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Abstract. This paper deals with the study of the integral representations involving the
product of the Aleph function with exponential function, Gauss hypergeometrc function and
Fox’s H-function. The results derived in this paper are basic in nature and include a number
of known and new results as special cases.
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1. INTRODUCTION AND PRELIMINARIES

In the past century, many authors have generalized H-function. In a recent paper,
Saxena et al. [17] have introduced a generalization of Saxena’s I-function [30]. This is also a
generalization of Fox’s H-function. Saxena and Pogany [18] have studied fractional integral
formulae for the Aleph function. Sudland et al. [8] studied the generalized fractional driftless
Fokker-Planck equation with power law coefficient. As a result a special function was found,
which is a particular case of the Aleph function. In order to unify and extend the results for
the convergent Mathieu—type a-series and its alternative form series and alternating Mathieu-
type a-series whose terms contain the familiar transcendental functions, such as Gauss
hypergeometric function, generalized hypergeometric function, the Fox-Wright function, the
Meijer’s G-function, Fox’s H-function, published in a series of papers by Pogany[20 - 22],
Pogany et al.[23 - 26], Srivastava and Tomovski[5, 32], Tomovski and Tuan [35], the authors
introduced the Mathieu-type a-series and its alternative variant, whose terms contain an I-
function. Inequalities for Mathieu-type series are discussed by Cerone [10], Pogany and
Tomovski [28], Srivastava and Tomovski [5], Tomovski and Hilfer [33] and Tomovski and
Pogany [34]. The results obtained by the authors serve as the key formulas for numerous
potentially useful special functions of Science, Engineering and Technology scattered in the
literature.

In 1961, Charles Fox [3] introduced a function which is more general in than the
Meijer’s G-function and this function is well known in the literature of special functions as
Fox’s H-function. The function is defined and presented by means of the following Mellin-
Barnes type contour integral:
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(aJ,OtJ)lp
_gmn —gqmn sq
H(z)- Hyalzl=Hb4 2 O Al j 6(s)z°ds, o
where
HF(bJ ,BJS)HF(l aj + aS)
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Hr(l by + ﬁJS)HF(a, ors) 2

An account of the convergence conditions for this integral can be found in the paper
by Fox [3].

The I-function which is more general than the Fox’s H-function, defined by Saxena
[17], by means of the following Mellin-Barnes type contour integral:

(aj,a)wn:(aii,cti )n+1, pi 0(s)2°0s,
(bj ,,Bj)l,m:(bji ,ﬁji)m+1,q.

Hz]- 15 [2]= 1| 2 2721". 3)

where

HF(bJ ,BjS)HF(l a.J+O[S)

0(s) = =
Z {H F(l bjl + ﬂle) Hl"(ap (Zjls)} (4)

For details regarding existence conditions and variour parameter restrictions of I-
function we may refer [17].

The Aleph function which is a generalization of the H-function and I-function,
recently introduced by Saxena et al.[14], by means of the following Mellin-Barnes type
contour integral:

(aj,OCj)l,n;[Z] (aji,(J(ji)]n+1, pi _ (5)
N[Z] Np. Q|21I’[Z] Np. qizir . Qp, q,n,—(S)Z SdS,
(bj,ﬂj)l,m;[lj (bji,ﬂlj)]mﬂ,qi] '[
Forall Z#0  where®=—1and
ﬁr<bj : ﬂjs)f[ ra-a as)
Qrgi’,rg]i,ﬂ:r (s)= ;
2 T{ HF(ap + dlS) HF(l bji - ﬂle)} (6)

where @ > 0.

An account of the convergence conditions for the above integral can be found in the
paper by Saxena and Pogany ([14, 15]).

In 1812, Carl Friedrich Gauss introduced the function [4]

Fila, B;7: X]Zg —(a)(ky()ﬂk i,kx -
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is called Gauss’s hypergeometric function and (@)is the Pochhammer symbol given by
(@) =a(a+1)..(a+(n-1) yith(@)e=LneN.

From [4], we have

S AN =SS AK,n-k) ®

n=0 k=0 n=0 k
2. MAIN RESULTS

In this section we will evaluate the certain integrals involving the product of the Aleph
function with exponential function, Gauss hypergeometrc function and Fox’s H-function. The
results are presented in the form of theorems stated below:

Theorem 2.1

[ =07 Ry (e fririax %))
(aj ,OG)l,n;[Z] (a.ji,aji)]ml, pi dx
(bj ,ﬁj)l,m;[‘l] (bji ,,Bji)]erl,qi

=e—Zttp+U—1 i i f (k) 2" t(er-Dksu
4=0k=0 (u—-k)!

(1 p—ck, 14),(1-—(17-D)k—U,0),(8i,05)1n {5 (a1, 1) .o
(01, )o@ (b, i), (- p——(c+17-D)k—u, ze+0) | (9)

X Nrgiv,rf:i,n:r {y Xﬂ (t - X)U

m,n+2 y723]
X N pi+2,qi+1,zr { y t

where
(a)x(B)xa’
f(k) =22
() (7 )k! 20)

provided (i) >0, &, 0 >0, (not both zero simultaneously)
(if) cand 7 are non-negative integers such that ¢ +7 >1

(iii) Ai > 0, Bi < O;[arg y| <%Ai7l’, foralli =1,2,...,r; where

Ai - jZ:Otj— 3 aii + Zm;ﬂ]—ilﬂu Bi- %(pi —q)+ i;bjij—iaii

j=n+1 i

(iv)Re(p) + umini< j < m[Re(bj/ fi1 > 0,Re(c) + vmini < j < m[Re(bj/ Fi1 > 0.

Proof: Taking LHS

(aj,m)l,n;[lj(aji,OKJi)]nJrl,pi dx

tp—l_o—l,zx . St )Y xemn Ut _ v\
.[OX (t X) e zFl(a’ﬂv’y’aX (t X)) Np.,q..n.r{yx (t X) (bj,ﬁj)l,m;[zj(bji,ﬂji)]mﬂ,qi

It can be written as
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N ! ol (t-x)z R 7
e fo X" (t=x)""e LB (. Bryiaxs (t—x)7)

v (aj ,OCj)l,n;[Z] (aji ,aji)]n+1, pi dx

(bj ,ﬂj)l,m;[l] (bji ,ﬂji)]m+l,qi

X Nr[?i’,r(]]i,n:r { y Xﬂ

By writing exponential and gauss hypergeometric functions in their series form and
using the definition of Aleph function (5), we get

—zt t p-1 o-1 S (a)k(ﬂ)k ak ng (t - X)Uk+u Zu
= [ ¥ MZ(; (7)klu!

m",r(;i.n:r (g) yg X* (t - X)Ugdng (11)

Using (8) in (11), we have

)nk+u K _u—k

e (@Bt
—et [ x0T ()

m",r(]]i.n:r (g) ygxﬂg (t - X)Ugdgdx

On interchanging the order of integration and summation, we arrive at

avy (@B ‘
=€ ;; (7/) (U f()' 2 IQp.q.nr(g)y

x Xp+gk+ﬂg4 (t _ X)o-+(n—l)k+u+ug—l dX}jg

Setting x = ts in the inner integral, the above expression becomes

0 n o)k
_ e—zt tp+o-—1 Zz ((7/)) ((ﬁ)k f()l (g+17—1)k+u J' Qp. N (g) t(y+u)g yg
u=0 k=0

1
% prektuc-1 1 _ o+(n-1)k+u+vg—1 dsb
I ssmiaos) :

By the definition of beta function, we get

—Zt p+o‘—1 N (C{) (ﬁ)k Z (¢+n-1)k+u
23 O
©) I(p+k+ us)l'(o+(m-Dk+u+ve) e ys (12)
Baer T(p+o+(c+n— 1)k+u+(,u+u)g)

Finally, using the definition (5), we get the desired result.
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Theorem 2.2

[ Xt t-0""e™ p (@ Biriax ¢ -x))
(aj,aj)l,n;[ﬁ(aji,O[ji)]ml,pi dx
(bj ,ﬂj)l,m;[Z] (bji ,ﬁji)]mﬂ,qi

=e—Zttp+c—1 i i f (k) 2" t(erDksu
4=0k=0 (u—-k)!

(a,06)1n 5 (@i,a) o+ p, (0+o+(g+n-1)K+U, 1+0)
(p+ck, 1) (o+(n-Dk+u,0), (03, 51l 7 (bii, B Imet.ai | (13)

X Nrgiyygi,n:r {y Xﬁﬂ (t - X)w

m+2,n
X NpH—l,qH—Z,n:r

ytr e

provided (i) >0, 1,0 >0, (not both zero simultaneously)
(if) cand 7 are non-negative integers such that ¢ +7 >1

(iii) Ai > 0,Bi < O;jarg y| < %Am, foralli=1.2,...,r; where

Ai - éaj—_ilaii + éﬂ]— iﬁu Bi- %(pi — Qi) +%bjij—§aii

(iv)Re(p) — umaxi < j < n[Re(aj—1)/ ] > 0,Re(c) —vmaxi < j < [Re(aj — 1)/ a5] > 0.
and f (k) is given by (10).

Theorem 2.3

[ X t=0" e (@ B riax %))

(aj,Clj)l,n;[Z](aji,Cin)]ml,pi dx

(bj ,ﬁj )l,m;[Z] (bji ,ﬂji)]m+1,qi

:e—Zttp+o-—l i Zn: f (k) 2 t(ern-Dku
u=0k=0 (u—k)!

X Nrgivyr(]}i,n:r {y Xﬂ (t - X)w

(I-p—ck+u,u),(aj,as)1n ]z (@i, i) Jn+1.p
(o+(n-Dk+u,v),(bj, B )rm] 7 (bji, Bii) Im+1.a,(1— p—o—(g+n-L)k—U, 1—V) Y 14)

m+1,n+1 H—U
X N pi+1,qi+2,7:r { y t

provided (i) >0, &, 0 > 0, (not both zero simultaneously)
(if) ¢and 7 are non-negative integers such that ¢ +7 >1

(iii) Ai > 0,Bi < 0;farg y| <%Ai7l’, foralli =1,2,...,r; where

Ai - éaj— 3 aii + Zm‘,ﬂ]—ilﬂu Bi- %(pi —q)+ ji::ilbjij—iaii

j=n+1 =1

(iv) > 0,0 >0,such that u —v >0,
Re(p) + umini< j < m[Re(bj/ fi1> 0] > 0,Re(c) —vmaxi < j < n[Re(aj —1)/ 4] > 0.

and f (k) is given by (10).

ISSN: 1844 — 9581 Mathematics Section



216 On integrals involving the... Kishan Sharma

Theorem 2.4

[ =07 pu (@ Biria t-%)")
(aj,a0)1n] 7 (ai,ai) o+t pi
(bj ,ﬁj )l,m;[Z] (bji ,,Bji)]m+1,qi

© N u-k
_ 2t pro1 f (k Z (¢+n-1)k+u
et 2T
(1—p—ck, 1) ,(ai,c6)1n{ @ (@i, ai) o pi.( o+ 0+(s+1-L) K+U,0—11)

(o+(n-D)k+u,0),(bi, B)m{a (bi, Bi) ]mra ~(15)
provided (i) >0, &, 0 >0, (not both zero simultaneously)
(if) cand 7 are non-negative integers such that ¢ +7 >1

X Nrgi’,r(]}i,n:r {y X'u (t - X)_U

m+1,n+1
X Npi+2,qi+l,z1:r

y t;t—u

(iii) Ai > 0,Bi < O;jarg y| < %Am, foralli=1.2,...,r; where

Ai - JZ:OCJ— iaii . gﬂj—ilﬁu Bi- %(pi —-qi) +%bjij—§aii

j=n+1

(iv) > 0,0 > 0,such thato — x> 0,
Re(p) — umaxi<j<n[Re(aj—1)/ 5> 0] >0,Re(c) +vmini<j<m[Re(bj/ £)]> 0.

and f (k) is given by (10).
Theorem 2.5

[ =07 pu (@ Biriax t-%)")

(aj,C[j)l,n;[ﬁ(aji,C[ji)]ml,pi dx

(bi, B 5 (i, Gii) ]+

© n u-k
=e et XY (K) B ek

X Nrgivyr(]}i,n:r {y Xiﬂ (t - X)U

U=0k=0 (u—-k)!
e {yw (-o—(s-Dk-u) @)@l (pro (e Dk st,-0)
pi+2,qi+Lar (,0+gk,,Ll),(bj ,ﬂj)l,m;[’l}(bji,ﬁji)]erl,Qi Y (16)

provided (i) @ > 0, #,0 > 0, (not both zero simultaneously)
(if) cand 7 are non-negative integers such that ¢ +7 >1

(iii) Ai > 0, Bi < O;[arg y| <%Ai7l’, foralli=12,...,r;where

A JZ:O[J_ i(lii . Zm:ﬂj—iﬂu Bi- %(pi - Qi) +§;bjij—gaii

j=n+1 =1 j=m+1

(iv) 4 > 0,0 > 0,such that . —v > 0,

Re(p) + umini< j < m[Re(bj/ fi1 > 0] > 0,Re(c) —vmaxi < j < n[Re(aj —1)/ 5] > 0.
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and f (k) is given by (10).

Theorem 2.6
t o
[, =07 (e Biriaxd t=x))

(ai,00)1n {7 (aii,ci) Jns.pi

(bj ,,Bj)l,m;[lj (bji ,,Bij)]m+1,qi

o N u-k
_ 2t pro1 f (k YA (¢+n-1)k+u
et 2T

X Nrgi’,r(]li.n:r {y X_# (t - X)U

ML+ (I-o—(n-Dk-u,v),(ai,a5)Ln] 7 (ai,0i) o,

—p+0
X Npi+1,qi+2,z1:r yt

provided (i) 7 >0, x,0 >0, (not both zero simultaneously)
(ii) and 7 are non-negative integers such that ¢ +7 >1

(iii) Ai > 0,Bi < O;[arg y| <%Aiﬂ', foralli=12,...,r;where

Ai - gaj—_ilaii +%ﬁj—ilﬁll Bi - %(pi - Qi) +ébjij—iaii
(iv) u>0,0 >0,such thato— >0,

Re(p) — umaxi< j<n[Re(aj—1)/ > 0] >0,Re(c) +vmini< j < m[Re(bi/ £)] > 0.

and f (k) is given by (10).
Theorem 2.7

[, xe” iFula Biriax t=x)")

(a,-,a,-)l,m;[n(a,-i,mi)]ml,pi] mﬂ (Ci,8)1n(Ci 1) et
X Hpg| X dx
(bi, B)1m] 5 (i, Fii ) ] et (dj,)1m:(dj, ) m+1q

© n u-k
_ f(k a —(p-1)k-u
o L2 ()(u—k)!“’

x Nr’l)wl1(;1ﬂr [Z X’ (t - X)U

(a5, (1-di—(n+( p-L)k+U) 5,00 )1m;
XN pivq.qit p.ar ’

mi+n,n+m 7
[ “ 1 (b1, B)em Qe (7 (p-Dk+U) 071
[2](aji,(in)]mﬂ,pi‘(l—dj—(ﬂ-l-(p—l)k-l-l.l)d,Gd)mﬂ,q}

[1] (bji ,,Bji)]m1+1,qi,(1—Cj—(77+(p—1) k+U)]/] ,O']/j) n+1,p

provided (i) @ >0,4>0,]argz| < %M

(i) 4> 0,Jargz| < 74, Re(u +1) < 0
2

(p+6K,42),(bi, B Y [5 (05, i) It (1 p—o—(5-+7-Dk-U,0—1) |

(17)

(18)
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(iii) 21> 0,jarge| < %mh

(iv) A1 0,[arg o < %m, Re(ta+1) <0

o>0,—omini<j<m[Re(bj/ F)]-mini<j<n[Re(di/ )] <Re(n) <o <
mini<j<nfRe(a—1)/ o]+ mini<j<n[Rel—cj)/ x)]

and where

A= Za+2ﬂj maX1§|§{ Z Qji + Zﬁjl

j=n1+l Jj=m1+1

j=1 j=n1+l j=mi+l 2 2

Ji= X8-SH- 3 &- Sn

j=1 j=1 j=m+1 j=n+1

1 g p
w=—(p-0q)+2di- ¢
2 j=1 j=1

U= ZbeZa, m|n1<i<{ Z aji - ij,+ ﬂ}

Proof: By using the definitions of exponential function, Gauss gypergeometric
function and the Aleph function in series form in the LHS, we get

& ,71“’ XN (Ot)k(ﬁ’)kk'”k ¢ yor

(Ci)an: (CJ,%)M p
(dj, )l,m,(dj,éj)mﬂ,q
0 u (a)k(ﬂ)kak ka+u oo
2 3 AR e kR @

o ‘ (CJ,%)ln(CJ,]/j)mlp ]dgdx
(dj,d)lm (dj,d})mﬂq

, a)x‘

dgdx

(19)
In view of (8), above expression reduces to

Sy—e L_(@a ot .

_'[ d ; ; (u—-k)! (y)xk! _[ Qpgar (§)2°X*

| (Ci,m)un(Cip)n e
(dj ,d)l,m;(dj ,dj)m+1,q

x Hbq | X dgdx

On interchanging the order of integration and summation, we get

i Z ()(a—k)l 270 IQp-q'ﬂr(g)zgxag

% rc X’?*(/Dfl)k+u+6g—l>< Hm . {(0 ‘ (Ch%)l” (Ch%)r”l p dX]dg
° (di,3)1mi(di i )mesq
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where f (k) is given by (10).

Now by using the definition of H-function, we obtain

i n f(k) au_k LJ- Qm_,n_ ] (g)zga)—(z7+(p—l)k+u+og)
u=0 k=0 u-k)! 27w piLGi. 7T

m

H I(di+d(m+(p-Dk+u+ov))

q
[T r@-di-&@+(p-Dk+u+oc))
j=m+1

H Ird-ci-n(n+(p—Yk+u+o0v))

J:

X 1p dg
H I'(ci+n(n+(p-Dk+u+ov))

n+l

n

= u-k l
-1 f (k a —(p-1)k-u mn N
¢ ; k=0 k) (u—k)! @ 271'(0.[ Qpigiar (§)

[T T+ 807+ (p~Dk-+u) + o)
[T ra-di-a(r+ (o~ +u) - o)

j=m+1

X

n

[T r@-ci- 5+ (p -1k +u)+o7)
x A2 o *dg

ﬁ r'(ci+n(n+(p—-k+u)+ov)

j=n+l1

(21)

Finally, interpreting the integral by virtue of (5), we arrive at the desired result.

3. SPECIAL CASES

As Aleph function is the most generalized special function, numerous special cases
with potentially useful transcendental functions such as Mittag-Leffler function, Bessel
functions, Whittaker functions, hypergeometric functions, generalized hypergeometric
function, Meijer’s G-function, Fox-Wright function, Fox’s H-function and I-function and
their special cases can be deduced by assigning suitable values to the parameters. Some
interesting special cases of the main results are given below:

(i) If we setzn=1in theorems (2.1) to (2.7), then results given by Saha et al. [16] are
recovered.

(i) Ifwe puta=r=t=17=0 in theorems (2.1) to (2.4), which lead to the well-known result
[8].

(iii) If we takezn=r =t =1,7 =0 in theorems (2.5 and (2.6), which lead to the result [16].

(iv) Ifweseta=r=t=171n=0,a=0 in theorem (2.7), which reduces to the result [16].
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