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Abstract. In the present paper we establish the form of remainder term associated to
the Mirakjan-Favard-Szasz bivariate approximation formula, using the divided differences.

Keywords: Mirakjan-Favard-Szasz operators, univariate and bivariate approximation
formula, univariate and bivariate divided differences, remainder term.

1. INTRODUCTION

Let N be the set of positive integers and N, :NU{O}. The operators
S, :C, ([ 0,+%)) > C([0,4)) given by

Sn(f;x):enxz(n;(!)k f(k], (1)

o0
k=0 n

f(x) . N
where C, (| 0,4+0)):=< f eC|(|0,+00)): lim——= exists and is finite; are called Mirakjan
([0) | ([0 i 2 } :
— Favard — Szasz operators and were first introduced in 1941, by G. M. Mirakjan [6]. They
were also intensively studied in [2] and [9].

Extension of the operators defined at (1) to the bivariate case were introduced in [8].
The operators

S0 (fony)=et S S L) (11 o

0 NN
e m’n

are called the bivariate Mirakjan-Favard-Szasz operators. Extensions on the operators defined
at (1) to the bivariate, as well as multivariate case were studied also in [5].
The representation of the remainder term associated to the univariate approximation

formula f(x)=S,(f;x)+R,(f;x), using the divided differences is well known and is given
in [5] or [8], by
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nx

R,(f:x) =23 () [X,K k+1;f}. 3)

n = k! n’ n

In what follows, let f :[0,+0)x[0,+00)— R be given. The following

f(%Y)=Sn, (% y)+R,,(f;x,y) 4)

is known as the Mirakjan — Favard — Szasz bivariate approximation formula.
The aim of this paper is to revise the remainder term associated to the bivariate
approximation formula (4), using bivariate divided differences. We also shall establish an

upper bound estimation for the remainder term, in the case when f € C*? ([0, +00)x |0, +oo)) .

2. PRELIMINARIES

Let us recall some results concerning the divided differences, which we shall use in
this paper. Suppose that f:1 - R is a given real valued function and X,,X, €|, such that

X, # X, | being a certain interval of the real axis. The first order divided difference of f
with respect the distinct knots X, X, is defined by

f(xl)— f (XO)_

X —X

)

[%0,%; f]=

1 0

If X,,X,...,X, € | are distinct knots, then the n-th order divided difference of f with
the mentioned knots is defined by the recurrence relation

[XO’Xlﬂ'--axn; f]: [Xl’.“,xn; f];[i(o)zxn.“’xn_l; f] (6)
n 0

Note that the divided differences were intensively studied by T. Popoviciu [7]. Now,
let 1,JcR be real intervals, f:1xJ—>R be a given real valued function and

(X0, ¥), (X, Y;) € IxJ, such that x, # X, and y, # y,. The bivariate divided differences of f

with respect the knots (X, Y, ),(X;,Y,) are defined using the method of parametric extensions
in [1], by

{xo X f}: f(x,y)= (XY )= f(X.Y)+f (xo,yo). )

Yo Vi (% =%) (Y = Yo)

Other equivalent definitions for univariate, respectively bivariate divided differences
can be found in the excellent monographs [3] and [4]. In definitions of divided differences the
number of abscissas in general is not equal with the number of coordinates. It follows

WWW.josa.ro Mathematics Section



On the Mirakjan-Favard-Szész ... Dan Miclaus 407
|:X0 Xl;f:|: f(XlﬂyO)_f(XO’yO) (8)
Yo Xp =%
and
SR R AT
Yo Xz - X1 Yo Yo

where X, X, X, are distinct knots.

If Xos Xiseer X, € I and Yy,,Y,,..., Y, € J are distinct knots, the following recurrence

formula
{Xo X Xp. f}: 1 [|:X1
Yo Vi yq (Xp_XO)(yq_yO) Yi

X, f
yq—l

X
Yo

X
Yo

1 I

holds (see [1]), for p,qe N, p,q>2 and

|

X, X

Yo

ly

:

Yi,

1 P;f
Y

Y;

Xp.f:|_{ X Xp—l;f:|

Yq Yi Yq (10)

Xp_1 f ’

yq—l

i X

1 s P ; f , (11)
Yi,

where (io,i],...,ip), (jo, Jioeees jq) are permutation of (0,1,..., p), respectively (0,1,...,q).

3. MAIN RESULTS

Theorem 1. The remainder term associated to the bivariate approximation formula (4)

can be represented under the following form

i+l
xe ™™ &= (mx) (y) |* W Tm
ma(F3.9) m ;‘,Z:;‘ it ! i
L n
e
yef(mx+ny) o ™ (mx)' (ny)J m
; f 12
n Zol,z;‘ it y JENERS (12)
L n n
i
xye (Mx+ny) o o (mx)' (ny)J m m
Sy mm g
mn i—0 jc0 I J! y i L
n n
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for any (X,y)e[0,+%0)x[0,+) and any m,ne N.
Proof. In order to evaluate the remainder term, we first notice that the bivariate
Mirakjan-Favard-Szasz operators reproduce constants, such that from (4), one arrives at

Y i j .
Roa (F3%Y) e“““””ZZ () ( (x,y)—f(#,ﬂ} (13)

i=0 j=0 ! J!

Using the identity

ORI RUCHRED)

and taking (13) into account, it follows

i=0 j=0 ~ J

o0 [} i J H H
R f- —(mx+ny) (I’ly) f [ ij_ f (_ i
(firy)=e s S0

i(mf)' (ny)’

+ e—(mx+ny)
]!

o0
iz j=o I

=0 ! J!
Denoting
o © i j . .
s LTI VBTN
e ;; it 0 m'n)/
w ® i i . .
e 3 SOTOI( (1) (15
2=¢ ;; THT m*” m'n))
© o i i - . . .
. — g-(merny) (mx) (ny) f _f( ij_f(l_ j f(i lj
=8 ;; it ! (%) ) mY )T o))

weget R (f;x,y)=S,+S,+S,. For S, taking (8) and (9) into account, it follows
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)

(mx+ny) c
2:2. n)
n
_X : | 1 X !
w o ! J - o o i- j —
xe (mx-+ny) (mX) (ny) .m : f Xe*(mXJr”)’) (mX) (ny) m ; f
22 | T |
L N i n
_x i ] y i+1
o © ! J —_ » © i i _
—xe‘<m“”y’zz(”7x) (ny) m. s xe‘(m””y)zz(mx) (ny) mo.g
iw0 o I J! J iz o ! J! J
L N | n
_ 1y [ “ i+1
— Xe—(mXHW) (mx) (ny -m : fl= ) m : f
220 || d i
n n
_ Iy i+l
—(MX+Ny) o o ] —_
i I ! ]
n

Analogous for S, , it follows

> 2 (mx) (ny)’ iVl m
Szze—(mxmy)zz( I') ( Jy') (y_lJ m _;f

i=0 j=0

—

ye—(mx+ny)

B L.

n iz0 j-0 I

For S;, taking (10) and (11) into account, it follows
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i
o o [ j . N X =
S = p-(meny) (mx) (ny) ( _L]( _lj m.
¢ ,ZOZJZ_O: it ! )T i’

y —_

n
X I i-1 il X i
© o J —_ ©w o = J —

— Xye(mx+ny)zz(mx m . f —xye (mx+ny)ZZ(r.nX) (ny) n_]; f

i=0 =0 y i T (-1 ! y J
n n

n )H X

—X e—(mx+ny) AN (mX .
y ;; it (j-1) y

i i
— o w i-1 -1 X —
T f[+xye (mmy)zz(r.nx) (ny) { r?;1‘
n n

>

i 1+1
© @ - 0 @ i X —
_ Xye—(mx+ny)zz n; : Xye—(mx+ny)zz ( y) n; : f
H n

X

=0 ! J'

i=0 j=0 - J'

y

- ()

= ! ! j+1

Ms

; f [+ xye (™)

— xyemem) Zw: i (mx

= i !

Il
(=1

‘+ BI—

>
+

xye —(MX+Ny) o o
e S s

i=0 j=0 I ' J '

:ls—.gl_.
+'3‘
[E—

-

y

: ‘

The upper bound estimation for the remainder term is given in:

Theorem 2. If the function f has the following properties
o feC*? ([O, +oo) X [0, +oo)),
4

e there exists %@yz on (0,+00)x(0,+x),

o’f o*f  o'f
x>’ oy oxPoy?

are bounded on (0,+00)x(0,+), then the inequality

Ro (Fixy) <5 20[f]+ M, [ f]+ XYM L[] (14)

holds, for any (X,y)e€[0,+0)x[0,+) and any m,ne N, where

2 2

M,,[f]= sup

(%,¥)&(0,+%)x(0,+)

(%Y

My, [f]= sup

(X,y)e(0,+oo)><(0,+oo)

(%Y

OX oy
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o' f

M,,[f]= sup oy

(%,¥)&(0,+90)x(0,+0)

—7 (% y)‘

Proof. Applying the mean value theorem for the bivariate divided differences, it

follows that exist (51 (i, ). (i, j)), (cfz(i, i).m, (i, j)), (53 (i, 7). (i, J)) e (0,+90)x(0,+0),

such that

Run(Fiy) =SS M LT gy )

m i o I j! 20x

e S M (WL ) )

n i0j0 I J! 26’y

e I S (M) (W) 18 gy ).

mn 5o 1! J! 48x6y

By using modulus, the fact that partial derivatives of function f are bounded on

(0,40)x(0,+0) and e (mceny) ZZ

i
i=0 j=0
Remark 3. The results presented above differ from the results established by F.
Stancu and C. Manole for the representation of remainder term associated to the bivariate
approximation formula of Mirakjan-Favard-Szasz operators.

(mx)’ )J
=1, one arrives at (14).
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