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Abstract: Different testing function spaces are defined for Banach space valued
Potential —Hankel transform by using Gelfand-Shilov technique of S_ spaces, some
properties of the spaces are also proved. At the end generalized Banach space valued

Potential — Hankel transform is defined.
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1. INTRODUCTION

In realizability theory for electric systems , many systems consist of signals having
instantaneous values in Banach space. Zemanian had focused on Banach space valued
Laplace transform in [4]. Following [4], Tekale studied Banach space valued Stieltijes
transform in [2]. We have discussed Potential transform of Banach space valued in [3].

In this paper, we have introduced Banach space valued Potential — Hankel transform.
For which we have defined various spaces of Gelfand — Shilov type.

Gelfand — Shilov in [1] had given spaces of type S, in which conditions are imposed
not only on the decrease of the function but also on the growth of their derivatives as the order
of derivative increases.

In this paper the spaces PH_(A), PH’”(A), PH” (A)etc are defined and their

properties are discussed. Also generalized Potential — Hankel transformation is introduced.
Notation and terminology as per Zemanian A.H.[4] and [5].

2. GELFAND-SHILOV TYPE SPACE
2.1 VARIOUS SPACES:

The space PH_(A):For >0,
PC,dHa(A) = PHa(A) =

Ze,g S (tD)" (s 'D)" {ts_#_;cfﬁ(t, S)}

=19:pe E+’7c,d,k,|,q¢(tas)}:5lllp SCk,inlylla}

A

for all k,q e IN,, where the constants A &C,, depend on the function ¢.
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The space PH”(A):For >0,

PH”(A) = {¢ (P €Ly qf(tiS) =sup

A4 ®)S' (tD,)" (s 'D)* {B”;W, S)}

< Ck,lquqﬁ}

A

The space PH”(A): For o >0and >0,

PH/(A) = {cfﬁ PEE Veanif(t8) = sup Ao (t)s'(tD,)* (s 'D)" [ts_”_éczﬁ(t, S)}

sckAJASI'an}

A
The space P,H(A): For y >0,

<C Ak}

A

PH (A)={g: g€ E+;7c,d,k,|,q¢(ta s)= SlIJp

I, 4 (D' (tD)* (s D)’ [ts"%ﬁ(t,s)}

The space PH,_  (A): For given m > 0.
The space it set as,

PHa,m :{¢ : ¢ € E+;7/k,|,q¢(t’5) :Slljp

Jeq (1)S'(tD) (s 'D)" [ts“%ﬁ(t,s)}

. (211)
forany 6>0.<C, ,,(m+5)'1"},
The space PH”"(A) : For given n>0,
The space is defined as,
ot
PH”" ={$:$ € E,; 5, #(t,S) =SUp| 4 (t)s' (tD,)" (s D) {ts g 2¢(t,s)} 212)
Iy A .

for any 7>0.<C, ,, (n+7)"q*},

The space PH/(A):
This space is formed by combining the conditions of (2.1.1) and (2.1.2) .

PH/" ={¢:¢ € E, ;7 ,#(t.5) =SUp| (t)s' (tD)* (s 'D)* {ts’”’%(t,s)}

A
<C.(m+5) (n+n),1'q"},
for given m,n >0and for any &,n > 0.
The space P, \H(A):
For given A >0, the space is defined as,
.t
PAH(A) ={d:9€E ;7 ,9(t.5) =supjdc (t)s'(tD,)" (s"D)" {ts " 2¢(t,8)}
! A

<Coc(A+E)KYY,
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2.2. THEOREM:

PH_ (A) is a Frechet space.

Proof: As the family D, of seminorms {y., .}, generating T, is countable, it
suffices to prove the completeness of the space PH, .

Let us consider a Cauchy sequence {y,}in PH_(A). Hence, for a given >0, there
existan N = N, such that for a,b >N,

<e.

Jeq (' (D) (s D)* {tsﬂzﬂ(/ﬁa - %)}

Ved kg (4,—¢,)= SlIJp

A

In particular for k,q =0, for a,b> N.

—u—=

sup ﬂcyd(t)s'(tDt)"(s‘lD)q{ts ;qﬁa(t,s)} <e.

A

Consequently for fixed (t,s) in 13 where 11 is open set (R, )x(R,) [first quandrant]
{#.(t,s)} is a numerical Cauchy sequence. Let ¢(t,s) be the pointwise limit of {¢, (t,s)}.
Using equation (2.2.2) it can be easily deduced that {¢a} converges to ¢ uniformly on

I
' Thus ¢ is continuous, moreover repeated use of equation (2.2.1) for different value of
k,g and the use of the proposition from topological linear spaces and duality yields that ¢ is
smoothi.e. gE,.

Further from ecuation (2.2.1) we get,

Yot kia(s,) < Vedwia) e< Ckqui'I'“Jr e

forall a>N.

Letting a — oo and observing that e is arbitrary we get

Jea (1) (tD,)" (s'D)’ {ts#;gz}(gz}a —%)} <C, Al'".

A

Vedkig = Sup

Hence w e PH, (A) and it is the T_limit of y by equation (2.2.1) again. This proves
the completeness of PH_ (A), and our proof is complete.
The non triviality of these spaces is proved in the following theorem.

2.3. THEOREM

The space D(ly) is a subspace of PH (A) such that the injection mapping from D(l,)
toPH_ is continuous i.e. T/ D(1,) =T (l,)
Proof: For ¢(t,s) € D(l,), set

L =sup{s: (t,s)supp ¢}
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and
S
Cy.q =SUP| A4 (1)s'(tD)* (s 'D)° | ts * 2¢(t,s)} .
- A
Then
L 1
Cy q =SUP|\ 4.4 (1)s'(tD,)* (s "D)" {ts # 2¢(t,s)} <C,L'<C,, [/ﬂil] Al'.
A
L L
. |_ A L a ] L P -
Since (—ajﬁl'f ' 2(—J define I, > (— +1 where [X] denotes the Gaussian
Al A A

symbol that is the greatest integer not exceeding X.
Therefore for | > 1, we have,

7c,d,k,l,q¢(tvs)SCk,inllla (2.3.1)

If k <Kk,, let us write

C=max{&}(§ajz’(azaf’ """" (A;J}

Then again from equation (2.3.1)
Veokra#(6:8)<C-C Al (232)

Hence the inequalities (2.3.1) and (2.3.2) together yields
7c,d,k,|,q¢(tis)SCII(,qAIIIIa
implying that ¢ € PH_(A)
To prove the continuity of the injection map, consider a sequence {¢n}in
D(1,) converging to zero then,

7c,d,k,|,q¢b (t! S) =sup ||, 4 (t) s' (tDt)k (s7'D)" {tsﬂ;% (t, S)} (2.3.3)

A

Now from the inductive limit, the subset Ky, (say) of I; such that 4,D(k,,)for each
b>1and ¢, —»0in D(k,).

If M =sup|A,, (t)s'qu
km
Then form equation (2.3.3)
Veaxia® (t’ 5) <M SEpHDkH% (t' S)HA —0
asb—-ow

Hence ¢, —0inPH _ (A)and therefore
T,/D()<=T(,)
Analogously, we can prove similar results for other spaces defined.
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2.4. PROPERTIES OF THE SPACES PH, (A)AND PH” (A):

Proposition: If o, <a,& B, <, then PHZ(A)c PH/:(A)and the topology of
PH/: (A)is equivalent to the topology induced on the topology PH/: (A)by PH/? (A).
Proof: Let ¢  PHZ}(A)

<C AN <C A Al g™

A

Ao q (1)s' (D) (s D)’ {ts_”_;cé(t, S)}

Veaxia®(t:8)= SlIJp

Hence ¢ € PH/2(A)

Consequently PH/:(A) c PH/:(A).

The topology of PH/:(A) is equivalent to the topology T2 / PH/: (A).It is clear from
the definition of topologies of these spaces.

Proposition: If m, <m,then PH,_  (A)cPH, . (A).

The topology of PH, , (A) is equivalent to the topology induced onPH, . (A) by
PH, . (AieT, T, . /PH, .

Proof: Let g PH_ . (A) .. 7,4#(t,8) <C,y 45 (M, +8) 1" <C, oy (M +5) 1™
Thus PHa1ml (A) C PHC(sz (A) .

The second part is clear from the definition of topologies of these spaces.
We now define inductive limit of the spaces PH,  (A): m>1as follows:

2.5. THEOREM:

PH_(A) =UPHa'm(A) and if the space PH _(A)is equipped with the strict inductive

limit topology T, . defined by the injection map fromPH , | (A) to PH_(A), then the sequence

{#,}inPH_(A) converges to zero if {¢,}is contained in some PH_ (A)and converges there

into zero.

Proof: The above theorem is immediate consequence of theorem from topological
spaces and duality.

Once we show that

PH,(A) = JPH, . (A).
Clearly, '
CJ PH, .(A) c PH,_(A).

m-1

For proving another inclusion, let ¢ € PH_ (A) then

<C, Al'", (2.5.1)

24 (1)s'(tD) (s D)’ {ts“%ﬁ(t, s)}

YeanngP(t,S) = Slljp

A
where A is some positive constant.

Choose an integer depending on the value of A and ¢ > 0 such that
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Ck’in' <Cy (m+ 5)".
Then from equation (2.5.1), we immediately get ¢ € PH_ (A) implying that
PH,(A) | JPH, .(A)

m-1
Remark: Analogous to above theorem we can show that the spaces
PHﬁ(A),PHf(A),PHy(A)are the inductive limits of the corresponding spaces

PH”"(A), Pny‘,:(A), PH, ,(A).
3. GENERALISED POTENTIAL HANKEL TRANSFORMS ON PH_(A) SPACES.

Let f e(D,;A).

f is said to be Potential Hankel transformable, if there exist o,,0,,0,,0, €[-», ]
such that o, <o,,0,<0,, f €[PH,(0,,0,);A] and in addition f ¢[PH,(®,2); A]and if
eitherw<o,0r 2<o,, <o, 0rz<o,

Q, ={(y,X):0,<Rey<o, and o, < Re x<o,}

with yzt 7 € PH, (0,0). 53 u(1,9) € PH, (01,7)
_I_

Then the Potential Hankel transform is defined as ,
PH {f(t,5)} = F(y,X) :<f(t,s)+t2\/g\],u(x,s)>,
y o+

for (y,x) e Q
F(y, x) is an A-valued analytic function on Q; .
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