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1. INTRODUCTION

In [1] we give 23 proofs of the inequality of lonescu-Weitzenbdck, i.e.:
In all triangle ABC with usual notations holds:

a’+b* +c? 245\/5 (I-W)
Here we give 10 generalizations of (I-W) as follows:

2. MAIN RESULTS

Generalization 1. If m e [l,oo), then all triangle ABC , holds the inequality:

a’ +b™" + " > 3(£j .

NE)

Proof 1. We have:
a" +b" e =(a)" + ()" + ()",
where we taking account that the function

u:R, >R, u(x)=x"
is increasing and convex on R, and applying Jensen’s inequality we obtain that:
u(@a®) +ud*) +u(c?) > 3M(M] > 3u(@] = 3u[£) &

3 3 NE)

2 2 2\ m
< a? +bh e >3 @ Ab e 23(£j .
3 NE)

Proof 2. Since the function f:R. — R, f(x)=x"", is convex on R. by Jensen’s
inequality we deduce that:
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2m _

fl@)+ f(b)+ fc) 2 f(a+b+ch>a2’” +h" 4" >

_ 4mp2m _ 4mpmrmpm _ 4mSm [EJ'”

2m-1 2m-1_.m T A2m-l
3 3" 3

where we use Mitrinovi¢’s inequality, i.e. LS 343 , and yields the result.
r

Proof 3. From J. Radon’s inequality we have:

2 +b2m 2m>(a+b+c) _4mp2m

3 32m—1

b

then proceed as in the Proof 2.

Observation 1. If m =1, then by the generalization 1 we obtain the inequality of
lonescu-Weitzenbock.

Generalization 2. If m e [2,00), then in all triangle ABC, holds:
a” +b" +c" (45‘}2
Z 7 " > =
3 J3

a” +b" +c" =(a’ )2 +(b? )2 +(c?)
and since the function v: R’ — R., v(x)=x? is increasing and convex on R’ , we apply the
inequality of Jensen and we deduce that:

v(a2)+V(b2)+V(cz)23v[a2 -}-Z;z +62J23v(4\g§SJ:3v(%j©

Proof. We have:

m
2

2
sSa” +b" +e” 23(£J )
V3

Observation 2. If m =2, then by the generalization 2 we obtain the inequality of
lonescu-Weitzenbock.

Generalization 3. If the function w: R, — R, is convex and increasing on R, then
in all triangle 4BC, holds:

w(a®)+w(b?) +w(c’ )>3w{j§j

Proof. By Jensen’s inequality we have:

3

Where we taking account (I-W) and the fact that w is increasing on R, we obtain that:

w(a®)+w(b?)+w(c®) > SM{@J - 3W[4T§]

w(a®)+w(b?) +w(c?) > 3W(MJ
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Observation 3. If w(x) = x, then by the generalization 3 we obtain the inequality of
lonescu-Weitzenbock.

Generalization 4. If m,x,y,z€ R_si x+ y+z € R, , then in all triangle 4BC, holds:

m+2 m+2 m+2
a . b N c S 4438

(xa+yb+zc)" (xb+yc+za)" (xc+ya+zb)" (x+y+2z)" .

Proof. We have:
m+2 m+2 m+2
U= a + b + ¢ =
(xa+yb+zc)"  (xb+yc+za)" (xc+ya+zb)"
a2(m+l) b2(m+l) 02(m+1)
= m + m + m =
(xa2 + yab + zac) (xb2 + ybc + zab) (x02 + yac + zbc)
_ (aZ)m+l s (bZ)m+1

m

xa® + 2 (@ + b))+ Z(a* + ¢?) b2+ L (b )+ 2 (a? +b?)
2 2 2 2
(CZ)erl

2+Z 2+2+Eb2+2
(xc 2(a 0)2( c’)

2

where we apply J. Radon’s inequality and (I-W) and we obtain:
(c12+bz+cz)m+1 _az+bz+c2 S
(x(a2 +b*+ )+ y(a® +b* +c*)+z(a® +b° +cz))m (x+y+2)"
_ 43s

B (x+y+2)"

U=

Observation 4. If m =0, then by the generalization 4 we obtain the inequality of
lonescu-Weitzenbock.

Generalization 5. For any point M € IntABC we denote d,(M),d,(M),d.(M) the
distances from the point M to the lines BC,CA,AB ands, (M) = ArealMBC],
s, (M) = Area[MCA], s.(M) = Areal MAB].

If m € R, , then in all triangle ABC holds:

am+2 bm+2 cm+2
(M) dl(M) (M)
Proof. We have:

> 2m+2 (\/g)m-*—lS

U am+2 a2(m+l) (a2)m+l
22 d"(M) 2 a"d" (M) 2 2" s (M)

and by the inequality of J. Radon we deduce that :
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(az +b? +cz)m+1 B (a2 +b? +cz)m+1
2" (s, (M) +s,(M)+s,(M))" 2" s

where we use the fact that:

U=

2

) Z(a+b+c)2 =4p

a’>+b*+c ,
3 3
therefore:
U 4m+1p2(m+1) g 2m+2pm+l 6\/5}/)’”“ _ o2 (\/g)m“ (pr)m” _ o2 (\/g)’””Smn _
Coom3mig 3 S” S"
_ 2m+2 (\/g)m-#lS )

Observation 5. If m =0, then by the generalization 5 we obtain the inequality of
lonescu-Weitzenbock.

Generalization 6. If m € R , then in all triangle ABC holds:

2
(am +b" +c'"]'” S 43

S
3 3
Proof. We have:
g bcsin A _ casin B _ absin C
2 2 2
So
§3 = (abc)? sin Asin Bsin C
8
Since,
sin A + sin B + sin C > 33/sin Asin Bsin C ,
yields that :

S

3 < a’b’c’ (sinA+sinB+sian3
-8 3

where we use the fact:

343

sinA+sinB+sinC£T

3

§* < azbgzcz [?JS < (abe) z(%j

and we get:

Therefore:

a” +b" +c" S RAa"b"c" m

3 > 3 = (abc)s <
2

= (M] > (abc)% = ((abc)2 )3 > 43

3 V3 .
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Observation 6. If m =2, then by the generalization 6 we obtain the inequality of
lonescu-Weitzenbéck.

Generalization 7. Ifx,y € R_, x+ y € R. , then in any triangle A4BC , holds:
(xa+ yb)’ +(xb+ yc)’ + (xc + ya) > 43(x+y)’S .

Proof. By the inequality of H. Bergstrom we have that:
b _4
U :(xa+yb)2 +(xb+yc)2 +(xc+ya) > (x+y) (§+ +e)” P ();+y)
By the theorem of Jakob Steiner, i.e if we consider all triangles with the perimeter
2p, then the triangle with the maximum area is equilateral triangle. Let S, be the area of the

equilateral triangle with the perimeter 2p and a = 2Tp be the lenght of the side. We have:

2 2 2
b4 '£:p9—\/§®9S3 =p’3 & p? =3438,.

S, =

4 9 4
Hence,
S (X+y)2(c3l+b+0)2 _ 4pz(9;+y)2 _ 43+ ).
and because S, > § (by the theorem of Jakob Steiner) we get:
U=4J3(x+)°S.

Observation 7. Ifx =1, y = 0, then by the generalization 7 we obtain the inequality of

lonescu-Weitzenbock.

Generalization 8. Ifm,x,y € R,, x+ y € R , then in all triangle A4BC , holds:

3-m  m+l

(xa+ yb)"™" +(xb+ ye)"" +(xc+ ya)"™' 22" (x+y)"'3 4 § 2 .

Proof. By J. Radon’s inequality we have that:
m+1
V=(xa+yb)"" +(xb+yc)"" +(xc+ ya)"™ > e+ )™ (a+b+c)" =

3)71
m+l1 m+1 LJrl
:('x+.)’:) 2m+1pm+1:(x+)’:) 2m+1(p2) 2 )
3 3
As in the generalization 7 we have: p° = 3\/§S3 and by Jakob Steiner’s theorem we
have §; > §.
So,
m+1 m+1 m+1 m+1
m+1 m+1 3-m  m+l
2(x+)’) 2m+1(3\/§S)2 :2m+1(x+y)m+l3 4 S 2

3" ,q.e.d.

Observation 8. If m=x=1,y=0, then by the generalization 8 we obtain the

inequality of lonescu-Weitzenbock.
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Generalization 9. If x, y,z € R,,x+ y+z € R_ , then in all triangle ABC , holds:
(xa+ yb+zc) +(xb+ yc+ za)’ +(xc + ya + zb)* > 4\/§(x+y+z)2S.

Proof. By H. Bergstrom’s inequality we have that:

2 2
U =(xa+yb+zc) +(xb+yc+za) +(xc+ ya+zb) > (x+y+z)(at+tb+c)” _

3
_4pz(x+y+z)2
= 3 )
Like above we have: p* = 3\/§S3 and S, =>S.
Hence,
Ax+y+z)° )
U2f3\/§S=4\/§(x+y+z) S .

Observation 9. If x=1,y=z=0, then by the generalization 9 we obtain the
inequality of lonescu-Weitzenbock.

Generalization 10. If m,x,y,z € R, ,x+y+z € R, , then in all triangle ABC , holds:
3-m  m+l

(xa+ yb+zc)"™" +(xb+ yc+za)"" + (xc+ ya+zb)"" 22" (x+y+2z)"'3 4 § 2 '

Proof. By J. Radon’s inequality we have that:

m+1
(xa+ yb+ zc))
V=> (xa+yb+zc ’"“2(2 =
D (xa+ yb+ zc) v
_(xty+2)"a+b+o)"  (x+y+2)"” yml il
- m - m p
3 3
As above: p> =3+/3S, and S, > S .
Thus,
m+1 A m+1 m+l m+1 ~ m+1 m+l
V> (x+y+3zm) 2% ) » (x+y+3zm) 2" 335) 2 =
3-m  m+l

=2y +)™3 S g

Observation 10. If m=x=1,y =z =0, then by the generalization 10 we obtain the
inequality of lonescu-Weitzenbdck.
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