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1. INTRODUCTION

We recall Bergstrom’s inequality for complex numbers, see [9].
If a,a,,...,a, €(0,0)and z,,2,,...,z, €C we have,

AN EY N PR N |

a, a, a, a,+a,+..+a,

(1)

Further on, we also recall another result from [9], useful for our goals.
If neN, n22, z,,z,,..,z, €C are complex numbers and a,,a,,...,a, € R{0} with

> a, # 0,then we have
k=1

2
|21|2+|22|2+ +|zn|2_|zl+zz+...+zn|2: 1 |a;z; —a,z |
a a, a, a+a,+..+a, a8 +a,+..+a,xign  Aa,

Taking into account Consequence 2, see [4], which states that for every z,,z,,...,Z,,

(n=2), a sequence of complex numbers that satisfies a,,a,,...,a, € R\{0} with iak >0, we
k=1

have
la;z; —a;z * o |z, ° ny n &2
— =222 - EA T DI A}
I<i<j<n alaj kZ:;. kaZl ak 2|(Z:;_ “ 2 kZ:;. “
and then using these two relations we obtain:
n n n n 2
1Yz P< Xz P +1 Xz )
k=1 2 a k=1
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2. THE RESULTS

The integral variant of discrete inequality of Bergstrom, see (1) will be obtained here,
using an elementary method and the definition of the integral.

Theorem 1. Let a, beR, a<b, and f, g, h : [a, b] — R three integrable functions on
[a, b], and g(x)>0 for any xe[a,b]. Then the integrable function w:[a,b] - C,

w(x) = f(x)+ih(x) satisfies the inequality:

; 2 | 2| w(x)
dx [2< [ g(x)dx [ =~ dx. 3
|£W(X)X|<£9(X) X{ 0 (3)

Proof: Let neN and x, =a+ kb_—a,k €{04...,n} By (1), we get the following

n
inequality:
2
2 S () i h(x
S () +inx)[ 2, F(x)+ixh(x,)
A et | ‘ > g(x,) ‘
or
b-a)’|(a 2o ?
— f(x j +( h(x j
bazn{fz(xk)+h2(xk)}>( n ][(;l () ) +{ 20 }
= B —a
nEl e 723 9(x,)
n k=2
e
O_(f2+h2 A X)>az(f,An,xk)+az(h,An,xk)
e O-(g!An’Xk)
2 2 2 2
where o(f +h ,A,,X%,) Is the corresponding Riemann sum of function f-+h of

9
division A, = (Xy, X,,...,X,) and the intermediate x, points. When n tends to infinity we have,

2

bf ’ 2 bh ] 2 b ;
T'W(X”ZdX:bfz(x)+h2(x)dx>u ) ’:j +(f () Xj ) ibw(x) X |
a 9(x) 2 9(x) T 9(dx F g

Remark 1.

(i) Using inequality (3) we can also obtain inequality (1).

(if) We can also think to use inequality (2.21), see [2], for m=p=1, first for |f| and g
and second for |h| and g and summing we obtain the desired inequality.

The integral variant of the discrete inequality (2) will be obtained below using
definition of the integral. It can be also obtained from Corollary 1, see [8].
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Remark 2. If f, h:[a, b]—> R are integrable functions on [a, b], where a, be R, a<
band w:[a,b] > C, w(x) = f(x) +ih(x) then,

Proof: Let neNand x, =a+ kb_—a,k €{04...,n}. By (2), we have
n

<2 i f (xk)+h2(xk»{[i(f2(xk)h2<xk»j +[Zn:2f(xk)h(xk)j] ,

Tw(x)dx

e
0 Za(jlw(x) 2dx +

TWZ (x)dx

or
nb-a * (ab-a ’
(222t | +[ 20 2h) ) <
sb;a ;aki_(f (x,) +h (X, ))+—Ké(fz(xk)—hz(xk))j +[§12f(xk)h(xk)) T
When n tends to infinity we obtain,
ﬁf(x)dxj +ﬁh(x)dxj <
I.e. the desired inequality.
It is known, see [5], that
max{ Palfox) 2 3,(Fox p)>mm{ Pa(F 0, 0) (4)

I<i<n

where

3,(F,x, p>=ipif(xi)— f(i pX,),

i p, =1 p, zo,iqi =10; >0,x; €C and f: C— R is convex.
i=1 i=1

Theorem 2. Let a, beR, a<b, f : R—> R a convex and continuous function and h, |
:[a, b]— R two positive and integrable functions on [a, b]. If g : [a, b] — R is integrable on
[a, b] then
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jl(x)g(x)dx X
sup{I }[jl(x)f(g(x))dx—f 2 [1()dx] >
xela,b] ( ) .“(X)dX a

) lth(x)g(x)dx )
th(x)f(g(x))dx—f e fh(x)dxz (5)
8 jh(x)dx 2

(x) Tl(x)g(x)dx )
X[ b] I(x )}[Il(x)f(g(x))dx—f R jl(x)dx].
jl(x)dx a

Proof: If we consider instead of p,,i e{l,...,n}, ;i with &,>0, ie{l,...,n} and

2.8

i=1

instead of q,, ——,b, >0, i e{l...,n} in inequality (4) then we will have

Let neN and x, =a+ kb_—a,k €{04...,n}. Using previous inequality we get the
n

following:

$ 1000 _ ¢ $100900) ||

i;l(xa + 2

%! max{h(xi)}
> h(x) = U0

I<i<n
i=1

L $OOT@)) (] $hx)gx) |

i=1 éh(x,) i=1 Zi:lh(xl)
(%) . :
= {h(x)} $ 1000 TE)) ] £ 104)90x) ||
X ORI

As in the proof of Theorem 1, when n tends to infinity we have
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sup
xel[a,b]

{ ()}jl(x)dx jl(x)f(g(x))dx ?I(x)g(x)dx

|2
1) [hoos T1(x)dx [1(x)dx

fh(X) f(g(x))dx Th(x)g(x)dx
> a

a
— >
2 b f b =

jh(x)dx jh(x)dx

{h( )}Il(x)dx f10ot @ [ N16900ex
> —f] |
xefanl | [(X) [h(x)dx jl(x)dx [1(x)dx
taking into account that f is continuous.

Remark 3. If g(x) = x then the above inequality becomes

hx) jxl(x)dx X
sup {I—}[j 1(x) f (X)dx — f [1(x)dx] >
xefab] 1(X) J‘l(x)dx a
jxh(x)dx X
> jh(x)f(x)dx— f [h(x)dx >
jh(x)dx @
jxl(x)dx A
[afb]{T(X)}U 1)  (x)dx — f [1(x)dx].
(x) Todx [*

Theorem 3. Let f: R— R a convex and continuous function, g : [a, b]—> R an
integrable function on [a, b], p, g, : [a, b]—> (0,x) two integrable functions on [a, b] and
ge (0, 1). If there exist

M >m >0 such that Mp(x) > g,(x) > mp(x), (V)X € R then:

L Tp0odx | Tpeofgoodx | T p()g(x)dx
M ¢ ; a g _fla : >

Ja; (x)dx | p(x)dx | p(x)dx

qu(x) f(g(x))dx ?ql(x)g(x)dx

a
—f A >

Ta, (x)dx [ 4, (x)dx

>
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. Tp(x)dx q Tp(x)f(g(x))dx Tp(x)g(x)dx
>m¢ ; a . —fl 2 -
J & (x)dx [ p(x)dx [ p(x)dx

Proof: We will use Proposition 2 from [6] and the proof of Theorem 2.
The following three inequalities are the integral variant of three discrete inequalities of
Bohr type from [3].

Proposition 1. Let «,f:[a,b] >R be two integrable functions on [a, b], p, g R
and z,,z, eC (or A, B € A A)).

If
?az (x)dx > p(b - a),Tﬂz(x)dx >q(b—a),
and ) )
(Foc* (- (o - a)(f 520k atb ) = ()8
then ) ) a
Nlatz,+ A0z, F dt>b-a)plz [ +al2, ]
or )
[lat)a+ BOBF dt=(b—a)lp| AF +alB 1
If )
Taz(x)dx <p(b- a),?ﬂz(x)dx <q(b-a),
and ) )

(fer? (90— po - ([ 47 (k- 5o - ) = (a0
then the reverse ianequality is true. ) a
Proof: We will use Theorem 21 from [3].
Proposition 2. Let o, S, 4, 1 [a, b]—> R integrable on [a, b] and z,,z, €C (or A, B
€ BA).
If
?az (x)dx 2?12 (x)dx,Tﬂz(x)dx > Tﬂz (x)dx
o a a a a
Ta(x),B(x)dx = Tl(x),u(x)dx
then a a
T| a(t)z, + At)z, |° dt zf| At)z, + u(t)z, ° dt
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or
T| a(t)A+ S(t)B? dt 2T| A(R)A+ u(t)BJ? dt.
If a )
?az (x)dx ST/IZ (x)dx,Tﬂz(x)dx < ?,uz (x)dx
s a a a a

(800 = | 200 u()ax

then the reverse inequality is true.
Proof: We will use the proof of Theorem 23 from [3].

Proposition 3. Let «, p : [a, b]—> R two integrable functions on [a, b] with the
properties:

a’(x) < p(x),(¥)xe Rand (a*(x) - p(x))(@’(y) - p(y)) 2 @* (X)a* (y), (V)% y €R.
If z: [a, b] — C s integrable on [a, b] then

| Tazax < [ p0o 1200 F .

Proof: We will use Theorem 26 from [3] for Rez(x) and Imz(x) and the fact that

B<1.
n

Proposition 4. If the conditions of Theorem 3.1 from [7] are satisfied then

| fa, (02000 P + | [b,()200)dx < [e(x) | 200 [ o

where a,;,b,,c:[a,b] > R are integrable on [a, b], z : [a, b] — C is integrable on [a, b] and
a,(x)a (y) + b, (x)b, (y) <c(x), (V)x,y eR.

Proof: We will apply Theorem 3.1 from [7] for Rez(x) and Imz(x) and then we
will add the two inequalities.

Proposition 5. If «,,p:[a,b] >R, k e{l,...,m}are integrable on [a, b], z : [a, b]
— C is integrable on [a, b], iaf(x) -p(x)<0,(V)xeRand
k=1

(Zaz00-p0 | St -p) |2 ( L (x)ak(y)jz,(wx, yeR,

then
S, 002008 2 [ OO | 200

Proof: We will apply Theorem 28 from [3] for Rez(x) and Imz(x).

ISSN: 1844 — 9581 Mathematics Section



376 Integral inequalities Loredana Ciurdariu

The integral form of the inequality of Theorem 3 from [9] will be stated below.

Theorem 4. Letw : [a, b] — C an integrable function on [a, b], given by
w(x)=f(x)+ih(x) and g : [a, b] = R, g(X)=0, (V) xe R (b>a) is integrable on [a, b].

Then
1t Hawy) —gmwe) ¢ w8 ,
5! j g(x)g(y) dxcjy_! g(x)dxi 0 '! wixjdx 7,

Proof: We will use Theorem 3 from [9] and the definition of Riemann integral and
double integral.
But obviously, by direct calculus, we obtain:

1} jlg(x)w(y)—g(y)w(x)l 1J j(g(x)f(y) g(y) f(x))? dxdy +
23 a g(x)g(y) 23 a g(x)g(y)
18 2 (g(x)h(y) - g(y)h(x))’ o (f2(x) +h*(x))?
= dxdy = = dx d
5! l aay) Y 2£g(x) ST

—[(] f (x)dx)” + (jh(x)dx)z].

Taking into account Theorem 3 we have the following inequality which is the integral
form of Proposition 3 from [4]:

Proposition 6. Let g:[a, b] > R, g(x) >0, () xe R integrable on [a, b](or
b
integrable on [a, b] with [g(x)dx >0) and w : [a, b] — C, w(x)=f(x)+ih(x) with f, h two
real functions integrable on [a, b]. Then

18 21 g(w(y) - g()W(x) tlwx) [ b-al , . b-a?t,
H g(x)g(y) dXdy>fg(X)dXI 000 %2 JIWO) I* de= == [w* ()]

Proof: We use Proposition 3 from [4] and the above theorem.
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