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Abstract. In this note we study further a method that linking problem for operators of 

Laplace with Diriclet problem corresponding to a linear operator Diriclet elliptical. So we 
are able to prove existence and uniqueness stability problem using the existence, uniqueness 
and Diriclet stability problem. 
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1. INTRODUCTION  
 
 

Let X be a real Hilbert space with scalar product ),(   and induced norm  . Consider a 

linear operator  with domain an infinite dimensional subspace 
which is symmetrical: 

XXBDB )(: )(BD

),(,),,(),( BDvuBvuvBu   
and strictly monotone (positive), i.e. there is such that: 0c

).(,),(
2

BDuucuBu 
 

Introducing the energy scalar product: )(BD

)(,),,(:),( BDvuvBuvu E  , 

and energy norm )(,),(: BDuuuu EE
 . 

We denote by E the linear subspace  supplement in relation to the energy 
norm, which we call energy space of B. It contains all the elements of , limited by 
Cauchy sequences in norm energy. Extending by continuity to the whole space  

E  energy scalar product, i.e. for  and  we take  

XBD )(

vvn 

Xu
)(}{ BDun 

uun 
.),lim(:),( EnnE vuvu   

Energy space becomes a Hilbert space E, which contains D(B) as a dense subspace 
and E X is continuous embedding because we can write: 

Euucu
E




,2

1

. 
The application of duality , defined by:  *: EEJ 

EvuvuvJu E  ,,),(:,
, 

is a homeomorfism isometric, i.e.: 
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EuuJu
E

 ,
, 

(see [2, p.112)]) and an extension of B (i.e., )(, BDuBuJu  ). 
Friederichs extension of the operator  is defined: XXADA )(:

)(,: ADuJuAu  , 
where We see that: }.;{:)( XJuEuAD 

EvvgvJusoXgADu E  ,),(,)(
, 

as  (see[5, p. 280]). Note that this extension is maximal monotone 
extension of B in X, because D(A) is dense in X and A is a closed operator, autoadjunct, 
bijective and strictly monotone (see [2, p.48]). Also, inverse operator  is linear, 
continuous, autoadjunct and compact whenever embedding  E

**)( EXXEBD 

XXA :1

X is compact. 
So in this case, we can apply Fredholm's theory and we establish the following variant 

of theorem of existence. 
 
Theorem 1.1.   If embedding E X is compact, then there is unique generalized solution, 

, the equation: Xu
                                                      XvvfvAu  ),,(),( .                                                 (1) 
If , then  is the solution equation )(BDu u .fBu   
 
Example 1.1.  Let  and where )(: 2  LX }0/);({: 1  uHuE   is part of the 
boundary as . Both spaces are Hilbert spaces with scalar product: 0)( means




 dxxvxuvudxxvxuvu E )()(:),(;)()(:),( . 

Also, the inclusion )(1 H )(2 L  is compact when , , is a regular 

field, (see [1]), and we can apply theorem because the energy space of the operator s 

linear, symmetric, strictly monotonous 

N 2N

)(1 H  i

:B  with }0/ D .);({:)(  uCB )(2 Cu  
In this case equation (1) takes the form: 

.,)()()()( Evdxxvxfdxxvxu  


 

If , then Green's formula we see that u is the classical solution of the 
problem to the limit: 

)(BDu




















.\,0
)(

,,0)(

,),()(

x
n

xu

xxu

xxfxu

 

 
 

2. POINCARÉ'S CONTINUATION METHOD 
 
 

Let X be a Banach space, Y a normed space and ),(, 10 YXLLL   bounded operators. 

Homotopia define: 

10)1(: tLLtLt   

 and suppose  
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].1,0[,,  tXxxcxL
XYt  

We show that  applied X on Y if and only if  has this property. 1L 0L

Indeed, if  is surjective for sL s 0  1[ , ], then the equation yxLt   can be equivalent 

rewritten as 
.:)()( 10

11 TxxLLLstyLx ss    

Tx application is a c-contraction on X if  

0 1

c
s t

L L
:   


 

 
So  is surjective for all  for which tL t 0  1[ , ]  ts . Dividing [0, 1] in 

subintervale long  , we see that  is surjective for all tL ]1,0[t  provided that he is 

surjective for . In particular for t=1 (see [3, p. 57]). 0s
We consider the limit problem: 

                                                






























N

ji
j

i
ij ongn

x

u
a

n

u

onu

infLu

1,

,\:

0/                                        (2) 

where L is an elliptic operator divergential: 

).()()(:))((
1,

xuxb
x

u
xa

x
xLu

N

ji i
ij

j















 


 

Assume for simplicity that are met classical conditions:                              

                             























N

ji

N
ij

N

ji
jiijij

xm
k

xb
Mxa

kkxaCbCa

1,

222

2

1,

1

,,,
)(

,)(

0,)(),(),(





                                  (3) 

and formulate the problem to the limit: 

                                                     






















.\

,0/

,

ong
n

u

onu

onfLu

                                                     (4) 

As before we take  and  The weak solution of 
problem (4) understand an element 

)(: 2  LX
u

}.0/);({: 1  uHuE
E  for which: 

Evvfvua  ),,(),( , 
where   is the Diriclet form associated problem (4): ),( vua

 
  



















 .)()()()(:),(
1,

dxxvxuxb
x

v

x

u
xavua

N

ji ji
ij  

We note that E is the energy space of the operator L, with 

 0/);()(:)( 2  uCCuLD , and Friederichs extension of L is defined by: 
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EvvuavAu  ),(:),( . 
So states the theorem can: 

 
Theorem 2.1.  If embedding E X is compact, then there is unique generalized solution, 

, of equation (1).  If then u is classical solution of the problem (4). Xu )(LDu
Proof. Apply the continue method with  JL :0  and AL :1 . Then we have  

22
)1(),(),)(1(:),( utkutuAutuJutuuLt  . 

Because uuLuuL tt ),(  by Schwarz's inequality, we deduce that ucuLt   with 

   (q.e.d.)                                                                                                           ).,1min(: kc 
 
 
3. THE PROBLEM OF ELASTIC EQUILIBRIUM 
 
 

We apply the results of previous study of the mixed equilibrium in linear elasticity.  
Elastic equilibrium of an object  , homogeneous and anisotropic, which occupies a 

bounded domain , with border 2,  mm   the smooth portions, described - small 
deformations assumption - the equations of Cauchy in   [4]: 

                                                                                                                        (5) 



N

j
ijij f

1
, 0

where 33)(:  ij  is the Cauchy tensor power, and 13)(:  iff  is the density of mass forces 

acting on unit volume of  . The field is homogeneous and anisotropic constitutive law 
satisfies: 

                                                            ,                                                           (6) 



N

hk
khijkhij a

1,



where the elastic coefficients satisfy khijjikhijkh aaa  , and 33)(:  ij  is infinitesimal 

deformation tensor: 

 
j

i
jiijjiij x

u
uuu




 :,
2

1
: ,,, , 

dispacement vector associated . 13)(:  iuu

Equilibrium Problem in Linear Elasticity is similar problem to the limit (4). She asked 
to find the vector displacement  solution of the system: )(: xuu 


























.\/

/

,))((

1
\ onFn

onUu

infudiv

N

j
jij


 

Here the problem is: f is the density of mass forces, U is  border movement, and F is 
complementary border traction  \ . By standard arguments - taking the form of 
translations of  - get to the problem:  Uuy :
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
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

















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.\/
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1
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Define: 

 0/;)]([:)( 32  yCyBD  
Lamé's operator: 

)).((: ydivBy   

Then, taking the product in  and applying Green's formula, we have: 32 )]([:  LX

.)(,),,())((

)()(
2

1
))((),(













BDvuBvuudxvdiv

dxuvavdxudivvBu khijijkh




 

For , the symmetry of deformation tensor, we have: uv :




 .)()(
2

)()(
2

1
),(

2
dxukdxuu

k
dxuuauBu ijijkhijijkh   

So we can define the energy space E by the complement of D(B) in norm 
E

   induced 

by scalar product: 




 dxvuavu khijijkhE )()(
2

1
:),(  . 

This is a Hilbert space that contains elements of  0/;)]([ 31  uHu:V X  the 

Sobolev-Kondrashov theorem. So we have E *XX   *E . 
Scalar product defines the application of duality energy , which 

introduce the Friederichs extension of Lamé operator: 

*: EEJ 

 XJuEuADJuAu  ;:)(,: . 
In conclusion, we can apply theorem, upon which states: 

 
Theorem 3.1.  If  then there is a variational solution (weak) unique. If, in 
addition, , then this solution is strong solution (classical). 

32 )]([  Lf
)B(Du
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