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Abstract: In this paper we will give two refinements for the Holder’s inequality and
its reverse using two refinements of the Kittaneh-Manasrah inequality presented by N.
Minculete.
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1. INTRODUCTION

In order to prove the results of the following sections, we need to recall the next
properties.

Theorem 2.1. ([4]) For a,b>1 and Ae (0,1), we have
r(va —+b)? + A(2) Iogz(gj <ia+(l-A)b-a*ht* <

s(1—rva?—J5f-%B(lﬂongg}

Al-2) 1-r
2 4

where r=min{1,1- 1}, A(1) = @_i

and B(4) =

Application 3.2. ([4]) For 0<a,b<1 and 4e(01), we have
r(va-+b)? + A(ﬂ)ablogz(%] <ia+(l-Ab-a'h** <

<(1-r)(a-+b)? +B(1)ab Iog{%}
where r,A(41),B(A) are given in Theorem 2.1.

2. THE RESULTS

Next result will present a variant of reverse of the Holder inequality in some
particular cases, using as a starting point Theorem 2.1.
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Theorem 1. Let 1< p<oo, 1< (<o, 1 +l =1. If f and g are two positive functions
P q

b b
which admit integral on [a,b] for which there exist jfp(x)dx and qu(x)dx finite with

b

Tfp(x)dx>o,fg‘*(x)dx>o and 9" ™) gbfp(x) SMng(x) (V)xe[a,bl,M >1
a a [g®(x)dx [ fP(x)dx [9%(x)dx

then we have:

? f (x)- g(x)dx ) ? fP'2(x)g 9% (x)dx
1-— 2 - < — 1-—-+° - +
(2000 (g7t MMP B ([ (9d 2 ([ g7 ()

+( ! _ _1 )IogzM
2pq  4min{p,q}

Proof: Taking in Theorem 2.1, b=1, /lzl,l—l:% we will obtain:
p
1 1 1p 1 1 »
—a, +—-a - ———(l-——) |log“(a,) <
S A max{pq}xf D’ ( L= max{p’q})] 9° (@)
1 1
<(1- - = (l-—->—2) |log*(M
( max{ }xfl ){ L max{p,q})jog()
o fatoou
and then putting a, =+ 2 ; >1 we will have,
[fPoodx 9
baq ; q 1/p
1o e e
alp -

Prerpoax 9 9 (repoane 9

) o Jowee L (er0omo
<= ) 5 : q —2 : q/2 +1]+
maxip. At [frogax 9 (freoarz 9
11 1 2
Lo 80 i) o0

By calculus we obtain,
1 f° +1 9" f g

p?fp(x)dx q?gq(x)dx (Tf”(x)dx)””(?gq(x)dx)”q

<
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1 fP frr2gar2 g°

- ) b -2 b b T3 +
Ma{P. A [eoxdx (] F P00 (g7 ()dX)? [ g% (x)dx

1 1 1 ) g°
(o 1 ) O

<1

[ 9% (x)dx
and then by integration the last inequality becomes:
b b
11 [ f(x)g(x)dx 1 [ £P2(x)g%"? (x)dx
—+ == s . <(@l- | 2-2—+——° - +
P (et PG a2 (g0 ()

1 1 1 ,
*[mza‘—max{p,q})}"’g M)

Using that 1-— max;p o = min{lp o and that %+%:1 previous inequality will
be:
b b
[ f(x)g(x)dx ) [ £P2(x)g%"? (x)dx
1- 8 < 1- +

(1200007 (gt amre MM ([ regae(f gt (9o

1 1 ,
+(2|oq B 4min{|o,q}JIog M)

Now we consider (Q, F, ) a measure space and p a real number with p >1 then the

space L? =L°(Q,F, u) is the collection of all complex-valued Borel measurable functions f
such that

JIEI du<oo and £ =([ f1° du)'® el
Q Q

Using the same method we can prove the following result:

Theorem 2. Let 1< p<oo, 1<Qq<oo, £+£:1. If f and g are two positive
P q

functions f € L?, g e L* with ||f||p > 0,||g||q >0 for which there exist

gqq < fppsM gqq,M >1
[ A

then

fp/2 q/2d
N LR T O A NS
[ ] 0ol ~ min{p.a}|~|f|2"Jg)e* | \2pa  4min{p,a}
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Consequence 3. Let 1< p<ow,1<q<o, l+1 =1. If f and g are two strict positive
q

p
q p
and continuous functions for which 9'(x) << () ,(V)x e[a,b] then,

[gi(x)dx [ fP(x)dx

T f(x)- g(x)dx }f P2 (x)g %2 (x)dx

< 2 1-

JFPO0d0 P (e eodre MR B (£ o (a2 (] g7 ()0

+[ ! _1 JlogzM,
2pq  4min{p,q}

b

g% (x)dx

p
where M =2 sup fq(x).
J‘f p(X)dX xea,b] 9 (X)

1- +

Proof: The functions f and g being strict positive and continuous so will be f*, g°

p p
and - and then sup )
g xefa.n1 9 (X)

exists and is finite.

Theorem 4. Let 1< p<oo, 1<Qq <, 1 +l =1. If f and g are two positive functions
P q

b b
which admit integral on [a,b] for which there exist jf P(x)dx and qu(x)dx and are finite
b b : :
with | f?(x)dx>0,[g"(x)dx >0, and

m 9 TP Sng(x) (Y)xe[a,b],0<m<1

b

qu(x)dx [fP(x)dx  [g?(x)dx

a

then we have:

[£(x)-g(x)dx [172(x)g% (x)dx

< 2 1—

(1700 e (ot 0ode P (f e a2 (g (o

Y — R
2pg  4min{p,q} m

Proof: We put /1:1,1—/1:3,%:1, and then we obtain for O<b, <1 in
q p

1-

+

Application 3.2 the following inequality:
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1 1 1
T4+ Tp —b¥P< = ( - ) ) g (_)—
q p s mm{p a} Jb)*+ 2|oq ~4min{p,q}
1
<1 @eb-2vb)+ (- )b, log (—)
mln{p q} 2pq  4min{p, q}
taking into account that if
b
go ]9700d 11
b, =+ — then0<m<bl£1thatislsb—<—
[fPoodx O p M
and then Iogz(l) < log? (1).
b m
Previous inequality becomes:
1 g 1 fP f g
e P00 | ]
[g9(x)dx [FPdx ([ fP)dx)? (J g (x)dx)"e
1 gq N fp P prqu/Z )+
“min{p,q} ®© , B e . vz q 12
[g®(qydx  [fPx)dx ([ FP0Qdx)"*(J g (x)dx)
p
roe— L b gy,
2pq  4min{p,q} [ 7 (x)dx m

Then by integration from a to b we obtain the desired inequality.

Consequence 5. Let 1< p<oo, 1<Q<m, l+1=1. If f and g are two positive
P qQ

b b
functions which admit integral on [a,b] for which there exist jf P(x)dx and qu(x)dx and

b b
are finite with [ f *(x)dx>0,[g*(x)dx >0, and

q P 4
S COTPN A COTC D¢ ,(V)Xe[a,b],0<m<ﬂ%§1,t,3>0
p

b

[g° (x)dx ffp(x)dx PL 9o (xdx

then we have:

f(x)-g(x)dx 1q Up
e

TP (oo (gt eoagr TP

1 t
<— - | =+
min{p,a}/ g p

J 172009 (x)dx
e

(] £209d0)"* ([ 9° (x)dx)*
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1 1 S 2,1
+( - - ]—Iog (—).
2pq  4min{p,q})p m

Proof: As in the proof of previous theorem we take A :%,1—/1 :%,al =1, and

then we obtain for

the inequality.

Consequence 6. Let 1< p<oo, 1<Qq<m, l+1:1. If f and g are two positive
P Q

b b
functions which admit integral on [a,b] for which there exist jf P(x)dx and qu(x)dx and

b b
are finite with | f *(x)dx >0, [ g®(x)dx >0, and

q p q
g’ 1709 ﬂ§<g—(X)M,(V)XE[a,b],1<E%SM,t,s>0
p

b

b b p t -
[g(x)dx [ fP(x)dx [9%(x)dx
then we have:

¢ s {f(x)~g(x)dx (tqu[sjyp
2t T b . n <
TP eod (gt pgdg et AP

. - {f P2 (x)g "% (x)dx (s tjuz
<—— | —+=-2— - RAb N
mm{p,q} qg p (J‘ f p(X)dX)l/Z(ng(X)dX)UZ Pq

1 1 S,
{qu B 4min{p,q}]5log (M)
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