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Abstract. Some Erdds-Mordell type inequalities for general convex poligons are
presented.The main tool in the proofs is the Radon inequality.
Keywords: Erdos-Mordell type inequality, Radon inequality, convex polygon.

1. INTRODUCTION

The purpose of this article is to establish some geometric inequalities (other than [2])
on Erdos-Mordell - type , in convex polygons, used J. Radon’s inequality (see for
example[1]).

Let a,b,c,d,x,,y, ERi,‘v’k:I,_n and X =Zxk,Yn :Zyk )
k=1 k=1

Theorem 1. (A generalization of J. Radon’s inequality).
If m,p,q,s €R,_,re [l,oo) such that cY’ >dmax y,,Vk=1,n , then:
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and the LHS of (1) becomes:
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Since the function f:R. — R.,f(x)=x"" is convex on R,

., wWe use Jensen’s
inequality and we obtain that:
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Because the functions g,/,k: R — R.,g(x) =x",h(x) = x""",k(y) =y are convex
onR. , also by Jensen'’s inequality we have:

zxk Zg(xk)>”g[ zxk]—” X A:rl

n
n X(]‘F}’ Xq+r
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Then, we deduce that:

Xp+r Xq+r m+1
n n
n P r(m+1) a r=1 + b q+r-1
aX? +bx} S n n

Xi

k=1 (CYn —dy; ) i CY:H _ dY,,SH
nS
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(an' X7 +bX 1) n™ (an' X X 1
(cns _ d)m Yvnm(SH) n(m+l)(q+r—1) (Cns _ d)m )fnm(SH) n(m+l)(q+r—l)—ms
and we are done. [
Observation 1.1. If p=qg=s5=0 , then (1) becomes:
n m+1 r(m+l) m+1 r(m+1) n r(m+1) r(m+1)
(a s b) k 2 (a s b) fnm ) (mj)(r—l) < Z Xk m 2 mX?mH)(r—l) r
k=1 (C—d) yk (C_d) Yn n k=1 yk Yn n (1)
If we consider r = 1, then by (1°) we obtain:
z x}r{nH X’:nJrl
= Yy vy (R)

i.e that is just the inequality of J. Radon, with equality if and only if there exists t € R, such
that x, =ty ,Vk=1n .
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Observation 1.2. If m = 1, then (1) becomes:
z (aX,f +bx,‘f)2x,f’ S (an"Xf” +bX3+r)2 1

= (CY: _dy;{ )yk - (Cns _d)YnSH ’ n2(q+r—l)—s (1”)
Ifwetakep=q=s=0,r=1, then by (1) we obtain:
n o2 2
X s X
el A (B)

but that is just the inequality of H. Bergstrom.
Next, we consider 4;4;...4, (n>3), a convex polygon and for any point M from inside
the polygon we use the notations: x; = MA, yx the distance from M to the line 4z4+;, ax the

length of the side [4zA4+;] of the polygon(‘v’k = I,_n) , 2p 1s the perimeter of the polygon, S is
the area of the given polygon and A+ 1=A;.

Theorem 2. If A;A5...A, (n>3) is a convex polygon where we use the above notations

and
a,b,c,d e R: m,p,q,s€R,,re [l,oo)
such that
cY’ > drlnkaxy;,Vk =1,n
then:
" (aX’f + be )m+1 x]:(m+1) g (aanf+r i ij+], )m+1 (Sec ﬂ_jm(sﬂ) 1
k=1 (CYHS —dy; )m Vi ) (Cns - d)m X,:n(m) n p (g tr=h)=ms 2
Proof: By L.Fejes Toth’s inequality (see e.g. [2])
Zyk =Y < (cosszxk = (cosszn
k=1 n Ji=i n ,
and by (1) we deduce what we have to show. |
Observation 2.1. If we put p =¢, then by (2) we obtain:
y (aX P +bx! )m+1 x; S (an” +b)m+1 X Lprenmd ( Cﬁjm(m) 1 _
= (cYnS _ dy]: )m y;cn - (cns _d)m X,’ln(SH) n n(m+1)(q+r—1)—ms
(anp +b)m+1Xm(p+r—s—l)+p+r P m(s+1)
- ( )’" ( ; D(p+r-1) -[sec—j
cns _ d n m+1)(p+r=1)—ms n ,
(2’
If we consider p = s = 0, then by (2’) we deduce that:
71_ m
n r(m+1) (Sec j
k m(r=1)+r n
Z m 2 X'l ) (m+1)(r-1)
k=1 Vi n (2”)
If we take » = I then by (27) yields:
n m+1 m
> ka >X, (seczj
k=1 Vi n (2™)

Remark 2.1. Putting m =1 in (2”°) we obtain the relation (18) from [2].
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Theorem 3. If we have the notations presented above, then

n m+1 m+1

X ; .
- £ = > m_IYm,VmeR+,peN ~{1}
k=1 \/(ykykJrl"'ykerfl) p n (3)
where y,. =y, ,Vj=0,p-1.
Proof: By AM-GM inequality we have:
p-l 1 p-l _
pHykJrj S_Zykﬂ"\v/k:l’n
=0 D =0
which yields
n xm"'l n m+1
L =20 —
k=1 p-1 k=1 | P—
P[Hykw‘} [Zyk+j]
j=1 J=0
then by (R)
n xZ1+1 X;n+1 X’:n+l
z 2 p- myym = m=1ym °
| e " pry  py,
\ Vi
j=1
which completes the proof. ]
Observation 3.1. By (3) and L. Fejes Toth’s inequality we deduce that:
n m+1 m+1 m
B " ety cos - P "
g H Vi) p 4 2
(3)

which is a Radon-Erdos-Mordel type inequality.
If we consider m = 1, then by (3°) we obtain that:

n 2

x b
Z—"z X, sec—

=1 /p_l n
pr([yk+_/
3”)

For the same convex polygon A4,4;...4, (n>3), An+1=A, and for any point M of space
which is not on the line 4z4;+;, we denoted by yx(M) the distance from M to line Apdj+;,

s, (M) = area[ A MA,,,], Yk=1Ln and S(M) = s, (M) .

k=1

Theorem 4. If M and N are the points in space which is not on the line ApAj+1,
(Vk = I,_n) , then:

Zn:a{ L, 1 J>2pm+l((S(M))m+(S(N))m)

.an)" (V)" ) (S(M)S(N))"

k=1

(4)
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Proof: We have:

1 4 1 1
U, =Y ay" — + — | =
; [UAM» @ANWJ ;a &%n@@) @uﬂNDJ

Z m+1 ( 1
2" Lsm o) S; (V) )
where we apply (R) and yields

| (B B

U,>— (Zk‘,;k (M)jm + [gsk (N)jm =
_<zp>m+‘[( Lo ] 20" (sa0))" + (s))")

2 (san) T (s (S(M)YS(N))"

and this is what we had to prove. ]

Observation 4.1. If M is a point inside of the polygon A;A;...A, and N is a point
outside of the plane (4;A;...4,), then the polygon is the base of the pyramid with the vertex N,
so that (4) becomes:

n ( 1 1 j 2pm+l (Sm + Slm)
zak m + m 2 m

k=1 (yk (M)) (yk (N)) (S'Sz) 4)
where S is the area of the polygon with the perimeter 2p, and S; is the lateral area of the

pyramid with vertex N and base the polygon A;A4;...A,.
If M and N are inside of the polygon then S(M) = S(N) = S, and (4’) becomes:

n 1 1 4pm+lSm 4pm+l
a + > =
Z k [(yk (M))m (yk (N))m ] SZm Sm

k=1
(47)
If'in addition M = N, then we obtain that:
n m+1 m+1
22 ak - 4pm z - 2pm
= o) S knWD ) @)

Remark 4.1. Taking m =1, then by (4”’) we deduce that:

n

Z a; 22172
= Vi (M) S

i.e. the problem 10876 , proposed by D. Busneag in G.M.-B nr. 1/1971, pp.35.
For the convex polygon 4;4;...4, (n>3), An+1=A; and M a point in space which is not

on the line A4y, (Vk = I,_n) , we denote by m, = u(Z4A,MA,,, ),k = 1,n , the measure in
k=1Ln .

radians of the angle £4, MA,

+1

Theorem 5. If 4,4;...A, (n=>3) is a convex polygon as above, and M is a point in space

which is not on the line A+, (‘v’k = l,n) , With m, € (O,%}k =1n , then:
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n 2

; mo+m,+..+m,

> 4nsin’
ol X X 2n

)

Proof: In the triangle 4MAy.,, by the Law of Cosines we have,
al =x} +x., —2x,x,, cos(LAMA, )= x} +x.,, —2x,x,, cosm,,Vk=1n

b

where we apply AM-GM inequality and we obtain that:

2
o m — a L, m
al >2x,x,,,(1-cosm, )=4x,x,,, sin’ Tk,‘v’k =lne —r—>4sin®> £ Vk=1,n

XX
Hence:
n 2 n
a ., m
z k> 42 sin? —&
=t XpXpp k=1 2

Since the function f: (O,%} >R, f(x)= sinzg 1S convex on (0,%}, by Jensen’s
inequality we have that:

n

. m . m,+m, +...+m
Z:smz—ansm2 ! 2 "
o 2 2n

From the last two relations we get what must be demonstrated. ]

Remark 5.1. If n>5, M € IntA A,...A,, then ka =27 and (5) becomes:
k=1

2

n

a LT
E k> 4psin® =

k=t XpXpp n

i.e. the problem11386, proposed by R.N. Gologan in G.M.-B nr. 8/1971, pp.487.
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