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Abstract. There are many common combination methods for solving fractional
differential equations. In this work, we propose a new technique called Adomian
decomposition transform method (ADTM) in order to provide a new approximate series
solution of fractional order Bratu-type differential equations. The fractional order derivative
is described in the Caputo sense. The ADTM is a combination of two powerful methods, the
Jafari transform method and Adomian decomposition method. For accelerating the
convergence of ADTM when used for these equations, we replace the nonlinear terms by their
Taylor expansion. To demonstrate the efficiency and validity of the proposed method, four
numerical examples are presented and we compare our obtained results with the analytical
results. Finally, the numerical results obtained are represented graphically using MATLAB
software.

Keywords: Bratu-type differential equation; Caputo fractional derivative; Jafari
transform; Adomian decomposition method; approximate series solution.

1. INTRODUCTION

The Batu-type equations is one of the important differential equations in the modeling
of many chemical and physical processes in science and engineering, as it is also used in a
large variety of applied fields, such as modeling thermal reaction process in combustible non-
deformable materials, including the solid fuel ignition model, the electrospinning process for
production of ultra-fine polymer fibers, modeling some chemical reaction-diffusion, questions
in geometry and relativity about the Chandrasekhar model, radiative heat transfer, and
nanotechnology [1-5].

In the last few decades, fractional order differential equations have contributed many
significant roles in various branches of mathematics, science and engineering for an instance,
in physics, chemistry, astrophysics, electrodynamics, viscoelasticity, aerodynamics, control
theory, financial models, quantum mechanics, and other applied sciences. In all these
numerous applications, it is essential to obtain exact or in most cases approximate solutions of
these fractional order differential equations which are generally more complex to calculate
than the classical type, because the operators are defined by integral.

Nowadays, many authors have proposed and developed numerical and analytical
techniques for fractional order differential equations, which are: the variational iteration
transform method (VITM) [6], Sumudu Adomian decomposition method (SADM) [7],
homotopy perturbation transform method (HPTM) [8], conformable fractional differential
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transform method (CFDTM) [9], modified homotopy analysis method (MHAM) [10], natural
reduced differential transform method (NRDTM) [11], Exp-function Method (EFM) [12], and
SO on.

The main objective of the present paper is to propose a new technique to accelerate the
convergence of the solution of the fractional order Bratu type differential equation, which can
be formally determined by an approximate analytical method known as the Adomian
decomposition transform method (ADTM).

The fractional order Bratu type differential equation is given by

DY (1) + A2exp(y(t)) = 0, (1.1)

subject to the initial conditions

P(0) = Co, ¥'(t) = G, (1.2)

where 0 < A1 < 1,1 € Rand D¢ is the Caputo fractional derivative operator of order a with
1 < a < 2, defined as

1 t
DUY(E) = m—s j (¢ — D" 1yp® (r)d, (13)
0

(n—a)

forn—-1<a<nandn€N.

This paper is arranged as follows: In Section 1, we give an introduction and a review
of the literature. In Section 2, we present our main results. In Sections 3 and 4, we explain the
fundamental theorem of ADTM to solve the fractional order Bratu-type differential equations.
Four numerical examples are provided in Section 5, to show the simplicity, efficiency and
applicability of the proposed method. Finally, in Section 6, we give a conclusion of this work.

2. MAIN RESULTS

Recently, Hossein Jafari defined and developed a new general integral transform [13]
called Jafari transform, which is applied to solve ordinary and partial differential equations, as
follows

Jiw@®]=3J(s) = P(S)j P()exp(—q(s)t)dt, (2.1)
0

where J(s) denotes the Jafari transform of the function y(t) and p(s) # 0, q(s) are positive
real functions. This section presents our main results related to the Jafari transform of the
Caputo fractional derivative.

Theorem 2.1. If J(s) is the Jafari transform of the function ¥ (t), then the Jafari transform of
Riemann-Liouville fractional integral of order a > 0, is

1
q%(s)

JU*yp(0)] = J(s). (2.2)
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Proof: The Riemann-Liouville fractional integral for the function ¥ (t) defined by [14], can
be expressed as the convolution

P(0) = o 5T e (o) 2.3)

(a)

By applying, the Jafari transform to both sides of the equation (2.3), we get

1 1 a—1
O] =1 [y ¢ 90| = 5 1|t e
(2.4)
1
=0 IS = EE I

The proof is complete.

Theorem 2.2. If n € Z* wheren — 1 < a < n and J(s) be the Jafari transform of the
function ¥ (t), then, the Jafari transform of the Caputo fractional derivative of order @ > 0, is

n-1
JID“Y(O)] = q%(s) I(s) — p(s) Z q* k() Y (0). (2.5)
k=0

Proof: We put
v(t) = (). (2.6)

Then, the Caputo fractional derivative defined by (1.3), can be expressed as follows
—1 ‘ (m)
a — _ n—-a-—1 n
D*Y(t) = T = a)j; (t—1) Y™ (t)dt

_ 1 ‘ e 2.7)
= mj; (t—1) w(r)dr

= I""%(t),

Applying the Jafari transform on both sides of equation (2.7) and using the Theorem
2.1, we get

JID“Y@®)] = JUI"*v(t)] = V(s), (2.8)

qn*(s)

where V(s) denotes the jafari transform of the function v(t).
From the properties of the Jafari transform [13], we have

v ®] =[] 29)
and
V() = 4" I —p) ) q" ) pR ). 2.10)
k=0
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Therefore, the equation (2.8) becomes

JID*Y ()] =

n-—1
1
o1 CASICRIODI OO
k=0

o (2.11)
= ¢“() ) —p() ) q“ K PP(0)
k=0

The proof is complete.
Corollary 2.1.

m If p(s) = 1and q(s) = s, we get the Laplace transform of the Caputo fractional derivative
as follows [15]

n-1

LD (O] = 5 L(s) = ) s+ (0), (2.12)

k=0

where L(s) denotes the Laplace transform of the function y(t).

mIf p(s) =sandq(s) = % we get the Elzaki transform of the Caputo fractional derivative
as follows [16]

n—-1

1 1
EDY®] = = £6) =5 ) == #® ()
= (2.13)
n-1
1
= &)= ) sP e yp®(0),

where E(s) denotes the Elzaki transform of the function y(t).

mif p(s) = %and q(s) = i we get the Aboodh transform of the Caputo fractional derivative
as follows [17]

1 n-—1
ADD%Y(D)] =s* A(s) —= ) s* 1ky®(0)
(2.14)
=s*A(s) — s@=2=k () (0),

where A (s) denotes the Aboodh transform of the function ¥ (t).

mIfp(s) =q(s) = % we get the Sumudu transform of the Caputo fractional derivative as
follows [18]
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n-—1

1 1 1
SIDP(O] = — SG) = < ) =¥ ®(0)

S
k=0

(2.15)
— 5@ [5(5) — Z sk w(k>(0)],

k=0

where §(s) denotes the Sumudu transform of the function ¥ (t).

mIf p(s) = %and q(s) = % we get the natural transform of the Caputo fractional derivative
as follows [19]

n—-1

o) = () ven -2 > ()7 v
) = (2.16)
- (%)a CEDY S:::ﬂ P,
k=0

where NV (s, v) denotes the natural transform of the function L(s).

mlif p(s) =1andq(s) = % we get the Shehu transform of the Caputo fractional derivative
as follows [20]

n-1
a—-1-k

D] = () #en- Y () v 2.16)

k=0

where H (s, v) denotes the Shehu transform of the function ¥ (t).

3. METHODOLOGY OF THE ADTM
This section gives the methodology of the ADTM

Theorem 3.1. The fractional order Bratu-type differential equation (1.1) subject to the initial
conditions (1.2) has the ADTM series solution in the form

YO = D (). €X)

Proof: To prove this result, we consider the fractional order Bratu-type differential equation
(1.1) subject to the initial conditions (1.2).

For accelerating the convergence of ADTM, we replace the nonlinear term in equation
(1.1) by their Taylor expansion. To this end, we can consider exp(y(t)) as

wz(t). (32)

exp($(1)) = 1+ P(t) +—;
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Then, equation (1.1) can be written in the form

DYY(t) + /1< ‘/’22(,’:)) = 0. (3.3)

Taking the Jafari transform of both sides of equation (3.3), we get

uwwa)+u[< ¢’(v]—o. (3.4)

Using the Theorem 2.2, we have

p(s) p(s) ¢@
IO HO) '

Jy(@®] =

%ﬂ[ (35)

Applying the inverse Jafari transform both sides of equation (3.5), and using the initial

conditions (1.2), we get
]][1 + o+ 2 2(!t)D' (36)

Now, assume the solution 1 (t) in term of infinite series given by

L 1

YO = D (@), (37)
n=0
Also, the nonlinear term 12 (t)is decomposed in term of Adomian polynomials as
PA(t) = ZAn(t), (3.8)
n=0

where A4,, is known as the Adomian polynomials [21] can be determined from the relation

b

i=0

2
14

A= L gem

n=012,.. (3.9)

9=0
The first Adomian Polynomials are given by
Ap = 11’(2)'
A; = 2909y,
Ay = 2P, + 97,
Az = 2¢otp3 + 21,

(3.10)
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Substituting equations (3.7) and (3.8) into equation (3.6), we get

Z)wn(t) = Cy + Cyt — A <qa(s)y 14 ¥ + ZZ;An(t) ) (3.11)

Comparing both sides of equation (3.11), we have the following recurrence relation

1
Vo) = Co+ it = 217 (I,

Di© = =27 ([ 00 + 7400,

020 =~ (50 [0 + 4.0, 612
vs® =2 (o )u[wz(w +2:4,0)),
Vs ® = =20 (e[ 9000 + 5,40 )

Hence, the series solution of equations (1.1) and (1.2) is given by

YO = D (). (3.13)
n=0

The proof is complete.

Remark 3.1. The approximate solution of m —order term for equations (1.1) and (1.2), is
given by

PO = D Pal0) = PoO) + 1 () + Yo(0) + -+ Py O (3.14)

4. CONVERGENCE AND ERROR ESTIMATION

This section introduces the convergence and sufficient condition of the convergence
for the ADTM when it is applied to solve the fractional order Bratu type differential equation.
Based on the sufficient condition of the convergence, an estimation of the maximum absolute
truncated error of the solution is also studied.
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Theorem 4.1. Let y,,(t) and ¥ (t) be defined in Banach space (C[0,1],l.]]), then the ADTM
series Y.o—o W, (t) converges to the solution ¥ (t) of equation (1.1) if there exists £,0 < & < 1
such that |[y,,+,(®)|| < &,vn € N.

Proof: Let {S,,(t)},>0 be a sequence of partial sums of the series (3.1), defined by

Sa®) = ) (D) (4.)
k=0

then

1S24+1 () = Sp(OIl = Y41 (ON < EllPn(ON < E2M -1 Ol < - < E POl (4.2)

Forany p,q € N,p > g, by using (4.2) and triangle inequality successively, we have
155®) = SO = [|Sp(®) = Sp—1 () + Sp_1 () = Sp—a(©) + -+ + Sg41(t) — S @)
< |1S5®) = Spoa O] + [|Sp=1(®) = Sp—2 ]| + -+ + ||Sg+2(®) = S, ||
< Plpo Il + P HIpo Ol + -+ + E7* I I (4.3)
={MA+E+E+ -+ &P+ )l

1—¢pa
q+i(__>
< £ (=) Il
Since0 <& <1 wehavel —¢&P~1 < 1, then
€q+1

1-¢

1S, = S,@®)|| < NG (4.4)

So ||, (t) = S4(©)|| —— 0 as v, is bounded. Thus {S,(¢)} is a Cauchy sequence in
p,q—)OO
Banach space and hence convergent. Therefore, there exists ¥ € B such that

PR ACERT0) (45)
n=0

The proof is complete.

Theorem 4.2. If there exists 0 < & < 1 such away ||, ()| < éllYn(®)|], Vn € N, then the
maximum absolute truncated error of the ADTM series solution (3.1) is estimated as

S;m+1

1-¢

<

o (Ol (4.6)

H VOEDRAG
k=0
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Proof: Since Y.3_, ¥, (t) is finite, this implies that Y.}_, ¥, (t) < co-

Consider.

>

k=n+1

= i (O

k=m+1
[ee]

< > £

k=m+1

<SR+ E+HE+ )o@l
€m+1

1-¢

H VOEDRRG
k=0

(4.7)

<

o (O]

The proof is complete.
5. NUMERICAL EXAMPLES

In this section, four numerical examples are studied to demonstrate the performance
and efficiency of the ADTM. The results obtained by the proposed method are compared with
the analytical solution and are found to be in good agreement with each other.

Example 5.1. Consider the following fractional order Bratu-type differential equation

D*Y(®) — 2exp(p()) = 0, (5.1)

subject to the initial conditions

P(0) =9'(t) =0, (5.2)

where 0 < t < 1 and D¢ is the Caputo fractional derivative operator of order 1 < a < 2.
The exact solution of equations (5.1) and (5.2) for « = 2 is given by [5]

Y(t) = — In(cost). (5.3)

Using the mentioned method in Section 3, we can generate the following recurrence
relation as

vo® =27 (50111,

1
q%(s)

Pi(@) = 211‘1( H[wo(t) + %Ao(t)D,
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Yo () =271 (qal(s)ll [wl(t) + %Al(t)]),
P3(t) =271 (qal(s)ll [lpz(t) + %Az(t)D,
Yrir (® = 27 (5T | ¥a®) + 5 420)]). (5.4)

Now, from the recurrence relation (5.4) and the Adomian polynomials (3.9), we
obtain the first few components of the solution for equations (5.1) and (5.2) as follows

2
Yo(t) = mt“,
B 4 “ A 2a +1) u
1O =ta Tt T T DrGer D’
_ 8 . 8Ma+DrBa+1) +rr*Qa+1)] ,,
V(0 =t T @t Drea s DrGa £ D

16T 2a + DI'(4a + 1)

(5.5)
"B+ DrGa+ DIGa + 1)

5a

Therefore, the approximate solution of the 3 —order term for equation (5.1) and (5.2)
is given by

2 4 v 2r2(@+ 1) +IRa+ 1\ .
Vo) = ra+D’ Tea+nt T 4< I2(a + DrBa + 1) )
(ZF(a + 1DIrGBa+1) +Ir2Qa + 1)) e
I2(a + DI(2a + DI (4a + 1)
16I2a + DI (4a + 1)
Bla+ DIr@Ga+ DrGa+1)

(5.6)

5a

The bEhaVIOr Of the ?] w Exact solution /
exact solution and approximate i |

solutions of the 3 —order term WAl -t ,l ‘
for different values of a for )
equations (5.1) and (5.2) are =
represented graphically in Fig. s
1. 08

06|

04

0 0.1 0.2 0‘3 0‘4 Dj5 OIG 0.7 0l8 0‘9 J1
t
Figure 1. The graphs of the exact solution and approximate
solutions using the ADTM for Example 5.1
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Example 5.2. Consider the following fractional order Bratu-type differential equation

DY (t) — exp(2y()) = 0, (5.7)

subject to the initial conditions

Y(0) =¢'(¢) =0, (5.8)

where 0 < t < 1 and D? is the Caputo fractional derivative operator of order 1 < a < 2.
The exact solution of equations (5.7) and (5.8) for « = 2 is given by [22]

Y(t) = In(sect). (5.9)

Using the mentioned method in Section 3, we can generate the following recurrence
relation as

1
—7-1
Yo =17 (5 011),
1
V() = 207 (5 M a(0) + 40(0)]),
1
V20 = 207 (s s (0 + 4 0],
1
Va0 = 207 (g M¥=(0) + 42001,
Yna(8) = 27 (o M ¥a(®) + 4,(0))), (5.10)

Now, from the recurrence relation (5.10) and the Adomian polynomials (3.9), we
obtain the first few components of the solution for equations (5.7) and (5.8) as follows

PYo(t) = mt“,
2 . 2I2a + 1) «
¥a(t) = ra +1) et [?(a+DrGa+1) "
~ 4 . ART(@+DrGBa+ 1) +I*Qa+1)] .
o () = TGa+ 1) L3 + M2(a+1DrQRa+ Nrda+1) ¢

8r(2a + DI (4a + 1)
Bla+ 1Dr@Ba+ DrGa+1)

5a

(5.11)

Therefore, the approximate solution of the 3 —order term for equation (5.7) and (5.8)
is given by
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2
W) = 1 L 2I%(a+ 1) +TQRa + 1)) sa

farDt TTeas D’ 2( M@+ DGa+ D

)

2@+ DrBa +1) +2QRa + 1)\ 8r2a + NI'4a + 1)
( Ma+1Dra+ Hr@da +1) > MBla+1DIGa+ DrGa+1)

5a

(5.12)

The behavior of the exact solution and approximate solutions of the 3 —order term for
different values of « for equations (5.7) and (5.8) are represented graphically in Fig. 2.

1

s Exact solution /
nnan g0

a=1.9 /
08 a=1.8 i
- q=17 /

09+

071
06
Sost
04+
03
02t

01

0 v L L 1 1 L L 1
0 0.1 02 03 04 05 06 07 08 09 1

t
Figure 2. The graphs of the exact solution and approximate solutions using the ADTM for Example 5.2

Example 5.3. Consider the following fractional order Bratu-type differential equation
DY (t) — 2 exp(y(t)) = 0, (5.13)
subject to the initial conditions
Y0 =y'(0) =m, (5.14)

where 0 < t < 1 and D is the Caputo fractional derivative operator of order 1 < a < 2.
The exact solution of equations (5.13) and (5.14) for a = 2 is given by [22]

Y(t) = —In(1 — sinmt). (5.15)

Using the mentioned method in Section 3, we can generate the following recurrence
relation as

1
Po(t) = mt + m?J~* (qa ® J [1]),

® =71 (50 [ 900 + 5400)]),
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V() =n211‘1( prTE )D[wl(t)+ Al(t)])

P3(t) = m?]~ (a()ﬂ[¢2(t)+ Az(t)])

Prir(® = 727 (=T [ 9a(®) +54,(0)]), (5.16)

Now, from the recurrence relation (5.10) and the Adomian polynomials (3.9), we obtain
the first few components of the solution for equations (5.13) and (5.14) as follows

T
Yo(t) =mt + a—t“,

Ta+1)
l,b (t) T[S ta+1 + 7T4 t2a + T[4 ta+2 + T[SF(“ + 2) 2a+1
! ['(a+2) rQRa+1) T(a+1) [(a+ DIa + 2)
N T QRa + 1) sa
2I'2(a + DIr(3a + 1)
(5.17)

Therefore, the approximate solution of the 2 —order term for equation (5.13) and
(5.14) is given by

A0 , , . .
T T T
— t td ta+1 tZa t(l+2
Tt e+t TTer2t ‘ree+dt Tta+D
5 6
m°T'(a + 2) _— m°TQRa + 1) -
Ia+ 1DIrQa+2) 2I2(a+ DIGa+ 1)

(5.18)

The behavior of the exact solution and approximate solutions of the 3 —order term for
different values of a for equations (5 13) and (5.14) are represented graphically in Fig. 3.

18

e E xact solution 4
1.6 [nnanq=p 7 -
a=1.9 V4
14+ a=1.8
- q=17 /
12 /
7/
o /
E /
08 7 .
7/
06 Ve
7/
04+ V4
7,
02+ Z
0 . . ) |
0 0.05 0.1 0.15 0.2 0.25

t
Figure 3. The graphs of the exact solution and approximate solutions using the ADTM for Example 5.3
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Example 5.4. Consider the following fractional order Bratu-type differential equation

DY (t) + m2 exp(—(t)) = 0, (5.19)
subject to the initial conditions

Y(0) =9'(t) =m, (5.20)

where 0 < t < 1and D? is the Caputo fractional derivative operator of order 1 < a < 2.
The exact solution of equations (5.19) and (5.20) for « = 2 is given by [22]

Y(t) = In(1 + sinmnt). (5.21)

Using the mentioned method in Section 3, we can generate the following recurrence
relation as

1
PYo(t) = mt — m?J (mﬂ[l]),

$a(©) = w20 (oo 1 |- wo®) + %Ao(t)]),

q%(s)

Do) = 1 (s [ 0 + 540

q%(s)

P3(t) = —nzﬂ‘l( J :—Ebz(t) + %Az(t)]),

q%(s)

Ynea(®) = =127 (= I [—9n(®) + 2 4,(0)]) (5.22)

q*(s)

Now, from the recurrence relation (5.22) and the Adomian polynomials (3.9), we obtain
the first few components of the solution for equations (5.19) and (5.20) as follows

2

T
— _ " s
Yo®) = mt = s g5t
3 4 4 5
IIJ (t) — n ta+1 _ T[ tZa _ L ta+2 + T F(a + 2) 2a+1
1 I'(a+2) ra+1) I'(a+1) (e + DI QRa+2)
T (2a+1) 3a
2I'2(a+1)rBa+1) e (5.23)
Therefore, the approximate solution of the 2 —order term for equation (5.19) and
(5.20) is given by
w2 3 mt m*
t) = t— t(X ta+1 — tZa — a+2
VO =t =T Y e ) r2a+1) M(a+1)
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N n°T(a + 2) i rTQa + 1)
IM'a + DIrQa +2) 2I'2(a + DIrGa + 1)

t3a, (5.24)

The behavior of the exact solution and approximate solutions of the 3 —order term for
different values of a for equations (5.19) and (5.20) are represented graphically in Fig. 4.

0.6
s [ xact solution
mnaE g2
05+ a=1.9
a=1.8
- =17
04
e 03
- —_— e
- -
02+ s =
-
”
01 4
‘4
0 Z 1 1 1 L
0 0.05 0.1 0.15 0.2 0.25

t
Figure 4. The graphs of the exact solution and approximate solutions using the ADTM for Example 5.4

Remark 5.1. In this work, only 3 —order term ADTM-approximate solution is used to
calculate the numerical solution and ADTM can provide a more precise solution with less
absolute error by calculating a higher order approximation.

4. CONCLUSION

In this work, the combination of the Adomian decomposition method and the Jafari
transform in the sense of Caputo fractional derivative, proved very effective to solve
fractional order Bratu-type differential equations. The proposed technique provides the
solution in a series form that converges rapidly to the exact solution if it exists. We have
applied the technique to different examples. From the obtained results, it is clear that the
ADTM vyields very accurate solutions using only a few iterates. Due to the efficiency and
flexibility in the application as we have seen in the proposed examples, the conclusion that
comes through this work is that ADTM can be applied to other fractional differential
equations arising in science and engineering.
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