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SOLVING THE SADDLE-POINT PROBLEM FOR THE QUASISTATIC
CONTACT PROBLEMS

NICOLAE POP

ABSTRACT. The paper is concerned with the numerical solution of the quasi-variational inequal-
ity modelling a contact problem with Coulomb friction. After discretization of the problem by
mixed finite elements and with Lagrangian formulation of the problem by choosing appropriate
multipliers, the duality approach is improved by splitting the normal and tangential stresses.
The novelty of our approach in the present paper consists in the splitting of the normal stress and
tangential stress, which leads to a better convergence of the solution, due to a better conditioned
stiffness matrix. This better conditioned matrix is based on the fact that the obtained diagonal
blocks matrices, contain coefficients of the same size order. For the saddle point formulation of
the problem, using static condensation, we obtain a quadratic programming problem.
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1. CLASSICAL AND VARIATIONAL FORMULATION

In this paper we study a mathematical model of frictional quasistatic contact between a
deformable body under consideration is assumed to be elastic with a linear elasticity operator
and a foundation. The mathematical model consists in a hemivariational inequality which
involves the Clarke subdifferential of a locally Lipschitz functional, (see [20]). The first step in
the sequence of the approximations is the penalty method for to replace the unilateral contact
conditions by a nonlinear boundary condition dependent on the small parameter. The second
step is the regularization method for the approximation of the module function, with a convex
function . Let @ C R% d = 2 or 3, the domain occupied by a linear elastic body with a
Lipschitz boundary I'. Let I'1,I's and I'c be three open disjoint parts of I' such that I' =
TUlL ULy, T1 NTe = @ and mes (I'1) > 0. We assume that the body is subjected to
volume forces of density f € (L%*(Q))?, to surface traction of density h € (L?(I's))¢ and is
held fixed on I'y . The I'c denotes a contact part of boundary where unilateral contact and
Coulomb friction condition between €2 and perfectly rigid foundation are considered. We denote

2

and o = (0;;(u)) = (a;jrer(u)) the stress tensor with the usual summation convention, where
i,7,k,l = 1,...,d. For the normal and tangential components of the displacement vector and
stress vector, we use the following notation: uy = w; - n;, ur = w —uy - n, oN = O;;un;,
(o1); = 04jn; — o N - Ny, where n = (n;) is the outward unit normal vector to I.

We denote by g € C(I'¢), g > 0 the initial gap between the body and the rigid foundation
and lets us denote by f and h the density of body and traction forces, respectively. We assume
that a;ji € L*(), I <14,7,k,1 < d, with usual condition of symmetry and elasticity, that is

1
by u = (u1,...,uq) the displacement field, € = (g;;(u)) = <(u” +uj7i)> the strain tensor

ikl = Qjikl = kg, 1 <14,5, k1 <d,

2 . .
and Img >0, VE= (&) €RY, & =i, 1<, j <d, aijm&ij & > mol€)? .
In this conditions, the fourth-order tensor @ = (a;ji;) is invertible a.e., on Q and if we denote
its inverse by b = (bi;r1), we have €;;(u)) = (bijjmon(w)), 1,5,k 1=1,....d.
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The classical contact problem with dry friction in elasticity, in the particular case, is with the
normal stress o (u) and I'¢ is assumed known and considered as obeying the normal compliance
law, is the following

Find u = u(x,t) such that u(0,-) = u°(-) in  and for all t € [0, 7],

(1.1) —dive(u) =f, inQ
(1.2) oij(u) = ajj - €k(u), in Q
(1.3) u=0 onIy

(1.4) oc-n=h on Ty,

the contact condition:
(1.5) uy < g, on(u) <0, (uy —g)on(u) =0 on I'c
and Coulomb friction on I'c:

(L6)  llor(w)] < prlon(w)], such that ;
—if  |lor(u)|| < prlon(u)] = ur =0
—if  Jjor(u)| = prlon(uw)| = Fa >0, such that ur = —aor

where u° denotes the initial displacement of the body. Supposing that a positive coefficient

urp € L*(T¢), prp > po a.e. on I'c of Coulomb friction is given, we introduce the space of
virtual displacements

V={ve(H(Q)*lv=00nT}
and its convex subset of kinematically admissible displacements
K={uvyeVjyn=v-n<gonTl¢}.

We assume that the normal force on I'c is known (as normal compliance) so that one can
evaluate the non-negative slip bound p € L*>(I'¢) as a product of the friction coefficient and the
normal stress, i.e. p = urpA1, when A; is the normal stress. We assume that normal interface
response (the normal compliance law) is:

on(u) = —en(un —g)™"
where cy and my are material constant depending on interface properties.
(P1) Find u € K such that J(u) = mi}I{l J(v).
ve
The minimized functional representing the total potential energy of the body has the form:
1

J(v) = ga(v,v) = L(v) + j(v)

where:

- the bilinear form a is given by

a(v,’w):/Qaz‘jkl5ij(v)5kl(w)dx

- linear functional L is given by:

L(U):/vad;zc—i-/F hvds;
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- the sublinear functional j is given by:
j(v) —/ p\vﬂds—i—/ en(u—g)"monds
Tc To

where vy € (L®(T'¢))? denotes the tangent vector to boundary T.

It is known that the problem (P;) is non-differentiable due to the sublinear term j, and has a
unique solution [9].

The variational formulation, in the quasi-static case, is equivalent to the quasi-variational
inequality:
(P3) Find u(z,t) € Kx[0,T] s. t. a(u,v—u)+j(v—1) > (L,u—v) Yv e K,Vt € [0,T],T > 0,
with initial conditions u(z,0) = ug, u(z,0) = u;.

The existence and uniqueness of the solution of this quasi-variational inequality are proven
under the assumption that up is sufficiently small and mes(I'g) > 0 [16].

The Lagrangian formulation of the problem (P1) is given by introducing

L:V x Ay x Ay — R, with

1
L(v, p1, p2) = 561(1),’0) — L(v) + (1,98 — g) + / povrds
el
where Ay = {1 € H™2(T¢)|pn > 0}, Ay = {ps € L®(T¢)| |p2| < ponTel.
The space H™2(I'¢) is the dual of

1
H2(T¢)={y€ L*(T¢)| eV st.y=vyonTc}
and the ordering py1 > 0 means, in the variational form, that (ui, vy —g) <0, Vv € K, where
(-,-) denotes the duality pairing between H_%(Fc) and H%(Fc). Since L?(T'¢) is dense in
H _%(Fc), the duality pairing (-, -) is represented by a scalar product in L?(T¢).

The Lagrange multipliers p;, ps are considered as functionals on the contact part of the
boundary I'. It is important that the Lagrange multipliers do have mechanical significance:
while the first one is related to the non-penetration conditions and represents the normal stress,
the second one removes the non-differentiability of the sublinear functional

Ja(v) = Sup/ povrds
pe€N2 JT ¢

and represents the tangential stress.
The equivalence between the problem (P;) and the lagrangian formulation is given by:

inf J(v) = inf sup  L(v, 1, po).
UEK UEV H1€A17M2€A2

By the mixed variational formulation of the problem (P;) we mean a saddle point problem:

(Ps) find (w, A1, A2) € V X A1 X Ao such that
L(w,,ul,,ug) < L(w,)\l, )\2) < L(U, )\1,)\2), V(U,Ml,,uz) eV x A1 x As.

It is known that (P3) has a unique solution [2] and its first component w = u € K solves (Py)
and the Lagrange multipliers A;, Ao represent the normal and tangential contact stress on the
contact part of the boundary, respectively.

Remarks.

19. For the contact problem with Coulomb friction, we use the formula p = prAi, for the slip
bound on the contact boundary I'c , where A\; = Ai(p) is the normal stress on I'c and pp is
the coefficient of friction. Unfortunately this problem cannot be solved as a convex quadratic
programming problem because p is an a priori parameter in (P3), while \; is an a posteriori one.
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Fig 1. The geometry (h=40 mm) and the loading

W F f Separate Sliding Stick
daN/mmf daN/mm?| part ~ AB |part BC |part CD

mm mm mm

1 10 -5 3.75 20 16.25

1 15 -5 ) 20.75 7.5

0.2 |10 -5 0 40 0

0.2 |10 -15 0 22.5 17.5

0.2 |10 -25 0 ) 35

Table 1. Contact states for different loading cases
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