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Abstract. In this paper we will demonstrate a new inequality between sine and a
function of first degree. Applications of this inequality in triangle are given.
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1. INTRODUCTION

In this paper, we will study the inequalities of type fla, b, c, A, B, C,r, s, R)>0ina
triangle, where a, b, ¢ are the lengths of sides AB, BC, AB, A, B, C are the measurements of
angles calculated in radians, 7 is the radius of incircle, s is the semiperimeter and R is the
radius of circumcircle.

The following inequality is well known

§<Sinx<x (1.1)
T

for any x € (0, %j , and it is called Jordan’s Inequality.

2. MAIN RESULTS

In this section, we start with a new inequality, which is a generalization of inequality

(L.1).
Theorem 2.1: The inequality

3oz

SinxSlx-i-?—g (21)

holds, for any x € (0, 7). The equality holds if and only if x= % .

Proof: We consider the function /:(0, 7)— R, defined by:
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f(x):Sinx—%x—§+%

Because f*(x)=cosx— % , we have the following table:

V4
0 — T
o 3
F@) PrE_ 0 o
/() s
from where, the inequality (2.1) is obtained.
Corollary 2.1. In the triangle ABC, we have that
slnA+S|nB+smC<i (2.2)
and
< 3RV3 (2.3)
2
J_ z
Proof: Taking (2.1) into account, we have that sSin4<— 5 A 26 and the

analogous for B and C. By summing these inequalities, (2.2) follows. Because sin 4 -4

and s = %b_i_c , from (2.2), it results (2.3).

Remark 2.1. The inequality (2.3) is called D.S. Mitrinovi¢’s Inequality [2, 4].

Theorem 2.2. The inequality

X , xe(O, \/_—zj
) ) 1 3 7z 3
sinx<min | x, —x+—-—|= 2.4)
xe(0, ) 2 2 6 3 T \/g T
—x+——— X€E -, 7
2 2 6 3
is true.
Proof: We have that sinx < x, for any xe(O, 72) , sinxS%x+g—£ , for any

xe(0, 7), x<%x+?—% for any xe(O, \/_—%) and x>%x+?—%, for any

X€ [\/5 - %, ﬂj , from where, the inequality (2.4) results.
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Theorem 2.3. In any triangle ABC , there are the following inequalities

i g{1A+£—Z]{13+£—ZJ(1C+£—EJ (2.5)

2R? 2 2 612 2 612 2 6
and
2 2
wSZ 1A+£—£ lB_,_ﬁ_ﬁ 2.6)
4R 22772 6 )\ 2772 s
s

Proof: In this theorem, we use the identities SinAsinBsinC = and

R2
s> +7r° +4Rr
RZ

N N N

sinA<— A+——— sinB<— B+——— sinC<— C+———
2 2 6 2 6° 2 6

> sinA4sinB =

cyclic

[2, 3, 4]. From inequality (2.1), for x € {4, B, C} we obtain

Multiplying these inequalities, (2.5) follows. Multiplying two by two and taking their
sum, we give inequality (2.6).
In [1], we proved the inequality

2(2—%)«12 + B2+ 2.7)

In this paper, we give some refinements of this inequality.

Theorem 2.4. In any triangle ABC, we have the inequalities

r U 2 2 2
4(2—Ej—2(\/§—§}z<A +B*+C (2.8)

and if 4, B, CZ\/g—%,then

4(2—%)—3([—£j(ﬁ—\/§)</12+BZ+C2 2.9)

3

Proof- From inequality (2.1), we have

> smxdx<2j( ——%de,

cyclic cyclic

which is equivalent to

1 \/5 T
3- ZCOSA<Z(A2+32+C2)+(7_€J(A+B+C)

cyclic
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But 3 - z cosA4=2 —% and then, from the inequality above, (2.8) follows.

cyclic

If 4, B, C>3 —% , by using inequality (2.4), we have

cyclic cyclic 2 6

4 . -z 4 1 B oz
Z IO sinxdx < Z U‘] 3 xdx + J\/?;{Ex +———de}
which is equivalent to

3—2cosA<

cyclic

%(ﬁ—%)z +%(A2 + B +cz)+[§—%](/1+3+c)—%(\/§—£jz —3(£—£](\/_ ”j

3 2 6 3

and by calculus, (2.9) is obtained.

Theorem 2.5. In any triangle ABC, where 4, B, C > \/g —% , we have

16(#—3) < c;m,[Az + 2[\/5—%}4 —(\/5—%)2][32 +2(J§—§j3 —(J——fﬂ

3
(2.10)
Proof: From the proof of Theorem 2.4, we have that
jA lx+£—£ de=t 22| B-Zla-[B-Z 2
o2 2 6 4 3 3
2 2
and it is well-known that »_ (1—-c0s4)(1—cosB)= M—3 .
cyclic R
By using double integrals in (2.4), we have
4 0B . ] A ¢B 1 \/5 T ) 1 \/5
sinxsiny dx dy < X, = Xx+——-——\min|y, —y+———ldx dy,
cy%;cj-o J.O y y cyZ‘/icJ.O IO ( 2 2 6]3}5[0, ﬂ)(y Zy 2 6 y

equivalent with
> (1-cos4)(1-cosB)<

cyclic

-z 4 1 \/3 T BZE ) 1 \/g -
Z[I 3"""%;’[5"*7‘3]‘["]“0 3”’”1@2[5“77]@}

and taking the remarks above into account, it results (2.10).
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Theorem 2.6. For any x e (O,%) , there is the inequality

x3 73

cosx+—£l+—. (2.11)
2 2 6

Proof: We consider the function f': (0,%) — R, defined by

Because f '(x) =sinx — g , we have the following table

e 2 2
3 2
/@) -0
/()
\ . /v
from where, the inequality (2.11) is obtained.
Corollary 2.7. For any x e (0,%) , there is the inequality
inx< 33 1 (2.12)
2 12 2

Proof: In inequality (2.11), if we make the following substitution, x —)%—x, with

X€E (0,%) , then we find the inequality of statement.

xv3 7z\/§ 1 6—7z\/§

Remark. 2.2. It is easy to see that sinx<———-——+—<x, for x> ,
2 12 2 6‘2—\@}

representing another refinement for the part two of Jordan’s inequality.

Corollary 2.8. In the acute triangle ABC, we have that

cosA+cosB+cosCS% (2.13)

and
R>2r (2.14)
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A3 1 73

Proof: Taking into account, from (2.11), that cosA+TSE+T and the

analogous for B and C. By summing these inequalities, (2.13) follows. Because, we have the
identity

cosA+c0sB+cosC=l+%,

from [3,4], it is easy to see that we obtain (2.14), which is due to Euler.
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