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Abstract. We consider a generalization of Euler's constant as the limit ¥ a) of the

sequence
i L 1 ga+n—=1
(24 Lss - ,
nan

o & a-+1 a1l s
where @ £ (2, +%] The purpose of this paper is to give some sequences that converge to
rla),
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1. INTRODUCTION

Euler's constant, usually denoted by ¥, is the limit of the sequence (&) ., defined by
D.=1+ %-— -j'—_— Iz, for each nt € N. It is well-known that U, woe niD, — ¥} =% (see
[1-3,5,7, 13, 14, 22, 24-27]. This means that the sequence ED-‘::':;E.T converges slov-vly to
¥ = 0.577315664% ..., more precisely, with order 1.

Sequences that converge faster to ¥ were given in the literature. D. W. DeTemple
proved in [4] that

L .2 R — s ——, foreach n € N, where
E-r'\.".""'l_'s " ‘ E-:.".‘s

1 l"'h
R:-: -4 r—T"'"""rT— - ].n [ﬁ“E’I"

for each m € I¥. So, the sequence (&), converges to ¥ with order 2.
Considering a sequence used by L. Toth in [23], namely the sequence (T}, .. defined

by
L F L L
Ty=1l4+-+%+"" T In [ﬁﬁ"g“ﬁ],
'arnini'-i ap=T, = _;T, for each 1 EN. As
can be seen, the sequence (T';), ... converges to ¥ with order 3.
Let @ € (2 1%]. We consider the sequence (7, (a)), . defined by

. L L L a—m—=1
yola)=—+

for each m € N, T. Negoi proved in [12] that

+ot -1

a-r 1l a=-rit—1 a
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for each m € N. The sequence (raa)d o is convergent (see, for example, [6, p. 453]; see

also [15 - 20] and some of the references therein) and its limit, denoted by ¥(a], is a
generalization of Euler's constant. We have ¥ (1) = }.

Results regarding ¥ (@) we have obtained in [15 - 21].

In Section 2 we give sequences that converge to ¥ aJ, some of them with order 4.

We remind the following lemma (C. Mortici [8, Lemma]), which is a consequence of
the Stolz-Cesaro Theorem, the E case. Applications of this lemma in obtaining sequences that

converge to ¥(a) or ¥ can be found, for example, in [9 - 11].

Lemma 1.1. Let (x.)_... be a convergent sequence of real numbers and x* = linu, .0 .. We
suppose that there exists @ € &, « = 1, such that
lim n¥ia, —24a) =L € R

Then there exists the limit
il

lm n"~tx, — x"i= :
i o =1

2. SEQUENCES THAT CONVERGE TO ¥ a)

Theorem 2.1. Let a€(0.+w@w) and & cdER. Let wnz&EN be such that
— 9 for each n €, with n = =n;. We consider the sequence
(vala boc d)),  defined by

e T e

at+uw—1 ¢ c
Yk A S |
a a alat+tn-—1)
for each n € ¥, with n = n;. Also, we specify that ¥(a’ is the limit of the sequence
(o)), fromlntroductlon

(|) If b+ c—2,then

P o A 1
11_1}:}. ﬂl“"“:-‘: LEL -k',. o '-f:l - ':"’..':-UJ - -k' bl e ol E .

(i) If b=¢—2 and d= l(,: —%L then

A I

(i) b= e =2, d = 4(c* ~ 2] and c0, ¢ £, then

s (o __,,:,;@:-5)-?@;)%@:_;.
ek

(V) Ifb—¢c— }

L]_y ]_i
2* 12~ Fe = o

(V)If}z=r:—;,cf—_[( —-]andc—— then
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] '12—1 VZ 1 L
limn:‘[ [ — T E]—?[a]]=ﬁ

(vi) Ifb—c—— r:f——le:' ——]andc——— then
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1 --f-'[’--. [’ _T..E“L_E E)—-‘? ]——:L
L R AT 7T

Proof. Clearly, liny, .. vy, & ¢, ¢} = ¢ (). We have
LE é;ﬂ-' ';‘L“-' < "’ﬂ - ﬂ'-‘f-'-‘:--'].::q.' 'h‘.- < '-'f:l

b B+1 d d
= - —ln[q-:rt—l“¢-—Jﬂln|:a-ﬂ-c-
a+n—1 a+n a+n-1 a-+mn
b b1 [ e 1 d |
= : i —ﬂ“ﬂ—ln L“{T“ﬂ“r af- 1
kﬂ"’ﬂ)(}—m} . L““"*?'(L_n—njr
c

for each 1 € N, with n = m,,. _
Let mg € N be such that %1- - =

Gt m =L

I\!'{
each n € N, with n = m.

We can write that

V(@ B €, ) — Vg (@ B0, )
= p—= i

{ E'I‘.::
l_gﬂ—[;“z—l)en—ln \il_— [c—l}en-cfl_gn

1 )
where g, 1=——, for each w € N, with n 2 .
L s

}— In(l+ cs, + dal).

)

—< (—1,1] and nTH_L,E (—1.1], for

Since &, € (=1,1), (¢ = L)g, = *'*ITiE!,'E (=1,1] and ca, +des € (—1,1], for each n € I,

Tk

with e & max {rig, wig ], using the series expansion ([6, pp. 171-179, p. 209]) we obtain

g (e b, € th) = vy (0t Bt )
= }z'g'.'.l(rl Ty T ’c'.:-; +a+ Ay T J— (b + rl;l’c'.".

mL

g, 1, 8 \°
cefemtrarti)sla(cmrsata)
" 1-g,/ 27 1—2g,
1 g, & 1, g \*
BT RPTNFI W Y PRPR . T
3" 1-a, 4 1—g,

g, &

—%ei[c—l—a‘ +

L—-2,
- -~ L
+a,(c+da,) —EE;,(r: +da )+ ;a& (¢c+da,)?
1, 1. )
—Zen[c-—cfe,,) —Ee,,[e—cfe,,) -

for each i € N, with n 2 mas {ny mg}. Having in view that

c— 1+ G =¢—-1+ds, +da* +da? +dai + -,
1-a, " " " "
e—1+d—2 ] = (c— 1 £ 200 — Dds, + (200 — D + &)
3 :L_E'_u ' " ' F
+2((c — D)d + d2}a? + -,
; 3 \
= L"dlf:g | = (- 1) +3(c—1)7ds, + 3 ((e— D%+ (e — D et 4,
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E:':'_l“._-fla T=E':'_l:'é“‘l'(i'—ﬂ.:lgcff‘,;ﬁ---}

— E';.;
it follows that

v (@b d) — v, 0 (@ Boo, &)
= [h—C—%)E‘E} "'E}.‘—El."f"'l:': —C“%:IE'E

S B P L
=) = (e~ D+ 5o - 1'den

3 Iy

—Eh—ﬂd—ﬂcd—canic'—c—zr]a“;
. a . - Ly .

+(B-4d+60d +2d° —dcid 4 c* - 25 +2% —c 4o ef 4o,

for each m € NV, with n &= max {ng, mg].
(i) Because & = ¢ — %, we can write that

. 1
lim w* (v (a, b, c,cf)—ﬁn,iﬂa,&,c,cf}}=?z—cﬁg.
Now, according to Lemma 1.1, it follows that

. 1
Um nlv,(a b,c.d) — rla)f=b—c= X

(i) Because & = ¢ —% and o = %fc: —%TL we can write that
] 1 1 1

. -= - -= -l P —

%1_1}3:11; (-\unlzﬂ.u': 57 r:f) U a1 [a;c 2 C r:f)) c* — Za e

Now, according to Lemma 1.1, it follows that

L 1y . 1
li_l:tl’rt‘ [ [-:'r,c —E,I:,:f) —@(.p_';]] - E[,_,. _EJ —d
(iii) Because & = ¢ — 7, d = _(':" _‘] andc= 0, ¢ = :ﬂ—r, we can write that

li_l:t}:ﬁt" f".{“ [;n,c.‘ —g, a,;[-:‘: —%J]—'&Fn,i [:a,c.‘ ;c.‘,;[-:‘" —%J ]) = %[c.‘: —%J

Now, according to Lemma 1.1, it follows that

Ji_r}iﬁ [“fn [ﬂﬂ, ¢ - EJ cé[cg - %J)— ﬂ-:ﬂ) —%[cg —EJ

w

(iv) Because & = ¢ — %, d= %f and ¢ = {, we can write that
. i i i i7
1 "':[ E[.u__ - Ve r— el —— )= '
bl | ofam u.:tJ v 2 12] 360

Now, according to Lemma 1.1, it follows that
, 1 1 17
lm v (v (@ -5.0.- ) -7 @ ) = 55
(V) Because & = ¢ — 2—, d = ,17[’-:': - 1:\] and ¢ = =, we can write that

[ (0 B2 2 2 v (o 2 2 ) ) - L
mes PN 2 TzTef PRV 2 T27e 180

Now, according to Lemma 1.1, it follows that

i . E’f E" VZ=-1 2 :L) ( )) 1
AT ':r'-'“ . o — L — — -—_|
“-I:t}:ﬁ n | @ ' A v e
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(vi) Because & = ¢ — %, d= ;[;c': - %1 and ¢ = _».ﬂ_’."} we can write that
o B " [" VI+1 VI 1) [ VI+1 I 1] 1
e e T Bl R S Y I ANET-T3)

Now, according to Lemma 1.1, it follows that

o Z+1 Wz 1 1
(o2 )5

Further results regarding Theorem 2.1 can be found in [21].
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What am I if I will not participate?

Spring School on Analysis 2012

- Antoine de Saint-Exupery

First announcement Dear Colleagus,

Follewing & longstamding tradition, the Faculty of Mathematics and Physics of Charles Univeraty in Pragus
and the Czech Acadenmy of Sciences will organize a Spring Schoal or Variational Analyzis ¥ The Schoal
will b hald at Fageky nad Jizerou, in achalet i1 the Krimnoge Mountaing, Apr22 - 28, 2M2

The program will conzist of series of lectures or

Varlatlonal Analysls
and Its Applications

delivarad by

René | lenrion
Waeierstrass Institue, Berlin, Garmany
Structure and Stability of Optimization Problems with Probabilistic
Constraints

Alexander loffe
Technion, Haifa, Israel
Variational analysis of semi-algebraic mappings

Alejandro Jofré
Universidad de Chile, Santiage de Chile, Chile
Variationzl Analysis and Economic Equilibrum

Doris Mordukhowvich
Wayne State University, Dztroit, USA
Second-order Subdifferential Calculus
Optimal Control of the Sweeping Process
Varigtional Analysis in Semi-Infinite and Infinite Programming
. Generalized Newton Methods for Nonsmooth Equations and Robust
i Optimzation

The purgose of thle mesting |2 to bring ogether ragaarchers with comman Intaiest [ the fald. Thera wil be
opportunities for informel digcussions. Sraduate studente and others beginnirg their mathematical caraer
are ancouraged to participats.
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