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Abstract. This paper presents a retrospective of our refinements, extensions and
generalizations of Nesbitt’s inequality. Also we present a new generalization for this

remarkable inequality.
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1. INTRODUCTION

In this section, we will do a retrospective of our results on Nesbitt’s inequality:
1.1. ON NESBITT’S INEQUALITY FOR TWO VARIABLES

If x,,x, € R, then:

A(X, X,) :%+X—22 2, (see fore.g. [6, 11])

2 Xl

1.1.1.1f a,b,x,,x, € R7, X, =X, +X, and aX, >bmax{x,, X, }, then:

B(X,, %,) = — & X, 2 . (see [6, 11]).

+ >

aX, —-bx, aX,-bx, 2a-
1.2. ON NESBITT’S INEQUALITY FOR THREE VARIABLES
If x,,%,,X%; €R, then:

X X X
1y 24 3

C(Xl’XZ’X3):
X, + X3 X3+X X +X,

> % (Nesbitt,1903, see [13, 11]).

1.2.1. If a,b, %, X,, X; € R, then:

X X X 3
1 + 2 + 3 >

D(X;, X,, X3) = >
ax, +bx, ax;+bx, ax,+bx, a+

- (see [3, 11]).
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1.2.2.1f a,,b,,x, eR,k=13and a, +b, =a, +h, =a, +b, =t, then:

Xy Xz X3

E(X,,X,,X;) = + +
axX, +bx;  aX;+b,x,  azx +hyx,

> % (see [3, 11]).

1.2.3.1f a,b,x,, X,, %, € R., X, + X, + X, = X, and aX, >bmax{x,, X,, X, }, then:

F(Xl, Xz,Xs) = X X Xs 2 3—b , (see [3, 11]).

L4 +
aX,—bx, aX,-bx, aX,-bx, 3a

1.2.4.1f a,b,x,, X,, %, € R\, X, + X, + X, = X, such that aX, > bmax{x,, X,, X, },
and m, p e [L,0) , then:

m m m —m+p+l
X, X, X3 S 3

G(X, X5, X3) = + + >
(aX, —=bx)? (aX,-bx,)? (aX,—-bx,)" (3a-b)°

<X, P, (see [3, 11]).

1.2.5.1f a,b, %, X,,X; € R], X, + X, + X; = X,and me R, , then:

X, X, X, 3"

H(Xl’XZ’XS): + + 2 1
(@X, —bx)"  (aX,—bx,)"  (aX, —bx,)"  (3a-b)"- X

, (see [3]).

1.2.6. If a,b,c,x,y,z € R, then:

ax by e (2 +by + 7]

I(x,y,2) = * y ]

y+z z+x x+y (a+b)xy+(D+c)yz+(c+a)zx
3(abxy +boyz+cazx)  (coa 11, 47).

(a+b)xy+(b+c)yz+(c+a)zx

1.2.7.1f a,b,x,y,ze R, and meR,, then:

m+1 m+1 m+1 3m+l

y z
n n >
(ay +bz)™™  (az+bx)™ (ax+by)™™" (a+b)™(x+y+2)

J(x,y,2) = —, (see [2]).

1.3. ON NESBITT’S INEQUALITY FOR n VARIABLES:

If x, R, Vk=1n,X, =>x,, then:
k=1

N, = Z Y 5 0 , (see for e.g [14], the case n =4 and also [11]).
= X, —X  n-1
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131 1fneN"-{1,2},m,pe[Lw),ab,x R ,Vk=1n, X, =Zn:xk , and
k=1

ax, >bmaxx,, then:
1<k<n

—m+p+1

K=Y > X (see [2]).

= (aX —bx) (an—b)P

1.3.2.1f a,b,x, €R.,c,y, €R,,Vk=1nneN"-{},

:Z and aXx, >bmaxxk,yk { 1Xn},szl,_nand meR,, then:
k=1

1<k<n

m+1 m+1

s X n
L” = 2( ‘ )2m+l 2
k=1

ax, —bx, +cy, (an-b+c

133.1fneN"-{12},aeR,,b,c,d,x, R}, Vk=1n, X, = x,,and

cX, >d maxx,, then:

1<k<n
_Z":axn + bx, (an+b) n

M, =
o cX,, —dx,

, (see [5]).

134.1f aeR,,bc,d,x, eR],Vk=1n,X, => X, ,me L)
k=1

and cX' >dmaxx,’, then:

1<k<n

U, = ax, +bx, > (an+b)n X ™, (see [7] and also [10]).
iz cX—dx, cn"-d

1.35.1f a,meR, ,b,c,d,x, eR,vk=1n,X, => %, pefloo

and cX" >d max X, , then:
k<n

v o X, +bx, _ (an+b)n™
" k=1 (Cer]n _dxlin)p - (Cnm _d)p

X ™ (see [8]).

136.1f neN"-{l}, acR,, bcdx R}, Vk=1n, X, =D x,,
k=1

m, p,r,Se[l ) such that cX ;" >d maxx,’, then:

1<k<n

n, (aX ! +bx! f . (an” +b)
k=L (CX:]n —dXLn)p - (CI‘]m —d)p

W = NP T (see [9, 12]).

)ZM , (see [2]).
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13.7.1fneN"-{I}, m,peR’, x, R}, vk =1,n, and we denotes

n n
— m — p .
Xom = 2% Xy =2 X, then:
=} a

n X, n  Xom . ) y )
Y, = Z > . , (will apper in math Journal Recreatii Matematice).
i Xop— X0 n=1 X,
138.1fneN"-{l}, aeR,, bc,d,mpeR], x, eR, k=1n,X, . =>x",

n
Xop =D X0, suchthat c- X, >d-maxx/, then
k=1

1<k<n

anza'xn,m_{_b'xk Zn'(an_i_b)'xn,m
2 C- X, —d-x? cn—d X
Matematice).

, (will apper in math Journal Recreatii
n,p

2. MAIN RESULTS

Theorem. If ne N {1}, a,veR,, b,c,d,m,peR], x, eR., k=1n, te[l ),

n n
Xom =2 %0+ X, p =D XP, suchthat ¢ X, , >d-maxx/, then
=} a

1<k<n

n (@ X, +bext)t vt ©oX,
Z( n,m I;)V > n (an+b) . r:l,m (1)
ia (- X, ,—d-x7) cn—d X
Proof. WLOG, we can assume that:
X, =X, 22X,
and then:

- the sequence ((a - X nm T d- Xlin)t )1sks

- the sequence ((c- X,,—d 'ka)v)KM is increasing,

_is decreasing,

1
(c-Xn‘p—d-xk")V

- and the sequence { } is decreasing.
1<k<n

By Chebyshev’s inequality for decreasing sequences ((a- Xom+d- xlf“)t)

... » Fespecvtively
1 _ |
( X d-xP v] we obtain that:
(C “Kpp—0a- X ) "

(@ X, +bex)! . 1
g X,,—d-x0)" n

\ myt 1
> (@X,, +bx) j[z X _kap)V] (2)

n
k=1 k=1
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By J. Radon’s inequality we have that:

t

(Z(ax +bx" j Cot

n an+b)" X
Z(axn,m +hx ) > - ! nt)l = ®3)

k=1 n

Also by J. Radon’s inequality we deduce that:

n v+1 v+1
Z(X 1d D)v2 " v:( r:j)vxv (4)
= (X, , —dx n ch— ;
e (Z(cxn . —dxkp)j ?
k=1 '
By (2), (3) and (4) we obtain that:

y >1' (an_i_b)txrt]’m ' nv+l (an+b)t v—t+l Xrt1,m

n n'* (cn—d)" X, (cn—d)"  X,,

and the proof is complete.

Remarks.
e Ifwetakein (1) t=v=1,then

na- X, +hexy : X
> nm €N (an+b) Xun (5)
C-X,,—d-x? cn—-d X

k=1

np

i.e. we reobtain 1.3.8.
e Ifwetakein(5) a=0,b=1, then:

n m X
T ©)
zC-X,,—d-x? cn-d X

e Ifwetakein (6) m=n= p=1, then we obtain:

X n
> 7
Zc X, —d X, cn—d )

where X =X, =Y X.
k7

e Finallyifin (7) we take c =d =1, then we obtain:

Z”: X N N)

k=1 Xn - Xk n _1
i.e. Nesbitt’s inequality for n variables.
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