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Abstract. The main purpose of this paper is to derive new inequalities of Ostrowski
type in the weighted case. New estimations of the remainder term in quadrature formulas are
obtained. Also, the two-point Ostrowski inequality is considered.
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1. INTRODUCTION

In the last years the inequalities of Ostrowski type have occupied the attention of
many authors ([2-5, 8, 9, 11]).

In [4], S.S. Dragomir using mean value theorems proved the following inequality of
Ostrowski type

Theorem 1. ([4]) Let f :[a,b] > R be continuous on [a,b] and differentiable on (a,b) with
[a,b] not containing 0. Then for any x €[a,b], we have the inequality

| . a+b\’
a+b f(x) 1 7 b-all |77
2 x b-a -!f(t)dt = |x| ’ b—

=

o (1)

where I(t)=t, t €[a,b].
In [10], E.C. Popa using a mean value theorem obtained a generalization of
Dragomir’s result.

Theorem 2. ([10]) Let f :[a,b]—> R be continuous on [a,b] and differentiable on (a,b).
Then for any x €[a,b] we have the inequality

2
a+b

SN (b-a)|f-if’
4 b—a

UD’

a+b a—x
{ . —a}f(xw P !f(t)dt

where a ¢[a,b] and I(t)=t—«a, t €[a,b].
In [8], J. Pecari¢ and S. Ungar have proved a general estimate with the p-norm,
1< p <00 which for p = give the Dragomir’s result.
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Theorem 3. ([8]) Let the function f :[a,b] — R be continuous on [a,b] and differentiable on

(a,b) with 0 <a<b. Then for l+l =1, with 1< p,q <0, and all x €[a,b], the following
P 49
inequality holds

la+b f() 1
2 x b-a
where I(t)=t, t €[a,b], and

! 1

1y 2-q _  2q 2-q _ _l+q 1-2¢ \g g 2 1 ieg i\,

PU(x,p)=(b_a)P ( a X +x a X jq +( b X +x b X ]q |
(1-29)2-q) (1-2g)(1+¢9) (1-29)2-q) (1-2¢)1+q)

<PU(x,p)-|f -1f'

2)

P’

i f(t)dt

Note that in cases (p,q)=(1,%), (»,1) and (2,2) the constant PU(x, p) has to be
taken as the limit as p — 1,00 and 2, respectively.

The main purpose of this paper is to derive new inequalities of Ostrowski type,
generalizing some results of S.S. Dragomir, J. Pecarié, S. Ungar and E.C. Popa (see [4], [8],

[10]).
2. THE INEQUALITY OF OSTROWSKI TYPE

The following result is a generalization of the Ostrowski type inequalities, which
were enumerated in the first section.

Theorem 4. Let the functions f,w:[a,b] — Rbe contiuous on [a,b] and differentiable on

(a,b) and w(x)#0 for all xela,b]. Then for l+l:1, with 1< p,g <o, and all
P 4q
x €la,b], the following inequality holds:

&fw(t)dt = jf(t)dz <K(x, p)-|wf-wr ,
W), a )
where
K(x,p)=(b- a); I:J‘ ('! VZS))L(] du}dt:l + [I (J‘ tj;(;))Lq du}dt] .

Proof. Define F :[a,b]—> R, F(x) = % The function F is continuous and differentiable
w(x

on (a,b), and for all x,¢ €[a,b] we have

. wu

F(x)= F () = [ F'wdu = [—— [ '(ywiu) - £ w0 .

Therefore
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%Iw(t)dt—jf (H)dt = Iw(t) j 1 (w'(u) £ (u) — w(u) f'(u))du}dt.

)’
We have
&j‘w(t)dt_j.f(’)dt <_}fj‘(w'(u)f(u)—W(u)f’(u)) WO |l =
wix) g a B alx w(u)®
J U (') ) = wta) 1)) d“jdt +] (f (w0 a0~ i) "))~ du]dt <
a\'t W(u) 5 w(u)
o=l e
I I /()£ ) = i) £ ) dt_p_j[ j'vf(i’))' du dt_q <
i{ - oo a4 H 7200 e o[ 12O | L <
a a a t W(u)zq X X W(u)zq

K p)-oif =],

Remark 1. For w(t) =t, t €[a,b], 0 <a <b, we obtain the Pecari¢ and Ungar’s result and
for w(t)=t—a, te€la,b], where a ¢[a,bland p =, we obtain E.C. Popa’s result (see

[10]).

Remark 2. For w(t) =1, t €[a,b], we obtain the following Ostrowski inequality

<(b-a)’ {(x_a)z}q{(b_x)z}q |

fl

P

2 2

1 b
‘f(x)—mlf(t)dt

If we consider p =0 and f'(t)| <M for all t € (a,b), the classical Ostrowski’s inequality
([7]) is recaptured

2
a+b

X —

<Xy 2 | poaym
4 b

1 b
‘f(x) - j f(0)dt

3. ON THE TWO-POINT OSTROWSKI INEQUALITY

Let f:[a,b] > R be a function satisfying the Lipschitz condition with constant
M >0 and a <c<d <b.In[5] Mati¢ and Pecari¢ proved the following two-point Ostrowski
inequality:
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2 2
(c—a)"+(b-d) "
2(c—a+b-d)
This result was generalized in [1, 6, 9]. We recall here the generalization obtained by
M. Mati¢ and S. Ungar in [6].

1§ 1§
E! fodt=—— j F(x)dx <

Theorem 5. (/6]) Let the function f :[a,b]—> R be continuous on [a,b] and differentiable

on (a,b) with 0 <a <b. Then for l+l:1, with 1< p,q < oo, and numbers a<c<d <b,
P q

the following inequality holds:

(b* —a)[ f(x)dx—(d* =) f()dr| < %”K”q -1

P

where

KW)=<b>-a’+c*>-d* -

In this section, in a similar manner, we will obtain an estimate of the two-point
Ostrowski type, which in a special case reduce to M. Mati¢ and S. Ungar’s result from [6].

Lemma 1. Let the functions f,w:[a,b] > R be continuous on [a,b] and differentiable on
(a,b) and w(x)# 0 for all x €[a,b]. Then
1

du.
w(u)?

W) () = (@) £ (1) = W) [ L )w' @)~ £ @yw(an)]

Theorem 6. Let the functions f,w:[a,b]— R be continuous on [a,b] and differentable on
(a,b) and w(x)#0 for all x €[a,b]. Then for lJrl =1, with 1< p,q < and numbers

P 9
a<c<d<b, the following inequality holds

(10) |[ £y [ w(oyde = [wixyax [ £(Ode| < |K] |G|, where

! —~D(d,c)D(a,u), a<u<c,
w(u)
K(u) = 5 (D(c,u)D(d,b) —D(u,d)D(a,c)), c<u<d,
w(u)
1

D(c,d)D(u,b), d<u<b,

2

w(u)

D(y,z) = iw(t)dt, v,z €la,b], and G() = f()wW'(t)— [ ()W), t €a,b].
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Proof. Applying Lemma 1 for the function f and integrating on ¢ over [a,b], gives

S (x)i w(t)dt - w(x)z Sf(0dt = W(x)i(w“)I G(u) - i)z dquz =
of ¢ w(x)w(?) i w(x)w(?) ~

_ w(x)I lv)v((i’)z) G(u)du + w(x) I lv)v((lzi’)lz ) G(u)du .

Integrating this identity on x over [c,d], gives

]{f(x)dxi w(t)dt - j.w(x)dxj.f(t)dz =

I w(x )U D((C;)”) G(u)du] dix +| w(x)U Z:V ((L;)b ) Guydu |dv=

j(] v:”((ux)) D(a, u)G(u)dedu j( | v:”((ux)) D(a,1)G(u)dx |du +

b(u W()C) d W(X) )
I U ) - D(u b)G(u)dedu j [j i’  D(u,b)G(u)dx |du =

b

a u

c c

u

G(u)

j D(d,c)D(a,u) (( )) du + j D(c,u)D(d,b) — D(u,d)D(a, ))

G(“)) du = j K ()G (u)du.

+ j D(c,d)D(u,b)
Applying the Holder’s 1nequa11ty the theorem is proved.

Remark 3. For w(t)=t, t €[a,b], we obtain the result proved by M. Mati¢ and S. Ungar in
[6].

Let us now consider the limit case d =c ='x. By the mean value theorem it is

reasonable to assume that

! J. f(¢)dt has the value f(x).
—c

Corollary 1. Let the functions f,w:[a,b]— R be continuous on [a,b] and differentable on

(a,b) and w(x)#0 for all x €[a,b]. Then for l+l =1, with 1< p,g<o0 and a<x<b,
P 49
the following inequality holds
b

S wtydt - . where
- w(x)2 D(a,u), ,a<u<x,
K=

D(u,b), ,x<u<b,
) (u,b)
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Gy = fOW'@®)- f'Ow@), tela,b].
In the next part of the paper we consider the ase when the line segments [a,b] and
[c,d] overlap, i.e. [a,b]N][c,d] equals [c,b] or [a,d]. Now, we will consider the case
a<c<b<d.
For real numbers o <y <A </ and areal function ¢ € L [, f], | < p <o, denote

P 1/p

by ||(p||p[7 a = [J-|(o(t)|pdtJ the L, -norm of the restriction of ¢ to the subinterval
/e

[y.A]1< e, B].

Theorem 7. Let a < c <b<d and let the functions f,w:[a,d]—> R be continuous on [a,d]

and differentable on (a,d) and w(x)#0 for all xela,d]. Then for lJrl =1, with
P 4
1< p,q <o, the following inequality holds

(10) |[ £y [ wityde = [ w(x)dx[ £ (t)de| < 1) |Gl oy where
1
3 a<u<c,
w(u)
L(u) = ! ~(D(c,u)D(d,b) - D(u,d)D(a,c)), c<u<b,
w(u)

1

b<u<d,

D(y,z)= jw(t)dt, v,z €la,d], and G(t) = f(O)W' () - f'()wW(), tela,d].

Proof. Applying Lemma 1 for the function f and integrating on ¢ over [a,b], and change
the order of integration to obtain

f(x)j w(t)dt—w(x)J'f(t)dt —w(x ).[ D(a u)

D(u b)

G(u)du + <>j G(u)du.

Integratmg this 1dent1ty on x over [c, d 1, and changing the order of 1ntegrati0n, gives

T f (x)dXi w(t)dt - T w(x)dx.li f(t)dt =

j D(d,c)D(a,u) G g+ j D(c,u)D(d,b) — D(u,d)D(a,c)) G(“)z d
w(u)’® w(u)

G(”;) du = j L(u)G(u)du.

- j D(u,d)D(a,b)
Applying the Holder’s 1nequa11ty the theorem is proved.

Remark 4. For w(t) =t, t €[a,b] we obtained the M. Mati¢ and S. Ungar’s result (see [6]).
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