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1. INTRODUCTION

n

Proposition 1.1. Denote ¢(x)=] [ (x+¢;). Then, there are the following identities:
i=1

O YEY
(ii) 2(—1)‘ it =(=1)"nt.
iy ()" (n,”}:(—l)”.

i-0 I
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o

i(n

W) Y= () (0).
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Proposition 1.2. There is the following identity:

Zi(1)”kk21j(~°»2+k2)(ﬁ“_k]=(2n)!_

o 1+k?
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Proposition 1.3. For all integer n>1, there is the following identity:

T 7

2y 5211+ 7 =(2n)L.

k=1

Proposition 1.4. For all integer n>1, there is the following identity:

k-1 2n
: H(k2+5) =y 2k2(n+kj (2n)!
Z::O ) -1 1+k? i

(1+Kk2)

k=0

Proposition 1.5. For all integer n>1, we have the following identity:

£ T (kz+rz)}(‘1)k(n2nk] o) |

1+k? ﬁ(1+k2)

k=0

2. PROVING SOME NEW IDENTITIES IN COMBINATORIC BY USING THE
SYSTEMS OF LINEAR EQUATIONS

Example 2.1. Assume that o, «,, ..., ¢, €R and o, + j#0, i, j=1, 2, ...,n. Solve
the following system of linear equations:

X X Ly K
1+ 2+ n+ao,
s HE S S |
l+a, 2+aq, n+a,
a BV, SR N |
1+a, 2+a, n+a,
X
Proof: Consider f(x)= AT . BV S np( ) , Where p(x) is a
1+x 2+X n+ X H(i+x)
i=1
polynomial of degree n. Since f(e;)=0, therefore p(e;)=0, i=1 .., n. In view of this

e - )
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X, X, (x—a)..(x-a,)

From %+m+"'+n+x_1:_ (x+1).-.(x+n) we deduce
X (X+2)(X+3)..(X+n)+ %, (x+1)(x+3)...(x+n)
X (X+1)(X+2) (X +4)..(x+n)+ X, (x+1)...(x+n)
+X, (X +1)(x+2)..(x+n=1) = (x+1)(x+2)...(x+n)
=—(x—a)(x—a,)..(x—a,)

From straightforward computation, we obtain the solution of the above system
equations

) (1 i:l (1+a,) N
X, = (n-1) with x = —
()T re)
X, = 1!(n7— 2) with x = -2
(- [[(3+a) 0
X, = Ll with x =-3
21(n-3)!
)
X, = (-1 with x = —n.

=}

Proposition 2.2. Set ¢(x)=] [(x+ ;). Then, there are the following identities:

W S o) = (-2
(ii) Z(—l)‘
Gi) Y| (”T‘j:(_l)".
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Proof: (i) Similar to Example 2.1, we deduce that: .Zi:(x+(|)_(1|) _1;0'Ein)—|)
(X)) (x=ap) - (x-

(X+1)(X+2)...(X+n)) Substitute x =0, we have ZM 1

= il(n-i) n!

(i) Substitute ¢, =i, =0, 1, ..., nwe obtain i(-l)‘[_njinfijz(—l)“. o

i=0 I

Example 2.3. Solve the following system of linear equations:

{Zn“ S¥ Ve
2

1
~ s’ +k® s
n

Then, evaluate the sum S = ZH

(K =s%)(2+K7)

sk

Proof: Consider Z X Vi _ _ p(x)

xl_[(x2 +k2)

k=1
polynomial of the degree <2n. Since f(s)=0, we have p(s)=0 where s=+1, ...
2_12)\(x2_-22) (x2 —n?
We obtain f(x)= a(x )(nx ) (X n )
xl_[(x2 +k2)
k=1

singe 13Xy (X1 =2) (¢ -n')
X = X +Kk } ( )

—(x2 +12)...(x2 +n2)+ X (%X + yl)(x2 +22)(x2 +32)...(x2 +n2)
XX+ Y, ) (X +17) (XF +82).. () + 07 )+t X (X X+ Y, ) (6 +27) (X +22)...(x2 +(n—1)2)

=a(x* -1)(x* = 22)...(x* —=n?)

, Where p(x) is a

, n.

we deduce

H:l=
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a=—(-1)nwithx=0
a(-)' I +K*)
=X, +1iy; = =l with x =i
(k*-1)
k=2
_ _ a(-1)" (2 + K2
and obtain the solution x, +iy, = e, With x = 2i
(k*~2°)
k=2
a(-1)" n (n*+K?)
=X, +iy, = KL with x = ni
(k*=n)
k=2
T(r? + K2
Hence y,= .. =y,=0and x, =——— with r=1, ..., n.
(k*=r)
k=1,k=r
n a(x* —1*)(x*-2%)...(x* —n? n
Since — =~ + 2kak2 = (x )(nx )X ) we have Y % __1 or
X Sx+ X (X2+k2) kit
k=1

n

. TI(s5+K7)

s=1 =1 by replacing x=1. .

k=1 g(kz _ SZ)(1+ kz)

Proposition 2.4. There is the following identity

2 1)kHl(k o’ - (2n).

) H(52 +k2) ) ]
Proof: Since y" 1 =1 by Example 2.3. and [ (k’ —52) =[] (k-5s)

k=1 H(kZ_SZ)(1+k2) s=nk s#nk

s#nk

i (s i 2k2ﬁ(32+k2)
[T(k+s)=(-1)"" « k;k(z ) , We have z

sk i ( (n- k)(n+k)(1+k2)=
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2n

" kaH(s +k )[n_k

1+k2

]=(2n)!. O

By multiplying (2n)' we obtain 22

Example 2.5. Solve the following system of linear equations:

X Ly 1
ZskkJrz s

=5 —'s+k s
s=4i, ..., £ni; X, Yy, €R

T +)

Then, evaluate the sum S = =L :
e : K1+ K T(K* -5%)
s#k
Proof: Consider f(x):—l+ X +Zn: L - P(x) , where p(x) is a

X Sx-k t=x+k X (xz—kz)
k=1
polynomial of the degree <2n. Since f(s)=0, we have p(s)=0 where s==i, ..., +ni. It

a(x2+12)(nx2+22)...(x +n )
xlk_[(xz—kz)
Since ——+Z +Zn: Yi (X +12)(nx2+22) )(x2+n2)
k2

X X- — X+ K « (
k=

—(X? =1%)...(X* = n?) + X X(X + D) (X* = 2%)(X* = 3%)...(X* = n?) + X, X(X + 2)(X* =2°)(X* = 3)...(x* —n?)

Hot X XX N) (X2 =22) (X2 = 29)...(x2 = (N =1)*) + Y, X(X = )(X* = 2°)(X* = 3?)...(x* —n?)

+Y,X(X = 2)(X2 =17)(X* = 3%)...(X* = N?) +...+ Y X(X = N)(X* =22)(X* = 2%)...(x* = (n=1)%)

= a(x* +1°)(X* + 2%)...(x* + n?).

is easy to show that f (x)=

there is:

n n

Put o(x)=[(x* +k*) and y(x)=(x* —k*). Then, we obtain:

k=1 k=1
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a=-(-1)" withx=0
a[ (2 +K?)
x =—<—— withx=1
2-[](1-K*)
k=2
a[ (22 +K)
X, = — = with x = 2
2.2° 2% —k?
k 1,k¢2( )
al’ (n2+k2
X, =— with x =n
2-n? (n2 k2)
k=1
a[ (2 +K?)
y, = —— with x = -1
2-P[](1-K?)
k=2
a ; (22 +k2)
y, =— with x = -2
2.2 (22—k2)
k=1,k=2
al (n2 +k?
Yy = — with x = —n.
2-n? (nz—kz)
k=1
n 2 2 2 2 2 2
From L. X, Y, :a(x +1 )(nx +2 )(x +n ) and x <y, it
X t=x-k &= x+k X (Xz_kz)
k=1
follows —1+ 2x? n zxk = a(xz +12)£X2 +22) (X2+n2)
i X°—K (Xz_kz)
k=1
. TH(s+1)
By replacing x =i we obtain k=1k2(1;_li2)1_[(k2—32) =1. O
s#k
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Proposition 2.6. There is the following identity

T e

2y, 5211+k2 =(2n)L.

k=1

) H(52+k2)
Proof:  Since o=l =1, by the Example 25 and

e
ﬁ(kz—s) H ﬁk+s U ;(n+k) we have

sk sk sk

n (_1)n—k ﬁ(sz N kz)[ 2nkj
We obtain 23 s N=%) _ (2n)! by multiplying with (2n)!. o
k=1 +

Example 2.7. Solve the following system of linear equations and evaluate the
following sum:

5 SX, + Yy _ 1
(i) o Tkt s+ 1P)(sP+22).. (57 + )
s=x1..£n; X,y R
.. L X
T= 2%
(i kz::‘n“rk2
Proof: Consider f(x)= Zn: XX* Y ! = P(x) with polynomial

=R xﬁ(x2+k2) xﬁ(x2+k2)
k=1 k=1
p(x) of degree <2n. Because f(s)=0 therefore p(s)=0 by replacing s=+1.. +n
Hence f(x):a(x2_12)(xz_22)_ ( il )

xlkj(szrkz)

2 2 2 2 2 2
Since Z)ix:k{k -— 1 = a(x' -1 )(nx ~2)(x ') we obtain
2 k2 2 k2
xlk:!(x + ) xlk:!(x + )
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—L14 X(X X+ Y ) (X +22)( +37).. (X7 +07) + X (XX + Y, ) (8 +27)(X2 +3%)...(x* +1n?) +...
+(X, X+ Y, ) (X +12)(X% +2%)..(x* + (n 1)) = a(x® —1°)(x* - 2°)..(x* —n?)
and

n-1
a:—(_l)2 withx =0
(n)
a(-1 ”]l[(l2 +k?) .
=X Fiy, = +— with x =i
k*—1° k? -1
[[(k-1)  TI(k-r)
a(-1)' (22 +K?) ,
_X2+iy2= - k=1 + - with x = 2i
k?—-2° k?—2?
k=1,k=2 ) k]J:[k¢2( )
a(-)'TI(e k)
—X, +iyn = n—1 = + = with X =ni
k2 _n? k2 _n?
[[(k-n%)  TI(K'-n%)
[T(k?+s) ,
We have y, =0, x =—" -— with k=1, .., n and
(n)° IT (s°-k*)  IT (s*-K*)
s=1,s#k s=1,s2k
obtain the identity:
1y x 1 (=) (X* =1)..(x* =n?)
= x4k o 2, 1,2 B 2 T (V2 o 12
XH(X +k ) (n1) XH(X +k )
k=1 k=1
By x=n thereis 3 — % - L .
y X=n there is kZ:;n2+k2 nZﬁ(n2+k2) O
k=1

Proposition 2.8. There is the following identity:

n 2n

M) o

s=1

k=0 (n!)2 1+k? . (1+k2).

k=0
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Proof: By Example 2.7 we have Zn: X, - = ! or the identity
S T
k=1
. 2 2
“ Sl(k +s°) 1 11
k=1 Y% : 2 1,2 : > 2\ |1+K? R 2
(n!) (s°=k*)  TI (s°-K%) (1+Kk?)
s=1,s#k s=1,s#k k=1
. v,y (KD 1 .
since [] (s*-k*)="=5—(n—k)!(n+k)!and T =——=—— we obtain
s=1,s2k 2k (1+ k2)

T =; ZS 1 0 2 2 B L 2 2 1+ kz
(n!) Hk(s —k ) _ll_lk(s k )
| (K +) B E s

n ﬁ(k2+52) [ninkj (-1)" 2k?

s=1

Sl (2o (20 | 14K

n - 2n
2 4 g2 ~1) 7 2k?
\ _1(k +sf) | n+k (2n)!
Hence ) |- —-1 - =— . O
k=1 (n!) 1+k (1+kz)
k=0
Example 2.9. Suppose that all numbers ¢, «,, ..., o, are different and ¢; + j#0
forall i, j=1, 2, ..., n. Solve the following system of linear equations:
oSN B o M 4
1+, 2+ Nn+a, 20,+1
oSN B B 4
l+a, 2+a, n+a, 2a,+1
X X N 4 :
1+a, 2+, n+ea, 2a,+1
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Proof: Consider f(x)=i+i+...+ 4 . We can write f(x) as
1+Xx 2+X n+x 2x+1
f(x)= p(:) , where p(x) is a polynomial of degre <n. Since f(¢;)=0, we

(2x+1)J J(i+x)

i=1

(x—a)(x—a,)..(x—a,)

(x+1)(x+2)...(x+n)

have p(e;)=0, sowe obtain p(x)=c , ceR. Hence

¢ (X)=—( (X—al)(x—az)...(x—an)

2x+1)(x+1)(x+2)...(x+n)
By the equation

X, X o X 4 _ C(X—al)(x—az)...(x—an)
I+x 24X n+x 2x+1  (2x+1)(x+1)(x+2)...(x+n)

it induces the following identity
@+ 2x)[x1(x +2)(X+3)...(x+n) + X, (X + (X +3)...(x + n)

X (X +D(X+2)(X +4)...(X+n) + X, (X +1)(X + 2)...(X + n)
+...
+X, (X +D(X+ 2)...(x+n=1)] - 4(X + (X + 2)...(x +n)
=Cc(X—a)(X—a,)...(X—a,).

Therefore, we obtain the solution of system

¢(-1)" [ (+a)

X = . (ni_—ll)l with x =-1
o(-1) TT(2+a)

X =—— 1|(;]_1_ 21 with x = -2
(-1 [[(3+a)

X, = 52|(In_1—3)| with x =-3
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n

Proposition 2.10. Denote ¢(x)=][(x+¢;). Then, there are some following

identities:

i=1
i (M L2y
~2i-1\i ) (2n)
Proof: From the system of equations X % L o4 N 4 _
1+x 2+x n+x 2x+1

c(x—a)(x—a,)...(x— )
(2x+1)(x+1)(x+2)...(x+n)
is deduced from (i). m

we obtain (i) by replacing x,, ..., x, and x =0. The result (ii)

Example 2.11. Solve the following system of equations with variables x,, v, :

IR oI 1
kz_;s—kk+k2_;5+kk_3(32—12)(32—22)...(32—n2)

S=x%i, ..., £ni; X, Yy, eR

n

) 1_[(k2 + r2)

and evaluate the sum » | —=L

; (n1y’ 1

k=1 kZH(kZ_rZ)_kzﬁ(kz_rz) 1+ kZI

r=k r=k
Proof: We write f(x)= n ka+zn: Y _ - 1 ___P where

i X—k i3 x+k XH(XZ—kz) Xﬁ(xz_kz)
k=1 k=1

the polynomial p(x)eR[x] is of degree <2n. Since f(s)=0, we have p(s)=0 where
S=4=i, ..., tni.Hence

f(x)= ;
1<

2

(x +12)(x2 +22) (x2 +n2)
-k

._\

we deduce

)
aH(x2+k2)
[1(x* -

=
Il

[N
._‘
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1+ X X(X +D)(X* = 27)(X® = 32)..(X* = %) + X, X(X + 2) (X2 =15)(X* = 3%)...(X* = n?) +...
X X(X+N) (X2 =217)(X? = 22)...(X* = (N =1)%) + y, X(X = 1)(X* = 2*)(X* = 3?)...(x* = n?)
FY,X(X = 2)(X* =1)(X* =3%)...(X* = %) +...+ Y X(X =) (X2 =27)(X® = 2°)...(x* = (n=1)%)
=a(x® +1*)(x* + 2%)..(x* + n?).

Tofindaand x,, y, wereplace x=0, 1, ..., n and obtain

a=—— withx=0
(nY)
a[ (12 +K?)
X =— + - with x =1
2 ](1-K*) 2.2°T](1-K)
k=2 k=2
a[ [(2*+K*) )
X, =—L + - with x =2
222 T (22-K*) 222 [T (2°-K%)
k=1,k=2 k=1,k=2
a] (n*+k?)
X, =— + - withx=n
2 [T(n*=k*) 20’ ](n*-k?)
k=1 k=2
a] [(12+K7)
y, =— +— with x = —1
27 [(1-K%) 2.2°T(2-K)
k=2 k=2
a[ (22 +K?) )
Y, = —— + - with x = -2
222 T (22-K*) 222 [T (2°-K%)
k=1,k=2 k=1,k=2
a[ [ (n* +K?)
Yo =3 + - with x = —n.
2 [T(n*=K?) 2n*[](n*-K?)
k=1 k=2
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k=1 k=1
i . a] (X% +Kk?)
2x2y° ZX" - —— =— . By replacing x =i we obtain
i X0 -k (Xz_kz) (Xz_kz)
k=1 k=1
n X, _ (_1)n N (_1)n—l(n!)2 _ n ];!:(kz —I—r2) i (n!)z 1
2 n n n n 2"
TR Taee)  TIe+R?) S RTI0C-r) keIT(e-r) [
k=1 k=1 r=k r=k

Proposition 2.12. For all integer n >1 we have the following identity:

22{@!)2ﬁ(kzﬂz)}(l)k(nznkj (n!)4£2nnj

1+ k2 ﬁ(l+k2)

k=0

r=1

Proof: By Example 2.11 we obtain the identity

(_1)n—1 (n!)z ] H(k2 + r2) i (n!)z 1

— r=1
ﬁ(1+k2) k-t kZﬁ(kZ_rz) kzﬁ(kz_rz) 1+Kk?
k=1 rzk r=k
By the other way,
ZkZﬁ(kz — r2) = ZkZﬁ(k _ r)ﬁ(k " r) _ (_l)n—k (n B k)l(n N k)l
r#k r#k r£k

k(2N Y 2n
we obtain Zzn:{(n!)2 —ll[(k2 +r2)} = (”_kj _ (" (nj  Since ﬁ(0+r2)=(n!)z

k=1 ) 1+k? : 2 r41
1+k
[(a+K)

e @A) e[
there is ZZ:[(n!)2 —l_I(k2 +r2)} nz— =— nJ o

k=0 r-1 1+k (1+k2)

k=0
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