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Abstract. In this note we study further a method that linking problem for operators of
Laplace with Diriclet problem corresponding to a linear operator Diriclet elliptical. So we
are able to prove existence and uniqueness stability problem using the existence, uniqueness
and Diriclet stability problem.
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1. INTRODUCTION

Let X be a real Hilbert space with scalar product (-,) and induced norm |||| . Consider a

linear operator B:D(B)c X —» X with domain D(B)an infinite dimensional subspace
which is symmetrical:
(Bu,v) =(u,Bv), Yu,ve D(B),
and strictly monotone (positive), i.e. there is ¢ > 0 such that:
(Bu,u)>clu|’, VueD(B).
Introducing the D(B) energy scalar product:
(u,v)g =(Bu,v), Vu,ve D(B)’
and energy norm |u|_ = /(u,u)c, VueD(B).
We denote by E the linear subspace D(B) € X supplement in relation to the energy

norm, which we call energy space of B. It contains all the elements ofu € X, limited by
Cauchy sequences {u,} < D(B)in norm energy. Extending by continuity to the whole space

E energy scalar product, i.e. for u, - u and v, - Vv we take
(U:V)E = liIn(unavn)E'
Energy space becomes a Hilbert space E, which contains D(B) as a dense subspace

and E==X is continuous embedding because we can write:
1

Jull< e 2

YueE

E b
The application of duality J : E — E", defined by:
(Ju,v):=(u,v), VuyveE

is a homeomorfism isometric, i.e.:
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ool =], vu<E

(see [2, p.112)]) and an extension of B (i.e., Ju=Bu, Yue D(B)).
Friederichs extension of the operator A: D(A) < X — X is defined:
Au:=Ju, Vue D(A)'
where D(A):={u € E; Ju e X}. We see that:
ue D(A) < 3g e Xso(u,v)=(g,v)e, VWeE

as D(B)c Ec X = X" c E” (see[5, p. 280]). Note that this extension is maximal monotone
extension of B in X, because D(A) is dense in X and A is a closed operator, autoadjunct,

bijective and strictly monotone (see [2, p.48]). Also, inverse operator A~ : X = X is linear,
continuous, autoadjunct and compact whenever embedding E=+X is compact.

So in this case, we can apply Fredholm's theory and we establish the following variant
of theorem of existence.

Theorem 1.1. If embedding E== X is compact, then there is unique generalized solution,
u e X, the equation:

(Au,v)=(f,v), VYveX. (1)
If ue D(B), then u is the solution equation Bu = f.

Example 1.1. Let X :=L*(Q) and E:={ueH'(Q);u/,. =0}where ' c 0Q is part of the
boundary as means(I') > 0. Both spaces are Hilbert spaces with scalar product:

(u,v) = J'u(x)v(x)dx; u,v)e = J'Vu(x) -Vv(x)dx.

Also, the inclusion H'(Q) = L*(Q) is compact when QeR", N >2, is a regular
field, (see [1]), and we can apply theorem because the energy space of the operator H'(Q) is
linear, symmetric, strictly monotonous B := —-A with D(B) :={u e C?*(Q)n C(ﬁ); u/,. =0;}.
In this case equation (1) takes the form:

'[Vu(x) -Vv(x)dx = .[ f (X)v(x)dx, Vv eE.
Q Q

If ue D(B), then Green's formula we see that u is the classical solution of the
problem to the limit:

—Au(x)= f(x), xeQ,

u(x)=0, xel,
X o, xeao\T.
on

2. POINCARE'S CONTINUATION METHOD

Let X be a Banach space, Y a normed space and L,,L, € L(X,Y) bounded operators.

Homotopia define:
L, =(1-t)L, +tL,
and suppose
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L], = vxe X,te[0,1].
We show that L, applied X on Y if and only if L, has this property.

Indeed, if L, is surjective for s €[0, 1], then the equation L X =Yy can be equivalent
rewritten as
Xx=L'y+(t-s)L'(L, - L)x=Tx.
Tx application is a c-contraction on X if

|s—t|<8:: ¢

2l

So L, is surjective for all t &[0, 1] for which |[s—t|< & . Dividing [0, 1] in
subintervale long < &, we see that L, is surjective for all t €[0,1] provided that he is

surjective for S = 0. In particular for t=1 (see [3, p. 57]).
We consider the limit problem:

Lu=f in Q

u/.=0 onT 2)
N
= a n =g onoQ\T,
i,j=1

where L is an elliptic operator dlvergentlal

Lo=-Y 2

i,j 1 j
Assume for simplicity that are met classical conditions:

{a” (X)— ox } +b(X)u(x).

i " k>0
. 3)
N S 109 \
Ylay 0 <M —<m’ vée RN xeQ,
i,j=1 K
and formulate the problem to the limit:
Lu=f on Q,
u/r=0 onT, “4)
- on oQ\T.
on

As before we take X := L*(Q) and E := {ue H'(Q); u/. = 0}. The weak solution of
problem (4) understand an element U € E for which:
a(u,v)=(f,v), vvekE,
where a(u,V) is the Diriclet form associated problem (4):

a(u,v) —J{Z IJ(x) —+b(x)u(x)v(x) dx.

i,j=1 J
We note that E is the energy s}pace of the operator L, with

D(L) = {u eC’(Q)n C(ﬁ); u/. =0y, and Friederichs extension of L is defined by:
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(Au,v):=a(u,v) VvekE.
So states the theorem can:

Theorem 2.1. If embedding E-—X is compact, then there is unique generalized solution,
u e X, of equation (1). If ue D(L)then u is classical solution of the problem (4).

Proof. Apply the continue method with L, :=J =—A and L, := A. Then we have

(Lu,u) = (1= t)(Ju,u) + t(Au,u) = (1= O)u]” + tku]”.
Because (L,u,u) < ||Ltu||||u|| by Schwarz's inequality, we deduce that ||Ltu|| > C||u|| with
¢ :=min(Lk). (q.e.d.)

3. THE PROBLEM OF ELASTIC EQUILIBRIUM

We apply the results of previous study of the mixed equilibrium in linear elasticity.
Elastic equilibrium of an object B, homogeneous and anisotropic, which occupies a

bounded domain Q< R™,m>2, with border 6Q the smooth portions, described - small
deformations assumption - the equations of Cauchy in Q [4]:

N
2.0y +fi=0 )
i=1

where o :=(0y),,; is the Cauchy tensor power, and f :=(f;),, is the density of mass forces

acting on unit volume of B. The field is homogeneous and anisotropic constitutive law
satisfies:

N
05 = zaijkhgkh 5 (6)
k,h=1
where the elastic coefficients satisfy a;, =@, =ay,;;,» and &:=(g;),, Is infinitesimal
deformation tensor:
oy

1
& ::E(Ui’j +uj,i)’ ui,j :—a—xj,

]

dispacement vector associated U := (U;);,, -

Equilibrium Problem in Linear Elasticity is similar problem to the limit (4). She asked
to find the vector displacement U := U(X) solution of the system:

—divo(e(u) =1, InQ
u/. =U on Q

N

D> o /sar =F 0noQ\T.

j=1

Here the problem is: f is the density of mass forces, U is " border movement, and F is

complementary border traction 0Q\I'. By standard arguments - taking the form of
translations of y:=u—U - get to the problem:
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—divo(e(y)=f, inQ
y/r =0 onT’

N
> o /sor =F 0noQ\T.
j=1

Define:

D(B) =y <[C*@)T: ¥/, =0}
Lamé’s operator:
By = —div o(&(y)).
Then, taking the product in X :=[L*(Q)]’ and applying Green's formula, we have:

(Bu,v) = —jdiv o(e(u))-vdx = %jaijkhgij V)&, (W)dx =
=—[div o((v)-udx = u,Bv),  Vu,ve D(B).

For v:=u, the symmetry of deformation tensor, we have:
(Bu,u) = %J.aijkhgij (W&, (u)dx > gj.eij (W& (uydx = k.|.|Vu|2 dx.
Q Q Q

So we can define the energy space E by the complement of D(B) in norm ||||E induced

by scalar product:
1
u,v)g = EI Qijn €5 (W)€ (V)dx.
Q

This is a Hilbert space that contains elements of V = {u e[H'(Q)7T;u/. = O}‘*—‘» X the
Sobolev-Kondrashov theorem. So we have E=+ X = X "=+ E’.

Scalar product defines the application of duality energy J:=E > E’, which
introduce the Friederichs extension of Lamé operator:
Au=Ju, DA ={ueE; JueX}.
In conclusion, we can apply theorem, upon which states:

Theorem 3.1. If f e[L*(Q)]’ then there is a variational solution (weak) unique. If, in
addition, u € D(B), then this solution is strong solution (classical).
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