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Abstract: Let H be a real Hilbert space. We consider the semilinear operator
S=T-—A, where T : H— H 1is a strict contraction and A : H — H 1is a linear, continuous
and positive operator. It is proved that the operator S has an unique fized point.

2000 Mathematics subject classification: ;7H10

1 Introduction

Let H be a real Hilbert space endowed with the inner product (-,-) and the norm ||-||. Let
T : H— H be a strict contraction, i. e.

1T (z) — T(y)|| < allz — yl| for all 7,y € H with a € (0,1).

It is a very well known fact that 7" has an unique fixed point( due to the famous Banach
Fixed Point Theorem). We are interested in finding operators V' : H — H, so that the
operators T'— V or T'+ V could also have ”the property of the unique fixed point”. In this
paper we will prove that the previous problem is a well posed problem.

Using the Cauchy-Schwarz inequality, we have

<U-Tae-(I-Tyz—y>=|lz—yl'~ <T(x) - T(y),z -y >=>

> lz =yl = |T(x) = Tl - [l= — ]l

for all ,y € H ( I is the identity of H).
Consequently I — T' is strongly monotone, i. e.

<(I-T)rx—I-Ty,z—y>>(1—a)||lz—y|?forall z,y € H, (1)

with 1 — a > 0.

2 The result

Theorem Let H be a real Hilbert space and T : H — H be a strict contraction. If
A H — H is linear, continuous and positive, then the operator S =T — A has an unique
fixed point.

Proof: Let B: H — H defined by Bu = (I — T + A)u. Using (1) and the positivity of
A we obtain that

<B(z)-By),zx—y>=<{I-T)x—I-Ty,z—y>+<Alx—y),x —y>

Paper presented at The VI-th International Conference on Nolinear Analysis and Applied Mathematics
(ICNAAM), Targoviste, 21-22 nov, 2008

19



JOURNAL OF SCIENCE AND ARTS

> (1—a)||lz—y|* for all 2,y € H.

Also, for every z, y € H, we have
1B(z) = B)l| < |z —yl| + [IT(x) = T(y)|| + |[Az — Ay|| <

< (T+a+[lAlD]lz = yl]

Hence B is a strongly monotone Lipschitz operator.
Let us consider now, for v > 0, the operator N, : H — H, defined by

Nyu = (I —yB)u.
We have
IN,z — Nyyl||> =< 2 — yBx — (y — vBy),x — yBx — (y — 7By) >=

= ||z —y||* =2y < Bz — By,x — y > +7°||Bz — By|* <
<A-29(1 )+ A +a+ [|ANT [lz -yl

SO

[Nz = Noyyll < V1= 29(1 = @) + 21+ a+ [[A])? - ||z — ]|,
for all x, y € H. Further, remark that if

7€ (0’ @ +2$+_|T31||>2>’

then [V, is a strict contraction, because

VI-2y(1—a)+2(1+a+||A])2 <1

and consequently, N, has an unique fixed point in H. In other words, it exists an unique
element v* € H such that
u* = Nyu',

which is succesively equivalent with
u'= (I —yBju" & u" =u"—yBu* < Bu* = 0.

Further,
Bu=0(I-T+Au" =0su" = (T - A)u’,

thus u* is the fixed point of T'— A and the proof of the theorem is complete.[]
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