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Abstract. In this paper, we firstly introduce definition of weak interpolative Hardy-
Rogers type contractions and we give an example for a class of this mappings. We also prove
a fixed point theorem under some appropriate conditions on complete b —metric spaces.
Finally, we discuss an application to homotopy theory of our main result.
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1. INTRODUCTION AND PRELIMINARIES

Classes of contraction mappings are very important in fixed point theory and there are
its applications such as differential equations, matrix equations, boundary value problems,
integral equations, homotopy theory, etc. These mapping classes also have many
generalizations as in the literature [1-4].

Recently, Berinde [5] introduced the class of weak contraction defined as follows:

Definition 1. [5] A mapping F:X — X is said to be weak contraction if there exists u € [0,1)
and K > 0 such that

d(Fp,Fq) < ud(p,q) + Kd(q, Fp) (1.1)

for all p,q € X. Taking u = 0 at the above inequality, the contraction mapping is obtained.
That is, weak contraction mappings are the generalizations of several contractive mappings.

Berinde also gave the following theorem for the existence of fixed points of weak
contraction mappings on complete metric spaces.

Theorem 1. [5] Let (X,d) be a complete metric space and F: X — X be a weak contraction.
Then F has a fixed point in X.

Recently, Roy and Saha [6] introduced a new type of weak contraction mapping as
follows:

Definition 2. [6] Let (X, d) be a metric space. A mapping F: X — X is said to be special-type
weak contraction if for some u € [0,1) and for some K > 0,

d(Fp,Fq) < ud(p,q) + Kd(p, Fq)d(q, Fp) (1.2)
forall p,q € X.
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Theorem 2. [6] A special-type weak contraction mapping F over a complete metric space X
possesses at least one fixed point in X.

In 2018, Karapinar [7] introduced a new concept of contractions with the notion of
interpolation and he proved a fixed point theorem for such mappings on metric spaces.

Definition 3. [7] Let (X, d) be a metric space. The mapping F: X — X is called interpolative
Kannan-type contractive mapping, if there are constants u € [0,1) and a € (0,1) such that

d(Fp,Fq) < u[d(p, Fp)]*[d(q, F]"* (1.3)
forall p,q € X \ Fix(F) where Fix(F) is the set of the fixed points of the mapping F.

Theorem 3. [7] Let (X,d) be a complete metric space and F: X — X be a interpolative
Kannan-type contractive mapping. Then F has at least one fixed point in X.

After, Karapinar et al. [8] introduced the concept of interpolative Reich—Rus—Ciric
type contractions as follows. They also proved that these contractions have a fixed point in
partial metric spaces.

Definition 4. [8] Let (X, d) be a metric space. The mapping F: X — X is said to be an
interpolative Reich—Rus—Ciric type contraction, if there are constants u € [0,1) and «, 8 €
(0,1) such that

d(Fp,Fq) < ud(p, )1*[d(p, Fp)1#[d(q, Fq)]*~*F (1.4)

forall p,q € X \ Fix(F).

From the definition above, Karapinar et al. [9] also gave the concept of interpolative
Hardy-Rogers type contractions as follows, and, they showed that these contractions have a
fixed point in complete metric spaces.

Definition 5. [9] Let (X, d) be a metric space. The mapping F: X — X is called interpolative
Hardy-Rogers type contraction, if there are constants u € [0,1) and «, 8,1 € (0,1) such that

d(Fp, Fq) < pd(p, DI“[d(p, Fp)1f[d(q, F)]" (15)
[ (A, Fq) + d(q, Fp)]'~*~F~"

forall p,q € X \ Fix(F).

After then, some authors proved some fixed point results for the classes of these
mappings in the setting of metric spaces (see, e.g., [10-13]).

The notion of b —metric space was introduced by Bakhtin [14] in 1989.

Definition 6. [14] Let X be a non-empty set and s > 1 be a real number. A mapping d:X X
X — Ris said to be b —metric if it satisfies the following conditions:

(B1) d(p,q) = 0forall p,q € X.

(B2) d(p,q) =0 ifand only if p = q.

(B3) d(p,q) = d(q,p) forall p,q € X.

(B4) d(p,r) < s[d(p,q) +d(q,r)] forall p,q,r € X.

We know that every metric space is a b —metric space but the reverse is not true.

Roy and Saha [15] introduced weak interpolative contraction mapping as follows and
they proved some fixed point theorems for such contraction in complete b —metric space.
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Definition 7. [15] Let (X, d) be a b —metric space with constant s > 1. The mapping
F:X — X is called weak interpolative contraction mapping if there are constants u € (0, %)
y,6 > 0and K > 0 such that

d(Fp,Fq) < ud(p,q) + Kd(q, Fp)"d(p, Fq)° (1.6)
forall p,q € X.

Definition 8. [15] Let (X,d) be a b —metric space with constant s > 1. The mapping
F:X —» X is called weak interpolative Kannan-type contractive mapping if there exist

constants u € (0, %) &€ (0,1); y,6 > 0and K = 0 such that

d(Fp,Fq) < ud(p, Fp)®d(q, Fq)'~* + Kd(q, Fp)Yd(p, Fq)° (17)
forall p,q € X \ Fix(F).

Definition 9. [15] Let (X,d) be a b —metric space with constant s > 1. The mapping
F:X — X is called generalized weak interpolative Reich-type contractive mapping if there

exist constants u € (O, %) §€(0,1), ne€0,1); y,6 >0,and K = 0 such that

d(Fp,Fq) < pd(p,q)*d(p, Fp)"d(q, Fq)*~*" + Kd(q,Fp)"d(p, Fq)® (1.8)

forall p,q € X \ Fix(F).

Inspired by the above works, we firstly introduced weak interpolative Hardy-Rogers
type contraction mapping in complete b —metric space. We prove a fixed point result for such
mappings. Further, we provide a application to homotopy theory to show the the impact of
our main results.

2. MAIN RESULTS
In this section, firstly we give the definition of weak interpolative Hardy-Rogers type

contraction mapping as follows.

Definition 10. Let (X, d) be a b —metric space with constant s > 1. The mapping F: X — X is
called weak interpolative Hardy-Rogers type contractive mapping if there are constants

1€ (0,—), a1 € (0,1);%,8 > 0 and K > 0 such that
=]

N

1
d(Fp, Fq) < ud(p,)*d(p, Fp)? d(q, F9)"[; (d(p, Fq) + d(q, Fp))| =~ F "
+Kd(q, Fp)?d(p, Fq)° 2.1)

forall p,q € X \ Fix(F).
Remark 1.

(i) Taking @ + B + n = 1 in the inequality (2.1), then it reduces to weak interpolative
Reich-type contractive mapping (1.8).
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(ii) In particular if we take K =0 and a,,n € (0,1), then the weak interpolative
Hardy-Rogers contraction (2.1) reduces to the interpolative Hardy-Rogers contractive
condition (1.5).

Theorem 4. Let (X, d) be a complete b —metric space and F: X — X be a weak interpolative
Hardy-Rogers-type contraction map. Then F possesses a fixed point in X.

Proof: We suppose that {p,,} is a Picard sequence given as p, = F™(p,) for starting
point p, € X. If we take p,, = p,4+1 for some n € N, we get that p,, is a fixed point of F. So,
we assume that p,, # p,4+1 forall n > 0. From (2.1) and Picard sequence, we get that

Ad(Pn+1,Pn) = A(F P, Fpn_q) < ud (P, Pr—1)*d(®n, Fpn)P d(Dp-1, Fpn_1)" (2.2)
5 (AP, Fpn-1) + d(@p—y, Fpn )] 74P
+Kd(pn—1'Fpn)yd(pn' Fpn—l)s
= /’Ld(pn: pn—l)ad(pnvan)Bd(pn—ll Fpn—ly7
5 (d(Pn1, Fpa))] %P7
< ud(Pn, Pn=1)*d @, FPp)P d(0n—1, Fpp_1)"
S (d(Pnes,pn) + A Pras) )14,

Now, we suppose that d (p,—1,Pn) < d(Pn, Pn+1) for some n = 1. Thus,

~(d(Pn-1,Pn) + AP Prs1)) < d(Prs Prser).
Using the inequality (2.2), we obtain

d(pn+1' pn)n < S:ud(pm pn—l)n

Since sy < 1, itis clear that

d(pn+1; pn)n < d(pn: pn—l)n- (23)

The inequality (2.3) contains a contradiction. That is, we have d(p,, Pns+1) <
d(pp, Pn-1) for all n = 1. Therefore, {d(p,-1,p,)} IS @ non-increasing sequence. We can
write

1
2 (d(Pn-1,Pn) + d(Pn, Pn+1)) < A(Pn-1,Pn) (2.4)
for all n = 1. From (2.1), we have

d(p1,p2) = d(Fpo, Fp1) < ud(po, p1)*d(po, Fpo)’ d(ps, Fp1)"
5 (d(Po, Fpy) + d(py, Fpo)) = F "

+Kd(p, Fpo)?d(po, Fp1)°

= ud(Po, p1)*d (Do, p1)Pd (1, P2)"[5 (d(po, P2~ P "

< ud(po, P1)*d(Po, p1)F d(P1, p2)"

s[z (d(opr) + d(p1, p)) T F 1.

Using (2.4) in the above inequality, we get
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d(p1, p2) < 1d(Po, p1)“d (Do, P1)P d (D1, p2)"s[(d (Do, p1 )] P71

which implies that

d(p1, p2)* ™" < (us)d (P, p1)* .
Then

d(PLPZ) < (#5) d(Po:PO
< ust- "d(po»Pl)
ass>1andu € (0, — ) Forall r > 1, we have
s 1—
d(pnr pn-,ll-r) < S[d(pn' pn+1) + d(pn+1: pn+r)]
< S.UnS?d(Po' p1) + 5Ad(Pn+1, Pnsr)
< su"st-nd(po, p1) + Sz[d(pn+1:1 Pn+2) + A(Pnt2, Pnsr)]
< sp"stnd(po, p1) + sEu™s1d(po, p1) + S2d(Prr 2 Prtr)

n+1 n+r-2

< [sptstTn + s2p s 5T T s 1 1d (po, pa) +
Sr 1d(pn+r 1rpn+r)
<

[(sust- n)" + (sus™- ")"+1+ .+ (sust- '7)”” d (o, p1)

1—
= (susl—n)”.%d(m,po
1-susi-n
1

susi—-mn
< bus )7 id(Po,Pﬂ - 0,asn - oo,
1-susi-n

Then, {p,} is Cauchy sequence in X. Since X is complete, the sequence {p,} is
convergent and let lim,,_,,p, = p € X. Now,

d(Pn+1, Fp) = d(Fpy, Fp) < ud(pn, p)*d Py, Fpn)P d(p, Fp)" (2.5)
5 (d(pn, Fp) + d(p, Fpa)) 1% P 71 + Kd(p, Fpa)Y d(pn, Fp)?)].

Taking n = oo in the inequality (2.5), we find lim,,_,.d(pn+1, Fp) < 0. This implies
p = Fp,i.e.p € X is afixed point of F.

Example 1. Let X = [0,6] € R and let the metric d: X X X - R be defined as d(x,y) =
|x — y|? for all x,y € X. We also know that (X, d) is a b —metric space with s = 2. We also
define a mapping F: X — X as follows

(0 ifo<p<3
F(p)_{6 if3<p<6

We suppose that the constants like yu = % a=f=n= 1, y=46d=1and K = i We
claim that F satisfies the inequality (2.1), but F does not satlsfy interpolative Hardy- Rogers
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type contraction (1.5) for p = 3 and g = 4. For this, we will consider the following three
cases.

i) If p,q € [0,3], then it is easy to see that inequality (2.1) holds.

i) If p,q € (3,6], then it is easy to see that inequality (2.1) holds.

iii) Assume that p € [0,3] and g € (3,6]. Set

A= ud(p, 9))“[d(. Fp)]ﬁ[d(q,FQ)]"[% (d(p,Fq) +d(q, Fp)]'~*~F".
From (2.1), we have
d(Fp,Fq) < A+ Kd(q,Fp)’d(p, Fq)°
If we write p = 3 and g = 4 in the above inequality,

36 < A+Kd(q,0)"d(p,6)°
< A+ K.(36)(36)°.

Sincey = 6 = 1, we have

36 < A+ K.(36)"(36)°
= A+ K.36%,

and, the above inequality holds for K = % This implies that F satisfies weak interpolative

Hardy-Rogers type contractive mapping (2.1). Now we will show that F does not satisfy
interpolative Hardy-Rogers type contraction (1.5) for p = 3 and q = 4.

d(F3,F4) < %d(3,4)“d(3, F3)Pd(4, F4)". [% (d(3,F4) + d (4, F3))]§
9% 36
2

1 2
36 = < (D (). [——I3

1 _ 1 2
== (36).[22513

1
~ g 1,489.7,969
~ 2,373.

which implies that a contradiction. Thus F is not interpolative Hardy-Rogers type contraction
(1.5).

Now, we will give an application to homotopy theory of our main result Theorem 4.
Next, we recall the following definition that will be useful in proving our result.

Definition 11. ([6, 16]) Let X, Y be two topological spaces, and let R, S: X — Y be two
continuous mappings. Then, a homotopy from R to S is a continuous function H: X x [0,1] —
Y such that H(p,0) = R(p) and H(p, 1) = S(p) forall p € X and [0,1] < R. Here, R and S
are called homotopic mappings.
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Theorem 5. Let (X, d) be a complete metric space and U be an open subset of X. Let the
operator H: U x [0,1] — X satisfy the following conditions:
(@) p # H(p, t) for every p € dU (0U denotes the boundary of U in X) and for any
t €0,1].
(b)
d(H(p,t), H(q,t)) < pd(p,q)*d(p, H(p, t))Pd(q,H(q, t))" %

d(p,H(q,t)) +d(q,H(p,t))

[ > 1*=*=F=1 + Kd(q,H(p, t))Yd(p, H(q, 1))

for all p,q € U and for any t € [0,1], where u € (0,1) and K,y > 0.
(c) There exists a continuous function g: [0,1] — R such that

d(H(p,t),H(p,s)) < |g(®) — g(s)|
for all t, s € [0,1] and for every p € U.

(d) )
sup d(q,H(p,t)) <K 7.

p,q€U,t€0,1]
Then H(.,0) has a fixed point if and only if H(.,1) has a fixed point.
Proof: We consider the following set
A={t €[0,1]: H(.,t) has a fixed point in U}.

Assume that H(.,0) has a fixed point in U. We know that there exists p € U such that
H(p,0) = p because of the condition (a). So 0 € A and then A is nonempty subset of [0,1].
Next, we will show that A is both open and closed subset of [0,1]. We can say that A = [0,1]
from connectedness of [0,1]. First we will show that A is open. Suppose that t, € A. Then
there exists p, € U such that H(p,, ty) = po. Since the set U is open, there exists » > 0 such
that B(py,r) cU. Let 0 <e <r[l—pu—K( sup d(po H(p,ty))")]. Since the mapping

pEB(po,T)
g is continuous, there exists &(e) > 0 such that |g(t) — g(to)l < e for all t € (t, —
8(€),to + 8(€)) < [0,1]. Now, assume that p € B(p,, 7). From conditions (b), (c) and (d),
we obtain that

d(H(p, t), pO) = d(H(p, t)' H(pO' tO))
=< d(H(p' t)! H(p' tO)) + d(H(p, to), H(pO' tO))

< |g(t) — g(to)| + ud(®, po)*d(p, H(, )P d(po, H(Do, t0))" X

[d(p' H(pOJ tO)) + d(pO' H(p) tO))]l—a—B—n
2

+Kd (pO' H(p, tO))yd(p' H(pOJ tO))
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< e+ ud(p,po)*d(p, H(p, t0))P d(po, po)"

d(p' pO) + d(po; H(p' tO)) 1-a—B-n
[ > ]

+Kd (pO' H(p' tO))yd(pl H(pO' tO))
=€+ Kd(po, H(p, to))"d(p, o)

<e+K( sup d(po, H(p,to))")r
pEB(pO'T)

<r

forall t € (to —6(e), ty + 6(6)) c [0,1]. Thus, H(., t) is self mapping on B(p,,r) for every
fixed t € (t, — 6(€),ty + 6(€)). Since H(.,t) satisfies all the conditions of Theorem 4, we
have H(.,t) has a fixed point in B(p,, ) < U. Since the condition (a) holds, it must be in U.
Then t € A for every t € (ty — 8(€),ty + 8(€)). Therefore (t,—6(€),ty + 6(€)) C A,
which implies that A is open in [0,1].

Now we will show that A is closed also. Let {t,,} < A be such that t,, - t* € [0,1] as
n — oo. Then there exists p,, € U such that p,, = H(p,, t,,) for all n € N. Also, we have

d(pnr pm) = d(H (pnr tn)r H(pmr tm))
< d(H(Pp, tn), H(Pn, tm)) + d(H(©p, tm), H(Om, tm))
< 1g(tn) — 9tm)| + 1d@n, Pm)*d (@, H(Dn, tm))P X

d(pm: H(pm, tm))n [d(pn: H(pm: tm) ‘; d(pm, H(pn, tm))]l—a—ﬁ—n

+Kd(Pm, H®n, tm))Y d(@n, H(Om) tm))

= |g(tn) — g(tm)| + Kd®@m, H(@n, tm))" d(0n, Dm))

which implies that

q [1 - Kd(pm' H(pn' tm))y]d(pnr pm) < |g(tn) - g(tm)l
an

d@pom) <[1-K( sup d(qgH® )1 g(tn) — g(tm)l

p,qEU,tE0,1]

for all n,m € N. If we take limit as n,m — oo in above inequality, we get that {p,} is a
Cauchy sequence in X. Since X is a complete metric space, then the sequence {p,} is

convergent. Letp,, —» p* € U asn — oo.
Finally, we will show that H(p*,t*) = p*. From the conditions of Theorem 5, we
write

d(pn, H(p", t")) = d(H(pn, tn), H(p", "))
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< d(H(pn, tn), H(pn, t*)) + d(H(pn, t*), H(p", t*))
< |g(tn) — g + pdPn, p*)*d Py, H(pp, t*))F x

d(pn, H(p", t")) +d(p", H(Pn, t*))]l_a_g_n
2

+Kd(p®, H(pp, t*))Y d(pn, H(p", t7))

< [1-K(supd(q,H(p )] g(tn) — gl

p,qEU
+ud (P, p)*d (P, H(pp, t)FP d(p*, H(p*, £9))"

d(pn, H(p", t") +d(p", H(Pn, t*))]l_a_ﬁ_n
> :

d(p*, H(p", t))"[

[

Taking the limit of both sides as n — oo in above inequality, we get that p, —
H(p*,t*). Then H(p*,t*) = p* which implies that p* € A and hence t* € A. That is, A is
closed and consequently A = [0,1]. Therefore, from the definition of A, we can say that
H(.,1) has a fixed point in X.

3. CONCLUSION

In this study, the definition of weak interpolative Hardy-Rogers type contractions was
defined. After, a fixed point theorem under some appropriate conditions on b —metric spaces
was proved. Finally, an application to homotopy theory of our main result was showed.
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