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Abstract. This paper presents new generalizations and new refinements for Nesbitt’s
inequality (other that those of [1] and [2]).
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1. INTRODUCTION

The Nesbitt’s inequality (see e.g. [1], and [3]) is
al + Y + = Zé, for any x,y,zeRi
y+z z+x x+y 2

In this paper we prove a generalization and refinement for Nesbitt’s inequality and by
particularization we obtain others generalizations and refinements of Nesbitt’s inequality.

2. A GENERALIZATION OF NESBITT’S INEQUALITY

Theorem2.1.If ne N ~{l, aeR,, b,c,d,x, e R, Vk=Ln, X, = x,,

k=1
m, p,r,s €[l,00), such that X' > d max x;, then

1<k<n
2 (aX;" +bx;' )p S (anm +b)p
= (CX,I; —dx, )S (Cn'ﬁ - d)S
Proof. If we denote y, = )x(—k, Yk = I,_n, then ¥, = iyk =1, and (1) becomes

n k=1

n rs—mp+1 X mp—rs ( 1 )
n

(aX + bx]:” ) mp—rs - (a + byl:n )p (anm + b)p rs—mp+1 mp—rs

U, =X" X 2
kzl: (cX —dx ) Z:;(c—dy,:)s (cn’—d)s " ' ®
We prove (2) by considering the functions

frgh: 0(3) SR, =la+my"), e =(c-av" )", h=f2.

We have
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N =

f'y)= bmp(a +by" )p_l y"'>0,g'(y)= drs(c —dy" )_(SH))/_1 >0, Vye 0,(2} , and

f'(y)= bmp(a +by" )p_z ym? ((m - l)a + b(mp - l)y'” ) >0,

y

() =f"Meg+2f' Mg WM+ f(»eg"(y)>0,Vye 0{%} :

g'"(y)= drs(c —dy" )7(H2)y”2 ((r ~Ve+d(rs+1)y" ) >0,Vye O,[

SN

Because, &= fg,wehave A" = f'g+2fg'+ fg" and then

~ | =

1

So that, 4 is convex on | 0, [gjr and by Jensen’ s inequality we deduce that

p
=1 ¢ =1 (c—dy,: )S - nio ¢ n'" n (c—djs
nr
— (anm +b)j) nrs—mp+l (3)
(cn’ —d)
By (2) and (3) we obtain that
Un > (anm +b)p n}‘s—mp+1X’:np—rs ,
(cn" —-d)
so (1) is proved.
3. AREFINEMENT OF NEBITT’S INEQUALITY
Theorem 3.1.Ifne N -{l},acR,, b,c,d,x, €R.,Vk=1,n, X, = ixk,
k=1
m,p,r,s € [1,00), such that cX > dgl}ix X, , then
u (aXm+bx,’{”)p>l(” m ” pJ” 1
~—r FS > aX" +bx —_—>
; (ex7 —ax) n ;( 7) = (exr —ax))
" r
anX +b2x'”j .
> [ k=1 ¢ P > (an +b)p nrs—mpHX’;np—rs (4)

(o -ag] )

k=1

Proof: WLOG we can assume that x, <x, <...<x, and then
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(axm +bxp Y <(axr +bx) ) <..<(aX! +bx") (5)
and

1 < 1 < ...s—l (6)

(cX ;—dx| )S (cX ;—dx; )S (cX ;—dx] )S

By P.L. Chebyshev’s inequality we have

U, Z("X +oxr ) zl(i(a)(;ubx,fl)”ji; %

k=1 (cX —dx; ) n\ k=1 (cX »—dx, )9
Since the function u: R, — R., u(t) =t”, p >1is convex on R, we deduce that
n 1< P 1 n P
Z(aX,:” + bx) )p Zn(—Z(aX;" +bx, )j :T(an " +b2x,’fj (8)
k=1 N = n k=1
By J. Radon’s inequality we obtain that

n 1 s+1 s+1

e e YT ey ;
P (cX,,—dxk) (Z(CX;_dxl};)j (ch;—dletj

k=1 k=1

By (7), (8) and (9) yields that

k=1

p
n
[anX "t bz x; J
ns—p+l

- - (10)
(ch,: —de,:j
k=1
Since the functions v,w: R, — R., v(t) =t", w(t) =t", m,r > 1ar convex on R, we have
n Xm
le:n 2 mril (1 1)
k=l n
respectively
n XV
P (12)
k=1 n
By (11) and (12) the inequality (10) becomes
p
anX" + X ’"]
n m—1 n m P
Un > ( n - ns—p+1 — (an +b)s nrs—mererrlnp—rs (13)
(ch,f — ii_l X,:j (cn _d)
n
Therefore
n p
anX " + bz x; »
k=1 s—p+l (anm + b) rs—mp+l v mp—rs
U > ntt 2 "X (14)

(CHX; —dzn:x,:]s (Cnr —d)s

k=1
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4. SOME CONSEQUENCES

Corollary4.1.If ne N —{l}, aeR,, b, c,d, x, eR,,Vk=1n, X, =D x,,

k=1
a €[l,00), such that cX, > d maxx, , then

1<k<n

Z”:(aXn+bxk)a >(an+b)a
= X, -dx, cn—d
Proof: In theorem 2.1., wetake m=r=s=1, p=«.

nexe! (15)

Corollary 4.2. If n e N - {1}, X, € Ri, Vk=Ln, X, = ixk, ae [l,oo), then
=

n a 2-a

T My 16
25 ; (16)

X, —x, n-—1

Proof: In corollary 4.1. we take a=0,b=c=d =1and we obtain (16), i.e. the
corollary 2.1. from [2].

Corollary 4.3. If ne N - {l}, x, e R, Vk = Ln, X, = ZXk, then
k=1

n

X, n
> (17)

X, —x, n-—1

Proof: In corollary 4.2. we take @ =1 and we obtain the corollary 2.2. from [2] .

Remark 4.1. For n=3 by corollary 4.3. we obtain the “classical” Nesbitt’s
inequality.
G - B Zé,Vxl,xz,x3 €R; (18)
X, +x; x;+x, x+x, 2

Corollary 4.5.[f ne N —{l}, a e R,, b,c,d,x, € R, Vk=1n, X, = x,,
k=1

cX, >dmaxx,, a € R _,then
1<k<n

a+l
X +b
v (aX, +bx, ) S (an o kz:‘xk] - (aner)O’+1

X —4 - > pexe (19)
k=1 €A, —ax,
cecnX,—d) x
2%

cn—d
Proof: Intheorem 3.1. we take p=a+1,m=r=s=1.

Corollary 46. If neN -{l}c,d,x, eR,Vk=Ln, X, = x,, X, >dmaxx,,

<k<
P 1<k<n

a €R,_, then

> A > X (20)
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Proof: In (4) wetakea=0,b=1,m=r=s=1, p=a +1, and we deduce that
a+l l-a
4 1 < 1 n o

Zxk— > ::Hl Z > X,
iocX,—dx, n ocX,—dx, cn—d
i.e. the theorem 4.1. from [2].

Corollary 4.7.If ne N —{l}, x, e R}, Vk=1n, X, = > x,, @ € R, ,then
k=1

l-a

n a+l n n
ZXXk_x Zl(zszJZX 1 > n X: (21)
n k

k=1 n\ k= o X,—x, n-1

Proof: In corollary 4.6. we take ¢ =d =1. In this way we reobtain the corollary 4.1.
from [2].

Remark 4.2. The inequality (21) is a refinement of the inequality 2.2. from [2], thus
that (21) is a generalization and a refinement of Nesbitt’s inequality.

Corollary 4.8. If x,y,z € R, , then

a+l a+l a+l

al + 4 + z >
c(y+z)-(d-co)x c(z+x)—-(d—-c)y x(x+y)—-(d-c)z

Zl(x+y+z)(Hl 1 + ! + ! 2
3 cy+z)—-(d-c)x clz+x)—(d—-c)y c(x+y)—(d—-oc)z (22)
l-a
S 3
3c—-d
Proof: In (20) we take n=3.
Corollary 4.9. If x,y,z € R, , then
x+y+zzl(x+y+z L, )3 (23)
y+z z+x x+y 3 y+z z+x x+y) 2
Proof: In (22) we take « = 0, i.e. we reobtain the corollary 4.2. from [2].
Remark 4.3. The inequality (23) is a refinement of Nesbitt’s inequality.
5. SOME APPLICATIONS
Application 5.1. Ifne N ={l}, a e R*, b,c,d,a, €R., Yk =1,n, H, = zi
k=1 Ay
m,p,r,s € [1,00), and cH, > dpkaxi, then
<k<n ak
p
(aH”ln + Zjnj m P
Z ak > (an +b) nrs—mpHH;np—rs (24)

I

a

k=1 (CH’: o d JS (cn" —d )S
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Proof: In theorem 2.1. we take x, = L, k =1,n, and we obtain (24). If a,a,...a, =1,

a
then H,>n-, _ =n, and (24) becomes
\/ a,a,..a,
( ; )p
aH" +——
n n am m P m V4
2 ((a" +b§\, n g (a - +bgv n (25)
k=1 "—d) "—d)
cHn’ B d‘ cn cn
ay

If we consider n = 3, then by (25) we have
P P P
(aH;” +ZZnJ [aHg" +ZZn] (aHg" +bmj . »
@) | @) a, 23.(3 a+b) (26)

s s s 3r _dS
s -2] (o= &f (-2 B
a, a, a

and for a =0,b=c=d =1, we deduce that
1 1 1 3

T
1 1 3" -1
almp( 1” . lr J agnp[ lr " lr J a;np[ 1 ’ ) j
a, a a, 4 a, a,

= ! + ! + ! > 3 (27)

mp+rs r ) mp+rs  _r r ) mp+rs( r r)s ( r_ )S
a, (a2 +a3) a, (a3 +a1) a;” " \a; +a; 3" -1

v

If we take m =2, p =r =s =1, then by (27) we have
5 ! + — ! +— ! 2§ (28)
a;(a,+a;) ay(a;+a,) a(a +a,) 2

1.e. we obtain the problem proposed by Russia at 36-th .LM.O., Canada, 1995.

Application 5.2. If we consider a=0,b=c=d =1, pe N and m=r=s=1, then
by (1) we have

n p Xp—l
SRS (29)
X n"(n-1)

k=1 n xk

i.e. the problem O:1087 from Romanian Mathematical Gazette, no. 5/2005, p. 226 , proposed
by Gh. Ivancev (Vidin, Bulgaria) and Lucian Tutescu (Craiova, Romania).
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