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Abstract. In this note we will give proofs about some identities by using determinants.
The method of determinants in Geometry is a powerful technique.
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1. INTRODUCTION

Some results in geometry have been proved by the traditional methods. In this note,
we want to use the identities to reprove and find out the new results. Successfully, we have
gained the below achievements:

Proposition 1.1. Given the tetrahedron A;4,43A4, with the lengths of 6 sides a = [;5; b
=113, ¢ =11y x =345y = Loy z = [53. Put 25 = ax + by + cz. Then, the radius of circumscribed
sphere of the tetrahedron will be defined by the formula:

2\/5\/S(S —ax)(S —by)(S —cz)

24’ a+b’ -z at+ct—)°
a’+b* —z* 2b° b*+c* —x’
a+ct -y b+’ -x 2c

Proposition 1.2. Given the tetrahedron ABCD. Let A;, B;, C;, D; be the barycenters of
the surfaces BCD,; CDA; DAB,; ABC; correspondingly. Let's prove that with any point O and

choosing properly u,v,t € {1,—1} for

Ly

‘VOBICIDI +uVOClD1A| +VVOD1AIBI +tV0Alqu = 97 ABCD
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2. PROVING SOME IDENTITIES BY USING THE DETERMINANTS

Lemma 2.1. Decomposing the vectors X, )7, z into the orthogonal basis, we have

XX Xy Xxz

RN S I
x,y.z) =lyx yy yz

zZX z.y z.z

Proof: Suppose that x= (a,b,c) , }/ = (a ',b‘,c') and z = (a",b”,c") . Since

a b c a b clla b c
o —\2
(x,y z) =la' b' c'l =la' b' c'|lla' b' c'
a" b" C" a" b" c" n b" C"

Xx Xy xz

— =2 | _ e
X,y .z)=yx yy yzl.

Xz yz zuz

therefore we have (

Proposition 2.2. The volume of a triangular pyramid SABC with S4 = a, SB = b, SC
=¢,BC=x,CA=y,AB=z1s

2a’ a+b’ -z a’+ct -y
V:ﬁ a*+b*-2° 2b° b>+c*—x*|.
a*+ct -y b+t -x° 2¢

Proof. Denote x=SA4, y=SB, z=SC and V =V,,,.. We have x.y=a*>+b*-z*,

XX Xy Xz
xz=a*+c*—y* and yz=b>+c*—x*. Using 36V>=|yx y.y y.z| by Lemma 2.1 we

Xz yz zz

2a° a+b’ -2 a+ct -y’
have 288V* =|a’ +b* —2° 2b° b* +c* —x*|.
a’+c’—y b+t -x 2c

Lemma 2.3. [2] Given the tetrahedron ABCD with A;(x;, vi, z1), A2(x2, V2, z2), A3(x3
v3, z3) and A4(x4 y4 z4). Denoting R is the radius of circumscribed sphere of the tetrahedron
ABCD and [;; = [;; is the length of side 4;4; = A;4;, i #j. Then, we always have

R = 2RI+ QLRI + QIR ~ b~ L~ L

Proof: 1t was well-known that the volume of a tetrahedron is not changed under a
translation. Therefore, without loss of generality we can suppose that the center of the
circumscribed sphere of the tetrahedron 4;4,43A4, is the orgin of coordinates. Then we have

WWW.josa.ro Mathematics Section



Proving some geometric ... Dam Van Nhi 387

X +yi+z-RP=0
X +yi+z-R =0

Xi+y;+zi—R =0

2 2 2 2
X, +y,+z;,-R" =0

2 2 2
xi—xj) +(yi—yj) +(Zi—Zj)
2
with any i j = 1 2 3, 4 i # j Let’s t,=R’-xx,—yy —zz,. Then

“ “_(xi—xj)z—i-(yi—yj)z+(Zi—zj)2zﬁ
v 2 2
xx » oz R|-x -» -z R

. .
From this, we deduce that R = +xx,+ 3y, +z:z;

2
= é . Consider the following decomposition

X, ¥, 7, R ™ TN T3 R
X ¥ oz Rif=xy -y -z R
Xy Vi oz Rl|=x -y, -zg R
X v oz Rl-x -x -x x| |0 6, f; b
X, ¥, 75 R ™ 7V Vs V[ 0 15 1
X, ¥ oz R|-zp -z —zy -z |y 4, 0 g
x, v, zz2 RR/R R R R| |t,, t, t; O

X »n z R -x, -y, -z R
: X, ¥, z, R -x, -y, —z, R .
with #; = t;;. Because and all equals with 6RV
X3 V3 243 R —X; T); TZ R
X, vy z, R -x, -y, -z, R
SO
0 boh ok
2 2 2
2 2 2
1221 0 1223 1224 0 112 113 ll4
36RV? = 2 2 2 :lezl (2) L, 1224
Lok L) 16)E 0L
T B A
2 2 2
l4_1 Z4_2 Z43 0
2 2 2

From the last determinant and taking the root, we have the formula calculating

R= ﬁ\/2[123112412231224 + 211221124[322[324 + 211221123152153 - 11421344 - 1143];4 - 112133 .

From the Proposition 2.2 and the Lemma 2.3 we can deduce the formula calculating
the radius of circumscribed sphere through the lengths of 6 sides of the quadrilateral.

Proposition 2.4. Given the tetrahedron A4;4,43A4, with the lengths of 6 sides a = [,

b =13 c=1l4 x =14y =14 z =103 Put 2§ =ax + by + cz. Then, the radius of
circumscribed sphere of the tetrahedron will be defined by the formula:
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2\/5\/S(S —ax)(S —by)(S —cz)

2a’ a+b* -z at+ct -y’
a’+b* -7 2b° b*+c* —x’
at+ct -y b +ct-x° 2c

Proof: By the Ptolemy's Inequality we have
ax+by>cz,
by +cz > ax

and
cz+ax=>by.
We can easily check the formula
16S(S —ax)(S—by)(S—cz) =

= 21123[12412231224 + 211221124[322[324 + 211221123152133 - 1142];4 - 1143];4 - 112133

JS(s-ax)(S-by)(S-ecz)

Thereforel! wel] havell R= o . Hence, we obtain the
2728 (S —ax)(S —by)(S —cz
relationship R = \/ ( )( y)( ) . O
2a° a+b’ -z a+c’ -y
a’+b* -z* 2b* b*+c* —x7
at+ct -y b+t -x° 2¢

Example. With the tetrahedron A4;4,43A4,4. Let's prove that with any points O we

always have the inequality:
4
Visaa, < %HJOA? +1.
i=1

Solution: Building the coordinates Oxyz. Suppose A;(x;, v, zi), i =1, 2, 3, 4. We have

2

x o »n oz 1
X, ¥ oz 1 (2 a2
36V =" < X +y +z +1
A Ay A A, x3 y3 Z3 1 ];[( i yl i )
X, vy oz, 1
: . 14
following the Hadamard's Inequality. Therefore V, , , , < gH«/OAf +1. O
i=l1

Example. Given the trihedral angle Sxyz. Suppose that the point N is in the trihedron
and the plane (P) through N cuts Sx, Sy, Sz at 4, B, C, correspondingly. Then the volume ratio

VZ
S4BC is constant.

VSNB C* VSN (7N VSNAB

Solution: Calling the distance from N to (SBC), (SCA), (SAB) is a, b, c,
correspondingly and setting S4=x, SB=y, SC=z. Then a, b, c is constant and we have
VSilBC _ 63 VSiBC _ 63 VS%‘IBC
2.2_2°

Vevee VsveaVsnan - (ayz).(bzx).(cxy) abex’y’z
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On the other hand, we also have
6’ Vipe =x°y'2° (1 —cos’ a —cos” B —cos” y +2¢cos a cos [F¢cos 7)
following the Lemma 2.1, in which o =4BSC, f=/ZCSA, y=/ASB. Therefore, the
volume ratio which is calculated by

V2. 6(1—00520:—coszﬂ—c0527+2cosacosﬂcosy>
VivseVovcaVsnas abc

is constant.

Example. Given the point O in the tetrahedron ABCD. A plane (P) through O cuts
AB,AC,AD. Signing the distance from A4, B, C, D to (P) is t,, tp, t., t4, correspondingly. Prove
that 2.Voscn =0V ocos TtV opas + 1V ousc -

Solution: Building the coordinates Oxyz so that O(0, 0, 0), (P) : z = 0 and A(x;, yi1, z1),
B(XQ, V2, Zg), C(X3, V3, 23), D(X4, V4, Z4) witht,=z; >0, t,=-2z>0;t, =-z3> 0; t; = -z4 > 0.
Conventing that the volume of the tetrahedron is calculated by the determinants following the
right hand rule:

0O 0 0 1
X, Yo 2
X, ¥y, z, 1
tVosep =2 X vy oz 1 =TZ4X% Vs Z3
’ P Xy V4 24
X, Vi oz, 1
0O 0 o0 1
X Nz
% _ X, Yy zy 1 _
L,V ocpa = —Z, X oy oz 1 =T Vs 2
’ P Xy Vi 24
o o» ozl
0O 0 0 1
X Nz
. X, Y, oz, 1 .
tVopas =74 x oy oz 1 =Z30% VYV, 2
1 1 1 Xy Vi 24
X, ¥, zp 1
0O 0 o0 1
XN g
V _ xl yl Zl ]- _
LV oagc = —24 X oy oz 1 ST Vo 4
’ P Xy V3 Z3
X, Y, z, 1

Therefore, the difference T =t .V, z.,, = t,Vocps —tVopus —tiVouse €Xactly equals

X 4 g

X, Wy % XNz X Nz X0z
X, Vo 2, I
T==z)|x; Y3 Zy|+2Zy|X; V3 Z|— 23X, ¥, Zy|+Z4%, ¥, Z,|= =0.
Xy Vs 23 I
Xy Vi 24 Xy Vi 24 Xy Vi 24 Xy Vs Z4
Xy Vo 24 Z4
Summarizing ¢ V,,p =6Vocps Y t.Vopis TEiVousc - O
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Proposition 2.5. Given the tetrahedron ABCD. Let 4,,B,,C;, D; be the barycenters of
the surfaces BCD, CDA, DAB, ABC, correspondingly. Let's prove that with any point O and
choosing properly u, v, t € {1,-1} for

1
‘VOBl an, T uVOCIDlAl + VVODIAIBI + VOAIBICI ‘ = EVABCD'

Proof: Builiding the coordinates Oxyz so that O(0, 0, 0), A(x;, yi, z1), B(x2, y2, z2),
C(x3, y3, z3) and D(x4, y4 z4). The coordinates of the barycenters of the surfaces of the
tetrahedron ABCD

3 2

A(x2+x3+x4 Y, + Vi + Y, 22+Z3+Z4}
1

3 3 3
B(x‘+x3+x4 Y+ Y+, zl+z3+z4j
‘ 37 3 T3
C(x2+xl+x4 Y, + Y+, zz+zl+z4j
: 3 ’ 3 3
D(x2+x3+x1 V,+ v+ zz+z3+zlj
: 37 3 3

4 4 4
Let's X = le., Y= Zyl. and Z = Zzi , setting V, =6V, ., . We perform

i=1 i=1 i=1

0 0 0 1
X +x,+x, y+w+y, z+z;+z, 1
3 3 3
Vi=tx,+x+x, ntyn+y, zntztz 1:
3 3 3
X,+x;+x, v, +y,+y  z,+z,+z 1
3 3 3
Y v p X Y Z 1
- X -y —z
+1 2 ’ ’ X, y, z, 1
=—\X-x;, Y-y, Z-z;|=— .
27 27\x, y, zy 1
X-x, Y-y, Z-2z,
X, Yy o zy 1
Signal
X Y z 11 X Y Z 1 X Y Z 1 |X Y Z 1
T=x2 Yy 2 1+x1 Yoz 1+x1 oz I v » oz 1
Xy vy oz ooy oz g oy, oz Iy oy, oz
Xy Ve ozg A oxy oy oz A xy vy oz 1) ooz ]
X Y Z
XN g
=0 deducing

—_ e e

1
1
with the proper choice of +, - . From |x, y, 2z, 1
1
1
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x y z |\ X Y Z | X Y Z | X Y Z 1| (X Y Z1
X, ¥, oz 1 2 N & 1 + x oy ozl I R 1 " x oy ozl —0.
Xy oz Iy oy oz Iy oy oz o oy, oz 1,y oz
X, Voo ozg N ox, vy oz Y xg oy, oz N oixg oy, oz N |xy oy oz

Therefore V50, 27V, ., £2TVoepa £2TVop 45 £2TV 0,5, =0. From this, we

deduce the result: Existing a proper choice u, v, 1 € {1,—1} so that

:LV o

VOBICIDI +uVOC1D1Al +VV0D1AIBI + VOAIBICI‘ 97 ABCD

3. SOME EXAMPLES ABOUT AREA

Proposition 3.1. Given 44BC. Taking the points M, N, P belonging to the edges BC,

CA, AB, correspondingly. Let u = MB , V= NE , 1= P4 . Then we have the area ratio
MC NA PB
Sunve 1+uvt

Swe  (L+u)(1+v)(1+1)
Proof: Suppose A(x;, yi1), B(x2, ¥2), C(x3, v3). Because BM =uMC ,

M(Xz +ux3 Vs +uy3].

1+u 1+u

X3 T VX, y3+vylj and P(xl"'txz y1+ly2j. Let

Similarly, we also have N , s
1+v 1+v

1+¢ 1+1¢
a=(1+u)(1+v)(1+¢) and change

1 1 1
T = X, tux, x;+vx, X +1ix, _
1+u 1+v 1+¢
Ytuy, y;tv, yt+b,
1+u 1+v 1+¢
. 1+u 1+v 1+1¢
= X, +ux, Xx,+vx, X +Ix,|=
(I+u)(1+v)(Q+e)[ > 72 2 70 7
Yy tuy, yi+vy, y+,
1 1 10 v 1 1 1 1
1 1+uvt
=—|x, x, x|l 0 t= XX, X
a a
Vi Yy Wfu 10 oW
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1 1 1
g[S XV X
1+u 1+v 1+¢
YV, tuy,  yi+vy, v+,
Therefore S = 1+u l+v 1+t | _ 1+ uvt
S anc L (1+u)(1+v)(1+2)
gitlx, Xx, X
N YV s

S 1+uvt
or 2MNp. _

Swe  (L+u)(1+v)(1+1)

Example. [The VN 6" Olympic Mathematics] Given A4BC with the area equals to

1. Taking the points M, N, P belonging to the edges BC, CA, AB, correspondingly so that
MB NC PA

ki=——, k,=——, k; =—— with k;, ks, k3 < 1. Determining the area of the triangle with
MC NA PB
the vertices are the intersections among AM, BN, CP.
Solution: Suppose A(x;, y1), B(xz, v2), C(x3, y3). Because BM = klﬂa,

Ml x =x2+k1x3 =y2+k1y3 ‘
" l+k " 1+k

Similarly, we also have

N(x _N + kX, _V +kzy1j

1+k, ~ & 1+k,
and

x, + k.x v, +ky
P xp: 1 32’ p: 1 3.2 .
1+ k, 1+ k,

Lets £ = AM x BN . Following the Menlaut's theorem, we have AE BM NC

EM BC NA
kl,x, +(1+k kk,y, +(1+k

EM and E|x,=— 2%+ (L+R)x, Y, =— i+ (14K, . From this, we
1+k +kk, 1+k +kk,

=1.So

AE=1+&

1"%2
deduce that

Elx = kikyx, + x, + kyxs _ kkoy + v, + ki ys
‘ l+k +kk, ¢ 1+ k&, + kk,
Let's F=BNxCP, G=CPx AM . Similarly as above, we receive
F _kkyx, +x, + kyx _kky, +y, +k,y,
X = Yy =
- 1+ k, + k,k, 1+ k, + k,k,

Gl x :k3k1x3+x1+k3x2 :k3k1y3+y1+k3y2 .
£ l+k,+kk ° 1+ k&, + k k,

Setting & = (1+k, + kk, )(1+k, + k,k; ) (1+ k, + k;k, ) and implementing the changes
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1 1 1
T kikyx, +x, +kx,  kkx,+x,+kx  kkx,+x +kx,|
1+ k& +kk, 1+ k, + k,k, 1+ k&, + k .k,
kkoy +y, +kys  kky, + v, tky o kkys+y Hky,
1+ k +kik, 1+ k, + k,k, 1+ k&, + k .k,
1+k +kik, 1+ k, + k,k, 1+ &, + k;k,
:é klx +x, +kx, kkx +x,+kx kky +y +ky,|=
kk,y,+ v, +ky, kky, +y, +ky  kky,+y +ky,
1 1 1|kk k 1 1 1 1
1 e (1-kkyk, )’
:gxl x, x| 1 kk k :Txl X, X
n oy nlk 1 kk Vi Vo s
1—kk,ky)
From this we deduce S, = (1= kkoks) O

(1+k +kk,)(1+ &, + koke ) (1+ &y + kik, )

Example. Given 44BC is acute triangle with the radiuses of the circumscribed and
inscribed circles R, r. Suppose that the roots of the hights are 4, By, Cy. Prove that

Same, i(l N LT _
S.. 270 R

Solution: Because 4B _ccosB ’ B,C _acosC and CyA _bcos4 ,
A,C becosC ByA ccosA C,B acosB
S
ABCy _ 2abccos Acos BecosC 2 cos Acos BeosC.
S e abc

S 3
Because of 1+ % =cos A+ cosB+cosC we have —22% < i(l + %j following the
ABC

Cauchy's Inequality. i

Example. Given the triangle ABC. Let M, N, P be the midpoints of BC, CA and AB.
Prove that with any point O outside the 44BC having one of the areas Sor, Sosn, Socp equals
the sum of the two remaining areas.
Solution: Building the coordinates Oxy so that O(0, 0) and A(x;, y;), B(x2, v2), C(x3,
Xy +X MtV N X+ X Y3+y1}
2 72 2 7 2 )

y3). The coordinates of the midpoints M (

2

P(x‘ —12-x2 ’y 1 -;y 2). Let's consider the case O belonging to ZAGN, (G is the forcus of
AABC). Conventing the area of triangle is calculated by the determinants following the right
hand rule, we have:
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0 0
X
280 =2 X Wi = 1 ’
Xy + X5 W, + V3
NtX Nt
2 2
0 0
X
280 =2| X, b = ’ »
Xy+x Vit
X3 + X ) + »
2 2
0 0 1
X +X +
2SOCP:2X1+X2 NtV l_fh TR N yz.thy
2 2 X, A
X3 Vs 1
X, X, X X
28,0, + 285 =| . + . 7 +7 2 =25, because all are equal
Xy N s Vs | X3 Vs
X, X
to [ h +7 2 . Similarly for the other situations. mi
X Vs X s
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