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Abstract. In the present paper, the author introduced g-analogues of generalized
Mittag-Leffler function referred by Prabhakar [23]. Results derived in this paper are the
extensions of the results derived earlier by Abdeljawad et al. [19]. Some special cases of
interest are also discussed.
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1. INTRODUCTION

The calculus of the real order derivatives and integrals has become very suitable
apparatus in describing and solving a lot of problems in numerous sciences, such as physics,
electrochemistry and material science (see, for example Podlubny [9]).Their treatment from
the point of view of the g-calculus can additionally open new perspectives as it did, for
example, in optimal control problems (see Bangerezako [4]). The fractional g-calculus is the
g-extension of the ordinary fractional calculus. The theory of g-calculus operators in recent
past have been applied in the areas like ordinary fractional calculus, optimal control
problems, solutions of g-difference(differential) and g-integral equations, g-transform analysis
etc. Recently, Abu-Risha, Annaby, Ismail and Mansour [13] and Mansour [26] derived the
fundamental set of solutions for the homogenous linear sequential fractional g-difference
equations with constant coefficients. Fang [10] and Purohit [18] deduced several
transformations and summations formulae for the basic hypergeometric functions as the
applications of fractional g-differential operator.

For more details one may refer the recent papers [5, 14, 18] on the subject.

Very recently and after the appearance of time scale calculus (see for example [12]),
some authors started to pay attention and apply the techniques of time scale to discrete
fractional calculus [1-3, 20] benefitting from the results announced before in [11]. All of these

results are mainly about fractional calculus on the time scales T, = {q” ‘ne Z} U {O} and hz

[16]. However, the study of fractional calculus on time scales combining the previously
mentioned time scales is still unknown. Counting in this direction and being motivated by all
above, in this paper we study Caputo type g-fractional derivatives and use a direct method to
derive the solution of a certain linear Caputo g-fractional difference equation by means of a
new introduced generalized g-Mittag-Leffler function and some special cases are also
discussed.
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For the theory of g-calculus we refer the reader to the survey of [22] and for the basic
definitions and results for the g-fractional calculus we refer to [3].

For 0<q <1, let T, be the time scale:
T,={q":neZ}u{0}, where Z is the set of integers.

More generally, if « is a nonnegative real number then we define the time scale

a n . 0
T, =10 :neZ}yu{0}with T, =T, .
For a function f :T,— R, the nabla g-derivative of f is given by

f(t)—f(at)
vV ) =—"—""t —{0}. 1.1
(V7 DO== = t=Ta=(} (11)
and
(V, 1)) =1im (V, )(t),
where v, f —>%as q—1.
The nabla g-integral of a function is defined by
t 0
[ F0Vax=t@-a)> o“f (tq", (1.2)
k=0
For0<aeT,
| f =[f i
J, F00Vx=[ 100V x=[ £ (0v,x (1.3)
On the other hand
[ FOOvex=t@-a)) q*f (g™, (1.4)
k=1
For 0<b<win T,
b 00 0
jt f(x)vqx=jt f(x)vqx—jb f(X) Vg X (1.5)
[ F00vex=(-0a) X q(d"). (1.6)
k=—0
By the fundamental theorem of g-calculus, we have
t
Vq jo f(X)Vyx = f(t) (1.7)
and if f is continuous at 0, then
[ Ve f () Vex= (1)~ (0). (1.8)
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Also the following identity will be helpful
t t
vqja f(t,X) VX = qu f(t,X) vy x+F (qt,t) (1.9)
The following will be useful
b b
vqjt f(t,x)vqx=thvq f(t,X) vy x—f (t,t) (1.10)

Vo (F(g(1)) = T(a) v, 9() + (V, T () g(t) (1.11)

The g-factorial function for ne N is defined as

(t-x" = Tt-q'%)
j=0

(1.12)
When « is a non-positive integer, the factorial function is defined as
L 1-7q
(t—x) =t [[—L— (1.13)
a =09 _ X jiva

The properties of g-factorial functions, which can be found mainly in [3], in the
following lemma:

Lemma 1: For «, 8,y € R then

i t—x)"" =t-x)’ (t-—q’x)
(i) (t=x);" = (=) (t-9"x)] w10
(ii) (at—ax)’ =a” (t—x)’
‘ ‘ (1.15)
(iii) The nabla g-derivative of the g-factorial function with respect to t is
. 1-q° -
Volt— =L (0
a (1.16)
(iv) The nabla g-derivative of the g-factorial function with respect to x is
a _ 1- qa a-1
Vg (t—X), ——ﬁ (t—gx), (1.17)
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For the g-gamma function we refer the reader to [3]

a

Iq(a +1)=%rq(a),rq(l):1,a>0. (1.18)

The authors in [3] following [17] defines the left fractional g-integral of order
a(#0,-1,-2,...) by

1
Iq(a)

a1 f(t) = j(t - qx)ff“l)f (X) Vg X (1.19)

and it was proved that the left fractional g-integral obeys the identity
o 17a19f(t) =q 19 T (t);, B> 0. (1.20)
The left g-fractional integral for 0 <a T, is defined by

1
[q(@)

14 f(t)= j(t—qx);“‘”f (X) V4 X (1.21)

It is clear, from the g-analogue of Cauchy’s formula [25], that
Vaals f(t)=f(t) (1.22)

where n is a positive integerand 0<aeT, .
Recently, in Theorem 5 of [15], the authors there have proved that

a15a12 () =q15 f(t);, B >0. (1.23)

The right g-fractional integral of order « is defined by[17]

—a(a-1)12 4

] j(x — )P (xg™) vy X (1.24)

a f —
15 f(t) Iy (@)

and the right g-fractional integral of order « ending at b for some b T is defined by

—a(a-1)12

JO=DE P (xg) v x (1.25)
Iq(a) 1

olg T ()=

Please note that, while the left g-fractional integral ¢ 15 maps functions defined on T,
to functions defined on T, the right g-fractional integral »15,0 <b <, maps functions
defined on 7{“ to functions defined on T, .

It is clear, from the g-analogue of Cauchy’s formula [25], that
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Vala F(©)=(D)"f(t) (1.26)
In [24], the author proved that
151G @ =157 f(t);e, >0. (1.27)

Taking into account the domain and the range of the right g-fractional integral, as
mentioned above, we note that the above formula is valid under the condition that f must be at

least definedon T, T4, T “and T4 .
A particular case of the above identity is

e f () =10 f(t); @ >0, (1.28)

Iq q

For a>0. If a ¢ N, then the Caputo left g-fractional and right g-fractional derivatives
of order « of a function f are, respectively, defined [19] as

1 o
CE)=q 1OV () =——— [t =) VD (X) v, X 1.29
€3 T =T VR O = a0y Vi OOV, (1.29)

and
—a(a-1)/2 p

q n—a— n —a
[x-tr ' vif(xg™)vex  (1.30)
t

(1) =0 | 0OV () =
R )

wheren =[a]+1. If a e Nthen ¢C3 f(t) =v; f(t)and oC5f (t) =pVg= (—1)”V:.
Also, it is clear that map ¢C3; maps functions defined on T, to functions defined on
T, and that »Cg maps functions defined on T¢“ to functions defined on T, .

Lemma 2 [19]: Forany « >0, then

3 (t-a); "
015V, F(t) =Vl f(t)————f(a). (1.31)
q
Lemma 3 [19]: For any O< e« <1, then
Y (t-a).”
oCs f(t)=qV; F() ———f(a). (1.32)
I (1-a)

Lemma 4[19]: Let « >0and f is defined in suitable domains, then

a19aC2 f (t) = f(t)—nz_1ﬂ < f(a) (1.33)

k=0 rq (k +1) !

and if O0<a <1then
alaaCa f(t)=f(t)-f(a). (1.34)
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The following identity is essential to solve linear g-fractional difference equations

q|;‘(x—a)“:M(x—a)”+“,0<a<x<b (1.35)
4 Tyla+u+l) a

where « € R*and u e (-1,).

2. g-FRACTIONAL INITIAL VALUE PROBLEM AND g-ANALOGUE OF
GENERALIZED MITTAG-LEFFLER FUNCTION:

In this section we will apply the successive approximation method for investigating
the solution of the left Caputo g-fractional difference equation in terms of the g-analogue of
generalized Mittag-Leffler function.

Example 2.1 Consider the following left Caputo g-fractional difference equation

(7,9),

Cryt)y=41 ]!

y®+f(t).y(@)=p,teTy, (2.1)

for 0<a <1.

Solution:
Taking q¢1% defined by (1.21) on the both sides of equation (2.1) and using the
formula(1.34), we arrive at

y(t) = pm%ql: y(O) +l% £ (1) (2.2)

To investigate an explicit solution of (2.1), we will apply the following method known
as the successive approximation method.

We assume y,(t)=p
and

o) = p+ 2 (ﬁ]q,)l A2y, O+ olZ F(O,m=123,. (23

For m =1 by the formula (1.35), we get

1 (7; q)l(t - a):

nO=p {“ [T, (@ +1)

J+ql‘§ f(t) (2.4)

For m =2 we also get

ran-2), |, (i)
[1]q|rq (0{ +1) [2]q|Fq (20{ +1)

For m — « we obtain the solution

y, () = p{l+ A [1].!

J+q|: JORWRGLLIEERTE
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s Amat-ay) e Frat-an”
yt)=p 1+kz:; T (k1 J+£(t—QX)q kZ; KT, (e + @) f(X)Vyx (25)

If we compare with the classical case, then the above example suggests the following
g-analogue of generalized Mittag-Leffler function defined by Prabhakar [23].

Definition: For X, x,,a, 8,7,4 € C and Re(a),Re(f),Re(y) >0 , the g-analogue of generalized
Mittag-Leffler function[23] is defined by
) (x—xo)

EZ 5 (A X = X0;0) =kZ:;‘;t KT, (e + ) (2.6)
1-q'
where [k]o! =[1]a[2]a...[k]a and [r]a :m.

Relationship with another special functions:
(i) Ifweset y=1, we get
E]z;c,ﬂ (A, X=X0:9) =a Eq 5 (4, X=X0)
where qE, ;(4,X—xo) is the g-Mittag-Leffler function introduced by Abdeljawad
et al.[19].
(ii) If we take B =y =1, we arrive at
E]&,l(ﬁ“l X— Xo;Q) =q Ea,l(/ll X— XO) =q Ea (2’1 X— XO)

By using the definition(2.6), the equation(2.5) is expressed as

Y(t) = pEL (At -aiQ) + [ (t—ax); " Elu (At =0 0) F (X) VX, (2.7)

3. SPECIAL CASES:
(i) If we take » =1 in above example(2.1), we get the result given by Abdeljawad et

al.[19].

(ii)No[te t]hat the above proposed definition(2.6) of the g-analogue of generalized
Mittag-Leffler function agrees with time scale definition of exponential functions.
As it depends on the parameters other thane, f and .

(iii) The power term of the g-analogue of generalized Mittag-Leffler function
contains « (the term (X—Xo)zk)- We include this a in order to express the

solution of g-Caputo initial value problem explicitly by means of the g-analogue of
generalized Mittag-Leffler function. This is due to that in general it is not true for

o K
the g-factorial function to satisfy the power formula (x — xo):’k =[(x- Xo)q] . But

for example the latter power formula is true when x,=0. Therefore, for the case
X, =0, we may drop o from the power so that the g-analogue of generalized

Mittag-Leffler function will tend to the generalized Mittag-Leffler function[23]
when q —> 1.
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