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Abstract. In this paper, we use cubic polynomial, Viet’s theorem and equation 

transformations to achieve some new identities and inequalities on triangles. To fix notations, 
suppose we are given a triangle ABC  with sidelengh a, b, c. Denote the center and radius of 
the circumcircle by O, R, the center and radius of incircle by I, r, the area of triange ABC by 
S, the semiperimeter as P, the radii of the excircles as r1, r2, r3, and the altitudes from sides a, 
b, c respectively, as ha, hb, hc and , ,a b c    are the lengths of bisector of triangle ABC; ma, 
mb, mc are the lengths of median line of triangle ABC. 
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1. CONSTRUCTING CUBIC POLYNOMIAL ON TRIANGLES 
 
 
 

In this paper, we use two known following results: 
 
 
Example 1. [USA 1996] Given three positive real cba ,, , we have inequality  
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
++

+
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+
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Example 2.  Given triangle ABC , we have inequality  .
2
3coscoscos CBA ++  We 

deduce, cba ,,  are three solutions of 0;=4)4(2 2223 RrpxRrrppxx −+++− 321 ,, rrr  are 
three solutions of 0=)(4 2223 rpxpxrRx −++−  and zyx ,,  are three solutions of   
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Proposition 3.  Using the above notations, we have cba ,,  are three solutions of  
 

0.=4)4(2 2223 RrpxRrrppxx −+++−  
 

and we have the following results: 

(1)      .1111
2 abcabcR

++  

(2)     .
4
11111

22222 rcbaR
 ++   

(3)     .
32

=
)4)(4)(4( 2222222 RrabcpabRrrpcaRrrpbcRrrp

S cba 

−++−++−++
 

 
Deduce we have inequality of triangles  
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)4)(4)(4(
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222222

3

abRrrpcaRrrpbcRrrp
S

abc
cba

−++−++−++


 
 

(4)      .
)(4

1
4

1
4

1
4

1
2333333 cbarRSacRScbRSba ++++

+
++

+
++

  

 

 Proof. From ,=
2

tan
ap

rA
−

 ARa sin2=  we have 

2tan1
2

tan2
2=

2 A

A

Ra
+

 Namely 

.
)(

4=
)(1

4= 22
2 apr

apRr

ap
r
ap

r

Ra
−+

−

−
+

−

 
Hence, we have relation )(4=)2( 222 apRrrppaaa −++−  
Namely 0.=4)4(2 2223 RrpaRrrppaa −+++−  
Hence a  is a solution of 0.=4)4(2 2223 RrpxRrrppxx −+++−  
Similary b  and c  are solutions of this equation. 

(1) Because 
cba
1,1,1  are solutions of 0=4)4(21 3222 RrpxxRrrppx +++−+−  we deduce  

 

.1
2

1=
4
2=111

2RRrRrp
p

abcabc
++  

 
(2) Denoted ).)()((=4)4(2=)( 2223 cxbxaxRrpxRrrppxxxf −−−−+++−  

The derivative twice we have ).()()(=23 cxbxaxpx −+−+−−   

Deduce .
))((

1
))((

1
))((

1=
)(

23
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px
−−

+
−−

+
−−

−  

Choosing px =  we have .1==
))((

1
))((

1
))((

1
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p
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+
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+
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Deduce that .111
))(4(

1
))(4(

1
))(4(

1=
4
1

2222 cbaapcpcpbpbpapr
++

−−
+

−−
+

−−
  

We have .1111111
2222 cbacabcabR

++++   

(3) Because ,
)(2

=
cb

papbc
a +

−
  ,

)(2
=

ac
pbpca

b +
−

  
ba

pcpab
c +

− )(2
=  we 

deduce  
 

.
)4)(4)(4(

32= 222222

2

abRrrpcaRrrpbcRrrp
SRrabcp

cba −++−++−++
  

 
Because rR 2  we always have inequality of triangles ABC   
 

.
)4)(4)(4(
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222222

3

abRrrpcaRrrpbcRrrp
S

abc
cba

−++−++−++
  

 
 

(4) From 
RrpRSacRScbRSba 4
1

4
1

4
1

4
1

333333 
++

+
++

+
++

 with examples 1 and 

)(4
1

4
1

2 cbarRrp ++
  we have infer the proof. 

 
 
Proposition 4.  We have 321 ,, rrr  are three solutions of 

0.=)(4 2223 rpxpxrRx −++−  
Furthermore, we have   
(1)        rRrrr +++ 4=321  [Steiner].  
(2)        .= 2

133221 prrrrrr ++   
(3)        .= 2

321 rprrr   
(4)        .4=))()(( 2

321 Rrrrrrrr −−−   
(5)        .))()((8 3

321
3 Rrrrrrrr  −−−   

(6)        .
4
81281 23212

3
2

2
2

1
2 R

r
rrrrrrr  +++  The equality holds if and only if triangle 

ABC  is equilateral.  
(7)       ).(4 321 rrrrcabcab ++++   
(8)       .)(3)(4= 233

3
3

2
3

1 cbaRrRrrr ++−+++  

(9)      .)(6
8

729)(3729 233
3

3
2

3
1

23 cbarRrrrcbaRr ++−++++−   

(10)     .1111
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1 rrrSprrSprrSprr
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Proof. From ,=
2

tan 1

p
rA  ARa sin2=  we have 

2tan1
2

tan2
2=

2 A

A

Ra
+

  

Namely .4=
1

4= 22
1

1

2

2
1

1

pr
pRr

p
r

p
r

Ra
++

 

Because rpSapr ==)(1 −  thus we have relation 22
1

1
1

1 4==)(
pr

pRra
r

prr
+

−  

Namely .4=))(( 2
1

22
11 Rrprrr +−  Deduce 1r  is a solution of 

0.=)(4 2223 rpxpxrRx −++−  
Similary, 2r  and 3r  are solutions of this equation. 

(1), (2), (3) Can be infered from 0=)(4 2223 rpxpxrRx −++−  with Viet’s theorem. 
(4) From ))()((=)(4 321

2223 rxrxrxrpxpxrRx −−−−++−  we deduce 
.4=))()(( 2

321 Rrrrrrrr −−−  
(5) From 2

321 4=))()(( Rrrrrrrr −−−  and rR 2  we deduce .))()((8 3
321

3 Rrrrrrrr  −−−  
(6) Because )2()(= 133221

2
321

2
3

2
2

2
1 rrrrrrrrrrrr ++−++++   

we deduce 
r
rrrrRrrr 32122

3
2

2
2

1 2)(4= −+++  Namely .)(4=2 23212
3

2
2

2
1 rR

r
rrrrrr ++++  

Thus we have .812
4
81 23212

3
2

2
2

1
2 r

r
rrrrrrR  +++  The equality holds if and only if triangle 

ABC  is equilateral. 
(7) Because Rrrpcabcab 1644=)4( 22 ++++  and )3(4 2 cabcabp ++  we deduce  
 ).(4=)(44 221 rrrrrRrcabcab +++++   
(8) Because ))((=3 133221

2
3

2
2

2
1321321

3
3

3
2

3
1 rrrrrrrrrrrrrrrrrr −−−++++−++  

we deduce ].3))[(4(4=3 2223
3

3
2

3
1 prRrRrprrr −++−++  

Thus we have .)(3)(4= 233
3

3
2

3
1 cbaRrRrrr ++−+++  

(9) From 233
3

3
2

3
1 )(3)(4= cbaRrRrrr ++−+++  and rR 2  

we deduce .)(6
8

729)(3729 233
3

3
2

3
1

23 cbarRrrrcbaRr ++−++++−   

(10) Can be infered from example 1. 
 
 
Corollary 5. We have   

(1)     .1111=)1114( 22
3

2
2

2
1

222 rrrrhhh cba

+++++   

(2)     ).(2= 133221 rrrrrr
R
rhhhhhh accbba ++++   
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Proof. (1) Because 321 ,, rrr  are three solutions of  0=)(4 2223 rpxpxrRx −++−  we 

deduce 
321

1,1,1
rrr

 are three solutions of 0.=1)(42232 −++− xrRxprxp  

Thus, we have .421=111
222

3
2

2
2

1 rp
rR

rrrr
+

−++  

Because ,,, cba  are three solutions of 0.=4)4(2 2223 RrpxRrrppxx −+++−  
We deduce RrrpRrrppcba 822=)42(4= 22222222 −−++−++  

Thus, we get .422=822=)1114( 2222

22

222 rp
rR

rrp
Rrrp

hhh cba

+
−

−−
++  

From two above identily, we deduce .1111=)1114( 22
3

2
2

2
1
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(2) Using proposition 4 we get )(2=2=2= 133221
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R
pr

Rr
Srhhhhhh accbba ++++  

 
 

Proposition 6. We have 
2

tan,
2

tan,
2

tan CBA  are three solutions of 

0.=4 23

p
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p
rRx −+

+
−  

Here we deduce the following result: 
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(2)      1.=
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2

tan
2

tan
2

tan ACCBBA
++  

           
 Here we deduce the following result 
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−
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 Proof. Because 
2

tan=1
Apr  and 1r  is a solution of 0=)(4 2223 rpxpxrRx −++−  we 

deduce 0=
2

tan
2tan)(4

2tan 222233 rpAppAprRAp −++−  
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Namely 0.=
2

tan
2tan

4
2tan 23

p
rAA

p
rRA

−+
+

−  

We deduce 
2

tan A  is a solution of 0.=4 23

p
rxx

p
rRx −+

+
−  

Similary 
2

tan B  and 
2

tan C  are solutions of this equation. The result (1), (2) and (3) can be 

infered from Viet’s theorem. 

(4) We have 3].)4[(4=3
2tan2tan2tan 2333 −

++
−++

p
rR

p
rR

p
rCBA  

We get .12)4(=
2tan2tan2tan 3333

p
R

p
rRCBA

−
+

++  

(5) can be infered from example 1. 
 
 
Proposition 7.  We deduce CBA cos,cos,cos  are three solutions of  
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R
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R
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−
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+
+

−  

 
Furthermore we have   

(1)      .1=coscoscos
R
rCBA +++  

We deduce 
2
Rr  and .

8
1coscoscos CBA   

(2)     2

2

2
=)cos)(1cos)(1cos(1=

R
rCBAP −−−  and .

8
1P   

(3)     .
8

21)cos)(cos)(cos( 2

22

R
rpC

R
rB

R
rA

R
r +

−−−−    

(4)     1.=coscoscos2coscoscos 222 CBACBA +++   

(5)     .
8
5coscoscoscoscoscoscoscoscos CBAACCBBA −++   

(6)     
2
1coscoscoscoscoscos 333 CBACBA +++  where triangles ABC  is acute triangles. 

 

 Proof. We have 
2

tan,
2

tan,
2

tan CBA  are three solutions of  

 0.=4 23

p
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p
rRx −+

+
−  

Because 1

2tan1
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2tan1
2tan1

=cos
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−
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−
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A

A  we deduce .

2tan1

2=1cos
2 AA

+
+   

Consider the system of equations:  
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
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−

0=4
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2

p
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p
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y
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 we deduce 




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
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0=4
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p
rxx

p
rRx

p
Ry

p
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 and we get 

0.=2)24( 2 −+−
+ y

p
Ry

p
rRy  

We deduce 1cos1,cos1,cos +++ CBA  are three solutions of  

0.=
24

)(44
2

2

2

22
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R
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R
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R
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+
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Choosing 1= +xy  we get CBA cos,cos,cos  are three solutions of  
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4

)(2
4

4
2

22

2
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R
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R
prRx

R
rRx +−

−
++−

+
+

−  

(1) From Viet’s theorem we have .1==coscoscos
R
r

R
rRCBA +

+
++  Because 

example 2 we deduce 
2
Rr  . If triangles ABC  is a right triangle or obtuse triangle then we 

have 0.coscoscos CBA  

If triangles ABC  is a acute triangles. From 
2
3coscoscos CBA ++  and using 

Cauchy inequality, we deduce 
8
1coscoscos CBA . 

(2) From above equation we have .
2

=)cos)(1cos)(1cos(1= 2

2

R
rCBAP −−−  

From rR 2  deduce .
8
1P  

(3) We have   
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4

3
4
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R
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R
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R
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R
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R
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R
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−
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(4) Set .coscoscos2coscoscos= 222 CBACBAT +++  We have  
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4

)(22
4
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2

222
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R
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R
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R
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+
++−

−
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(5) From proposition 7 we deduce CBA cos,cos,cos  are three solutions of  
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23

R
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R
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+
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−  

We have   
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2

222

4
4=coscoscoscoscoscos=

R
prRACCBBAU ++−

++  

2
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4
)(2=coscoscos=

R
rRpCBAV +−  

 We get .
8
5

2
2= 2

2


R

rRrVU +
−  

(6) From (4) we have equivalent inequality  
 .coscoscos=coscoscos21)coscoscos2( 222333 CBACBACBA ++−++   
We proof inequality .coscoscos)coscoscos2( 222333 CBACBA ++++   

Using Cauchy inequality we deduce 











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CCC

BBB
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8
1
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cos2
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8
1
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cos2
3

8
1

coscos

233

233

233







 and we deduce 

8
3

coscoscos 333 +++ CBA  ).coscoscos(
2
3 222 CBA ++  

Because 
4
3

coscoscos 222 CBA ++  we deduce  

).coscoscos(
2
1

coscoscos 222333 CBACBA ++++   

 
 

Corollary 8. Given triangle ABC . Let CRzBRyARx cos=,cos=,cos= . We have 
zyx ,,  are three solutions of below equation  

 

 0.=
4

))(2(
4

4)(=)(
22222

23 rRpRtprRtrRttf +−
−

++−
++−  

 
Furthermore, we have   
(1)     rRzyx +++ =  [Carnot].  

(2)     )
2

(= rRr
R

xyzzxyzxy +−++  and .
8

5
2

5 22 R
R

xyzzxyzxyr  −++   

(3)       ,
8

..=))()(( ICIBIAzRyRxR −−−  .
8

))()((
3

3 RzRyRxRr  −−−   

(4)       .6)4(24 22 Rzxyzxycabcabr  ++−++   

(5)      .
2

17434 22 R
R

xyzcabcabr  −++   

(6)      .44=)(2 32
321

2 R
xyz

R
rrrr

R
cabcab

+
++

−
++   

(7)     .24=
2

321
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r
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r
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r

R
r

zR
r

yR
r

xR
r

+−−
−

+
−

+
−

  

(8)     .2
4

15 321

IC
r

IB
r
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r

zR
r

yR
r

xR
r

+−
−

+
−

+
−
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(9)     ).2(
4
3)(= 3333 RrcabcabrrRzyx −++−+++   

(10)   ).2(
4
3

8
27)2(

4
327 33333 RrcabcabrRzyxRrcabcabrr −++−++−++−    

(11)   RrRzxyzxyICIBIA 84)4(= 2222 −+++++  and we deduce  
          .164)4()4( 22222 rRzxyzxyICIBIAzxyzxy −+++++++   
(12)   ).)()((=))()(8( 321 rrrrrrzRyRxR −−−−−−   
(13)   .=))()(( 22rShhhzRyRxR cba−−−   

(14)   
xyzxyzxzxyzzyxyzyx
1111

333333 
++

+
++

+
++

 

         where triangles ABC  is a acute triangle.  
(15)   321 rrrmmm cba ++++   where triangles ABC  is not a obtuse triangle.  

(16)   .
8

17coscoscossinsinsinsinsinsin= CBAACCBBAQ −++   

(17)   ).
2

15(4

2sin

1

2sin

1

2sin

1 321

222
−++

IC
r

IB
r

IA
r

r
R

CBA    

  
Proof. Choosing 1= +xy , we have CBA cos,cos,cos  are three solutions of equation  
 

 0.=
4

)(2
4

4
2

22

2

222
23

R
rRpx

R
prRx

R
rRx +−

−
++−

+
+

−  

 
Pre-multiplying the two sides with 3R  and set Rx  by t  deduce zyx ,,  are three 

solutions of  

 0.=
4

))(2(
4

4)(
22222

23 rRpRtprRtrRt +−
−

++−
++−  

 
(1) Using Viet’s theorem, we have .= rRzyx +++  

(2) Using Viet’s theorem, we have ).
2

(=)( rRRrxyzzxyzxyR +−++  

(3) Because )(=))()(( tfztytxt −−−  we deduce  
 

.
8

..=
2

=))()((
2 ICIBIARrzRyRxR −−−  

 

Because rR 2  we deduce .
8

))()((
3

3 RzRyRxRr  −−−  

(4) Using Viet’s theorem and proposition 3, we have .4= 22 Rrrpcabcab ++++   
Thus, we deduce ).(4=)4( rRRzxyzxycabcab +++−++   
From this identity, we deduce .6)4(24 22 Rzxyzxycabcabr  ++−++  
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(5) Using Viet’s theorem, we have .284=4 22 rRrR
R

xyzcabcab ++−++  From this 

identitiy, we deduce .
2

17434 22 R
R

xyzcabcabr  −++  

(6) Because 22 284=4 rRrR
R

xyzcabcab ++−++  and rRrrr +++ 4=321  we deduce 

.44=)(2 32
321

2 R
xyz

R
rrrr

R
cabcab

+
++

−
++  

(7) Because )(=))()(( tfztytxt −−−  we deduce .
)(
)(=111
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′

−
+

−
+

−
 

Thus, we have .
2
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2
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Rf

zRyRxR
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−
+

−
+

−
 

Because 321
2 = rrrrp  and .4=.. 2RrICIBIA  We deduce  

ICIBIA
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R
r

zR
r

yR
r
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r

..
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2
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2
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2
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−
+

−
+

−
 

 

(8) Because 2
321

2
4=

2 Rr
rrr

R
r

zR
r

yR
r

xR
r

+−−
−

+
−

+
−

 and rR 2   

we deduce .
..4

15 321

ICIBIA
rrr

zR
r

yR
r

xR
r

+−
−

+
−

+
−

  

(9) From )].3())[((=3 2333 zxyzxyzyxzyxxyzzyx ++−++++−++  We deduce  

).2(
4
3)(= 3333 RrcabcabrrRzyx −++−+++  

(10) From (9) and .2rR  We get  

)2(
4
3

8
27)2(

4
327 33333 RrcabcabrRzyxRrcabcabrr −++−++−++−   

(11) Because 
cba

abcabICcaIBbcIA
++

−−−−
2=== 222  and using proposition 3  

we have .
2

244=6= 22222

p
RrpRrrp

cba
abcabcabcICIBIA −++
++

−++++  

Because 222 4=)4( Rrpzxyzxy −+++  we deduce  
.84)4(=1244)4(= 22222 RrRzxyzxyRrRrRzxyzxyICIBIA −+++−++++++   

Thus, we get .164)4()4( 22222 rRzxyzxyICIBIAzxyzxy −+++++++   
(12) We have ),)()((=4=))()(8( 321

2 rrrrrrRrzRyRxR −−−−−−  

(13) We have .=2
2

=))()(( 22
22

rS
R
SRrhhhzRyRxR cba−−−  

(14) From Inequality 1, we have the proof. 
(15) We have 321= rrrzRyRxRmmm cba +++++++++   where triangles ABC  is 

not a obtuse triangle. 

(16) From 2

22

2

22

2

22

4
284=

4
)(2

4
4=

R
rRrR

R
rRp

R
RrrpQ +++−

−
++  
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we deduce .
8

17=
4

2
44

2

2
22

R

RRR
Q

++
  

 

(17) From 
IC
r

IB
r

IA
r

zR
r

yR
r

xR
r 3212

4
15

+−
−

+
−

+
−

   

we deduce ).
2

15(4

2sin

1

2sin

1

2sin

1 321

222
−++

IC
r

IB
r

IA
r

r
R

CBA   

 
 
Example 9. Given ABCD  be a convex quadrilateral inscribed in the circle with the 

center O  and radius .R  Denoted ,= ABa  ,= BCb  ,= CDc  DAd =  and 4321 ,,, rrrr  
respectively being are the radius of incircle of circumcircle of triangles ,ABC  ,BCD  ,CDA  

.DAB  We have identity  

 .
)(

))()()((=)
2

)(1
2

)(1
2

)(1
2

(1 2
4321 bdac

addccbba
Rr
da

Rr
cd

Rr
bc

Rr
ab

+
++++

−−−−  

 

Proof. Set .=,= BDyACx  From 
R

abxrxba
2

=)( 1++  deduce .
1

2

=

1

−

+

Rr
ab

bax  

Similary, .
1

2

=,
1

2

=,
1

2

=

423

−

+

−
+
+

−

+

Rr
da

ady

Rr
cb

cby

Rr
cd

dcx   

Using Ptolemy identity, we deduce xybdac =+ . Thus, We have  

).
1

2

)(
1

2

)(
1

2

)(
1

2

(=)(

4321

2

−

+

−

+

−
+
+

−

+
+

Rr
da

ad

Rr
cd

dc

Rr
cb

cb

Rr
ab

babdac  

We get identily .
)(

))()()((=)
2

)(1
2

)(1
2

)(1
2

(1 2
4321 bdac

addccbba
Rr
da

Rr
cd

Rr
bc

Rr
ab

+
++++

−−−−  

 
 
 

2. CONSTRUCTING CUBIC POLYNOMIAL BY TRANSFORMATIONS 
 
 
 

By using Viet’s theorem and transformations of equations, we obtain some identities 
and inequalities of triangles. 

 
 
Example 10. Using the above notations, we have   

(1)     .4=1)1)(1)(( 321

r
R

r
r

r
r

r
r

−−−   
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(2)      ,211= 2222 RrRddd cba +++  where cba ddd ,,  the distances from O  to the three centers 
of escribed circles of triangle ABC  (where O  is the center of circumcircle of triangle ABC ).  
(3)      .12 2222 Rddd cba ++   
(4)      ).(=))()(( 2222222 cbaabcRRdRdRd cba ++−−−   
(5)      .8 3Rddd cba   

 
Proof. (1) Because ))()((=)(4 321

2223 rxrxrxrpxpxrRx −−−−++− choosing rx =  
we get .4=))()(( 2

321 Rrrrrrrr −−−  We division into two sides by 3r . 

Thus we have .4=1)1)(1)(( 321

r
R

r
r

r
r

r
r

−−−  

(2) Because ,2= 1
22 RrRda +  2

22 2= RrRdb +  and 3
22 2= RrRdc + . 

We have .211= 2222 RrRddd cba +++  
(3) Because rR 2  we deduce .12211= 22222 RRrRddd cba +++  
(4) We have ).(=8=))()(( 2

321
3222222 cbaabcRrrrRRdRdRd cba ++−−−  

 (5) Because 22

4
27 Rp   and  

)842(9=)2)(2)(2(= 22233
321

3222 rpRprRRRrRrRrRRddd cba ++++++  
we deduce )54272(9 23233222 rRRrRRRddd cba +++  
Namely .64)56(36)( 62332 RrRRRddd cba  +  
We get .8 3Rddd cba   

 
 
Example 11.  Calculate the following sum:  

 

.2
1

1

3

3

3

3

2

2

2

2

1

1

3

3

2

2

1

1

rr
rr

rr
rr

rr
rr

rr
rr

rr
rr

rr
rr

rr
rr

rr
rr

rr
rr

+
−

+
−

+
+
−

+
−

+
+
−

+
−

+
+
−

+
−

+
−  

 
Proof. 321 ,, rrr  are three solutions of 0.=)(4 2223 rpxpxrRx −++−  

we transformations .=
rx
rxy

+
−  We deduce 1≠y  and .

1
1)(=

y
yrx
−
+  

From above equation we deduce  
0.=2)2()22(2)2( 22222322 RrypRrrypRrrypRrr −+−+−++++  

Let 321 ,, yyy  are three solutions of this equation. Thus, we have  

1.=
2

24=2 22

22

133221321 pRrr
pRrrRryyyyyyyyy

++
+−+

+++  

 
 

Example 12.  Given triangles ABC , we have  
 

.81=444
3

321

321 r
rrr

r
R

rr
R

rr
R

rr
R

+−
−

+
−

+
−
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Then we deduce this inequality 15.444
3

321

321

−
−

+
−

+
− r

rrr
rr

R
rr

R
rr

R    

  
Proof. Because 321 ,, rrr  are three solutions of 0=)(4 2223 rpxpxrRx −++−  

we deduce .
)(4

)2(43=111
2223

22

321 rpxpxrRx
pxrRx

rxrxrx −++−
++−

−
+

−
+

−
 

Choosing rx =  we deduce .
4
8=111

2

22

321 Rr
pRrr

rrrrrr
+−

−
+

−
+

−
 

Because ,= 3212

r
rrrp  we get 3

321

321

81=444
r

rrr
r
R

rr
R

rr
R

rr
R

+−
−

+
−

+
−

. 

Because 168 
r
R  we get 15.444

3
321

321

−
−

+
−

+
− r

rrr
rr

R
rr

R
rr

R   

 
 
Example 13.  Given triangles ABC . We have  

.16=1)1)(1)(( 2

2

2

2
3

2

2
2

2

2
1

p
R

p
r

p
r

p
r

+++  

 
Proof. 321 ,, rrr  are three solutions of 0.=)(4 2223 rpxpxrRx −++−  

Set 22
33

22
22

22
11 =,=,= pryprypry +++ .  

From 




−+
−++−
0.=

0=)(4
22

2223

ypx
rpxpxrRx

 we deduce 




−+
−++−
0=

0=)(4
23

2223

yxxpx
rpxpxrRx

 and 

0=)(4 22 rpyxxrR +−+ Namely 0.=))((4 22 rpyxpyrR +−−+   

Set ,4= rRT +  we deduce .4=
2

y
RpTyx −  We get 0=)4( 2

2

22

yp
y

RpTy
−+

−  

Namely 0.=168)( 4222223 pRyRTpypTy −++−  This equation have three solutions 

.,, 321 yyy  Thus, we have .16==))()((
6

42

6
321

6

22
3

22
2

22
1

p
pR

p
yyy

p
prprpr +++  

We get .16=1)1)(1)(( 2

2

2

2
3

2

2
2

2

2
1

p
R

p
r

p
r

p
r

+++  
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