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Abstract. In this note, we have obtained some results on generating functions

involving P\**"#*")

> (x) a modification of Jacobi polynomials from the group-theoretic view-
point. In section 1, we have introduced a linear partial differential operator R which does not
seem to have appeared in the earlier works and then we have obtained the extended form of

the group generated by the operator R. Finally, in section 2, we have obtained a novel

generating relation involving platnpn

’ (x) with the help of which we obtain some general
results on bilateral generating relations of the ploynomial under consideration.
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1. INTRODUCTION

Generating functions play a large role in the study of special functions. Various
methods have been used by researchers in the derivation of generating functions of special
functions. Group theoretic method is very much potent one in comparison to other methods.
From seventies and onwards of the last century, group-theoretic method has been utilized
extensively by researchers in the derivation of generating functions of special functions. In the
present paper, group-theoretic method has been adopted to obtain some novel results of

generating functions involving P**"#*") (x), a modification of Jacobi polynomials, pl7) (x)

where P'“*)(x) is defined by [1]:
-nl+a+ f+n;
l+a _
1)’1(0!,,3)()(.):( )n 2Fi 1-x
n! 2
1+q;
In fact, while constructing the partial differential operator and the extended form of
the group corresponding to the said operator for the polynomial P(“”'["*”)(x), we have

adopted the group-theoretic method as introduced by Weisner [2].

The main results of our investigation is stated in the form of the following theorem.
For previous works on bilateral generating function of Jacobi polynomials by group theoretic
method one may refer to [3-10].

(1.1)
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Theorem: If there exists a unilateral generating function

G(x, 1)= 3 a, P (x)r (12)
then
t “f g
{1+E(1—x)} {1—5(1+ x)} (1.3)
XG(1+%(1_x2),wt(1+é(l—x)j(i—%(ux)jj
= Z:;‘t”o'n (x, w)
where

. (x, W) _ k"z(;ak (Z]Pn(a—wzk, B-n+2k) (x)wk . (1.4)

The importance of the above theorem lies in the fact that whenever one knows a
unilateral generating relation of type (1.2), the corresponding bilateral generating relation can
at once be written down from (1.3 ). Thus a large number of bilateral generating relations can
be obtained by attributing different values to a, in (1.2).

In the next section we shall first introduce a linear partial differential operator R by
giving suitable interpretations to », «, f simultaneously which does not seem to have

appeared in the earlier works and then in finding the extended form of the group
corresponding to R, we have obtained the following generating relation with the help of which
the above theorem has been proved .

{1+ £(1+ x)}m" {1— 1(1— x)}ﬂw x plem Aon) (x —~ L(l— x° )j (1.5)
2 2 ' 2 |

_ i (n -;I.)k P,,(f;:niky Bn—k) (x)tk '

k=0

2. DERIVATION OF OPERATOR

At first we seek a first order linear partial differential operator R :

R= /11£+AZE+A3£+A4§+A0
ox oy oz ot
such that

R(P(a+11, prn) (x)yazﬂtn) — g plarnt penl) (x)ya—zzﬁ—ztwl 1 (2.1)

n n” n+l
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where 4(i=0, 1, 2, 3,4) are the functions of x, y, z, # but independent of n, «, 8 and a, is

a function of n, «, S.
Now using the following differential recurrence relation [1]:

TPl (x)) = 1_1x2 [-2(n+ )R (x)+ (L4 x)a - (1+x) RO (x) | (22)

dx
we get
R= (1 —x° )y‘zz_zta—ax - (l+ x)y_lz_zt% - (l+ x)y_zz_ltg - 2xy_zz_2t2%
such that
(B2 (x) y 2 " ) = =2(n+ 1) P47 () y =22 2, (2.3)

n

3. EXTENDED FORM OF THE GROUP GENERATED BY R

We now find the extended form of the group generated by R i.e., we shall find
" f(x,y,z,t), where f{x, y, z, 1) is an arbitrary function and w is arbitrary real or complex.
Now if ¢(x, y, z, t) be a solution of R¢(x, y, z, t)=0and if we transform the

differential operator R to E such that

E:A1§+A2§+A3§+A4%
X y /4

then
E= ¢_1(x,y,z,t)R¢(x,y,z,t)
ie, R= ¢(x,y,z,t)E¢_l(x,y,z,t).

Thus we get
€WRf(X, v, z, t):ewqﬁ(x,y,z,t)E¢*1(x,y,z,t)f(x’ ¥y, z, t)

=¢(x, v, 2, 0" (¢7(x, v, 2, ) f (x, v, 2, 1))

Finally, we choose new variables X, Y, Z, T so that the operator E is transformed into

the operator p="2_ Under this change of variables, let ¢ (x,y,z,¢) f(x, y, z, ) be

transformed into F(X, Y, Z, T). Therefore, by Taylor’s theorem, we get
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eWRf(x’ Vi Z, t):¢(X,y,Z,t)€WD(F(X, Y, Z, T))
=p(x,y,2,0)F(X+w, Y, Z, T)

:¢(x,y,z,t)g(x, Y, z,t)

supposing that F(X+w, Y, Z, T) is transformed into g(x, y, z, t) by inverse

transformations.
By the method outlined above, we shall compute e f'(x, y, z, t), where

R= (1— xz)y_zz_ztg - (1+ x)y_lz_zt% + (1— x)y_zz_ z‘i —2xy°zt 62

Let #(x,y,z,¢) be a function such that R¢=0.
Then on solving, we get ¢ = yzt™.

E=¢"'R¢

(1 .2\ 22,0 2,0 4\ 2 1 0 o
_(1 x)y z t@x (1+x)y z 18y+(1 x)y z taz 2xy z

Let X, Y, Z T be a set of new variables for which

EX =1 EY=0,EZ=0, ET=0 (3.1)
So that E reduces to a% . Solving we get

2_2 2
o Wz ,Yzl x1Z:1+x,T:1 x

_t(l—xz) y z t

from which we get,

x_XY222 y_T—XYZZZ Z_T+XY222 _TP-X*Y'z*

T TY 77 T

Now we are in a position to find " f(x, y, z, t) — the extended form of the group
generated by R. Recalling that R = gE¢ ™ where ¢ = yzt™, we may write

e flx, v,z t)= ew”’EWlf(x, v, z, t)
= yzt e [y_lz_ltf(x, v, z, t)]

Now the transformations
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e Xy*z?  T-XYZ7? LT+ Xy*z? T° - Xy*7*

T YTy 7 T
will transform E into D(z %) Now making this substitution and then applying Taylor’s
theorem, we get

TY 77 T -X%*z*
T-XY*7Z? T+ XY*7? T

et (y_lz_ltf(x,y, Z,t)) =e" {

§ f(XYzZZ TY VA TZ—XZY“Z“H

T 'T-XY?7Z?'T+Xxy?z% T3

| yzriy Xxy’z: 1Y z7 T-xY'z
T 'T-XY?Z*'T+XY*Z* T

Ll x+wy?z? T(w+X)y*Z? T+(X+w)y*Z? TZ—(X+W)2X4Z4
:YZT f ) 1 1 3
T TY 7 T

Finally substituting

Y xp?z? Y:1—x Z:1+x Tzl—)c2
t(l—xz)' y ’ z t
we get
ewE [y_lz_llf‘(xvy’ Z,t):' =

= y’lz’ltf(x + w(l— x° )yzzzt, y{l - w(l + x)yfzz’zt} ,z{l + w(l— x)yfzzfzt} ,
t{l— w(1+ x)y_zz_zt} {1 + w(l— x)y_zz_zt})
ewa(x, vz, ) = f(x + w(l— x° )yzzzt, y {1— w(1+ x)y‘zz‘zt} , Z{l+ w(l— x)y‘zz‘zt} ,

t{l— w(1+ x)y_zz_zt} {1+ w(l— x)y_zz_zt})
4. APPLICATIONS

Now
e (P I (x) 2P

n

p yfzz’zt)y“ (1— w(l+ x)y’zz’zt)a z?

)
_ P(a+n, ﬁ+n)(x+ w(l—xz)
o

x(1+ w(l- x)y’zz’zt) " (1-w(l+ x)y’zz’zt)n (1+ w(l- x)y’zz’zt)n = (4.1)
= y* 7t {1— w(l+ x)y_zz_zt}wn {1+ w(l— x)y_zz_zt}ﬂw
XR(a+n, Brn) (x + W(l— 52 )yizzfzt)

n
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But

_ iw—Rk (13”(a+n, pen) (x)yazﬂtn) _
k=

|
2w k (a+n—k, p+n—k) a-2k _ -2k n+k (42)
=32 (-2) (n+1)k(P : (x)y“ 2% )=

n+k

© 1
_ yazﬂtn (—2W)k (l’l + )k {P(oﬁ—n—k, Bn—k) (x)(yZZZt)k}.

n+k

Equating (4.1) and (4.2) and then putting y 2z =1, we get

A= w(@ )} L w(@-x)} " B (x4 w(1- 7)) =

(n +l)

0 (4'3)
S o) 2

Finally replacing —2w by ¢, we get

{1+ i(1+ x)}m {1—%(1— x)}m plesm fen) (x _%(1_ xZ)] -

_ i (n le)k Pn(fkm_k' B+n—k) (x)tk_

k=0

N

(4.4)

Now using the above generating relation, we shall prove the theorem.

Proof of the theorem:

Now it”o-n (x, w)=
2
DI W CE IO
X Tt e
X n) o[ e

a+k B+k
=2 (mr) {l+ %(“ x)} {1_%(1_ x)} S (x _é(l_ xz)] [Using (4.4)]
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{1+%(l+x)}a{l—— 1- x} x3" a Pt /’*"( —é(l—xz)jx
x(tw{l+ 2(1+x)H1—%(1—x)Hk.

{1+ e x)}a {1-%(1-@}13 x

xG[x—%(l—xz) (l+2(l+x)jl—%(l—x)J

which is the theorem.

Finally, we would like to point it out that the theorem can be proved by the direct
application of the operator R as follows.

Consider the formula,

[using(1.2)]

Replacing ¢ by sw in the above formula and then multiplying both sides of the same by
y“z”  we get

o0

y'2’G(x, tw)=) a, (Pn(m"’ 7 (x) y 2"t )w”. (4.5)

n=0

Operating (exp wR) on both sides of (4.5), we get

ewR (yaZﬁG()C, tW)) _ eaRian (Pn(aw, B+n) ()C)yaZﬂt” )Wn . (46)

n=0

The left member of (4.6), with the help of (3.2) becomes

vz’ {1— w(l+ x)y_zz_zt}a {1+ w(l- x)y_zz_zt}ﬂ X

4.7)
xG(x + w(l— x? )y_zz_zt, tw{l— W(l+ x)y_zz_zt} {1+ w(l— x)y_zz_zt})

The right member of (4.6) with the help of (2.3), becomes
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i i a, W _g" (Pn(“”’ﬁ”) (x)y“zﬂt” ) w"

= i i a, w_(_z)m (l’l +1)m ])n(fr:nﬂnﬁ+n—m) (x)ya—ZmZﬂ—th;HmWn

m
= yazﬁi i a, | = (—2wy_22_2 )m " w" (Rl(f,;"""’ﬂ”’m) (x))

= yazﬁZZawm AN/ ! - (—2wy_zz_2 )m "W x

XP(a+n—2m, B+n—2m) (x) (48)

n

Equating (4.7) and (4.8), and then replacing (—2wy?z %) by /,we get

{1+%(1+x)}a {1—%(1—@}13 G(x—%(l—xz),tw{1+%(l+x)}{l—%(l—x)}j -

_ Zw:fniam (n le(uH—Zm—n, p-n+2m) (x)wm
=0

O_n (x’ W) _ Zn:am (n ]Rl(a—n+2m, ﬁ—n+2m) (X)Wm,

which is our theorem.
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