'(e)(@(s) —p(e))*™
@' (s)(@(t) —p(s))*™ - A 9(0,0)
+IO r(20) g(s,V(S))dS{ileEV(C) " j( (t) - 9(0)),
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such that, the inequality

lu—v

o <Ye, (14)

holds.

Theorem 3. If the conditions of Theorem 2 are satisfied, then problem (1) is Ulam-Hyers
stable.

Proof: Let ueC_ be the solution of (1.1), and v(t) is an approximate solution and satisfying
(13). Then, we have
Ju®) —v)., < 9fu-vc, . (15)

where 9 is in (9).Hence by definition, we state that problem (1) is Hyers-Ulam stable.
3.4. AN EXAMPLE

Consider the following problem:

Dy, [D;iw (u® -9, u(t)))] =h(t,u(t),D*"u(t)),t € (0,1]
p=4, and q=3% (16)
9(1)-p(0) =1,

with:

g(t,u) =(e1+1‘2)u,
h(t,u,v):(eﬁ)u +(e41i7jv.

We can easy verify that the condition of Theorems 1 and 2 are satisfied. Hence, we
state that problem (16) has a unique solution.

4. CONCLUSION

The nonlinear fractional differential equations with p-Laplacian operator and some
sequential Caputo derivatives are a general class discussed in this paper. There are new
standards for the existence and originality of solutions. and stability analysis in the Ulam
Hyers meaning was spoken about. Our effort was ended with an illustration.
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