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Abstract. In this paper, we use cubic polynomial, Viet’s theorem and equation
transformations to achieve some new identities and inequalities on triangles. To fix notations,
suppose we are given a triangle ABC with sidelengh a, b, c. Denote the center and radius of
the circumcircle by O, R, the center and radius of incircle by I, r, the area of triange ABC by
S, the semiperimeter as P, the radii of the excircles as r, ry, r3, and the altitudes from sides a,

b, c respectively, as h,, hp, he and 7,,¢,,¢_ are the lengths of bisector of triangle ABC; m,,

mp, M¢ are the lengths of median line of triangle ABC.
Keywords: Geometry, triange, resultant, elimination, equality.
2010 Mathematics Subject Classification: 26D05, 26D15, 51M16.

1. CONSTRUCTING CUBIC POLYNOMIAL ON TRIANGLES

In this paper, we use two known following results:

Example 1. [USA 1996] Given three positive real a,b,c, we have inequality

1 1 1 1
3 3 + 3 3 + 3 3 < )
a‘+b’>+abc b°+c’+abc c’+a’+abc abc

Example 2. Given triangle ABC, we have inequality cos A+ cosB+cosC<%. We

deduce, a,b,c are three solutions of x* —2px*+(p*+r°+4Rr)x—4Rrp=0; r,,1,,T, are
three solutions of x* —(4R+r)x* + p°x— p°r =0 and x, y, z are three solutions of

4R* +r% + pzt_ R(p*—(2R+r)?) g

t*— (R+)t? +—
(R+r) 2 1
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20 Some identities and inequalities on triangle... Dam Van Nhi et all

Proposition 3. Using the above notations, we have a,b,c are three solutions of
3 2 2 2 —
X*=2px“+(p“+r°+4Rr)x—4Rrp =0.

and we have the following results:
1) %<i+i+i.

R° 'bc ca ab

1 1 1 1 1

2) —S<S+5+5<—.

@) R> "a® Db* c¢* 4r?

) S AN
(p? +r>+4Rr —bc)(p*+r? +4Rr—ca)(p® +r>+4Rr—ab) 32Rrabcp?
Deduce we have inequality of triangles

Calols 64S°
abc ~ (p?+r?+4Rr—bc)(p?+r2+4Rr—ca)(p?+r?+4Rr—ab)’
1 1 1 1

(4)

3 3 + 3 3 + 3 3 < 2 '
a’+b°+4RS b’+c’+4RS c’+a’+4RS 4r°(a+b+c)

Proof. From tan% = L, a=2Rsin A we have

p—a
A r
2tan — _ _
a:2R—2 a:4Rp—ra:4Rr%.
14—t51n2é 1+( )? r+(p-a)
2 Namely p-a

Hence, we have relation a(a’—2pa+ p®+r?)=4Rr(p-a)
Namely a®-2pa®+(p®+r?+4Rr)a—4Rrp =0.

Hence a is a solution of x® —2px®+(p*+r?+4Rr)x—4Rrp = 0.
Similary b and c are solutions of this equation.

(1) Because é%% are solutions of —1+2px—(p*+r?+4Rr)x* +4Rrpx® = 0 we deduce

1 1.1 _2p _ 1 _1

bc ca ab 4Rrp 2Rr  RZ’

(2) Denoted f(x)=x>—2px* +(p?+r? +4Rr)x—4Rrp = (x—a)(x—b)(x—c).
The derivative twice we have 3x—2p = (x—a)+ (x—b)+(x—-c).
3X-2p _ 1 1 1

Deduce = + + .
f(x) (x=a)(x—=b) (x=b)(x-c) (x-c)(x—a)

1 _p _1
2.~ 2

. 1
Choosing x = p we have + + =
(p-a)(p-b) (p-b)(p-c) (p-c)(p-a) rp r
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Some identities and inequalities on triangle... Dam Van Nhi et all 21

Deduce that 12: L + : + L >%+i2+i2.
ar®  4(p-a)(p-b) 4(p-b)(p-c) 4(p-c)(p-a) a° b” c

11<111

2

We have izg— —+—< 5+
R® "ab bc ca a" b° c
2,/bc(p-a)p ’ _ 2yca(p-b)p ’ _ 2yab(p-¢c)p

b ! c

: we
b+c c+a a+b

(3) Because /¢, =

deduce

32Rrabcp®S
(p?+r?+4Rr—bc)(p?+r? +4Rr—ca)(p?+r?+4Rr—ab)’

fagbfc =

Because R>2r we always have inequality of triangles ABC

Ll 645°
abc ~ (p?+r2+4Rr—hc)(p?+r?+4Rr—ca)(p?+r?+4Rr—ab)’

(4) From — 31 +— 31 +— 31 < with examples 1 and
a’+b’+4RS b +c’+4RS c’+a’+4RS 4Rrp
! < ! we have infer the proof.
4Rrp 4r°(a+b+c)
Proposition 4. We have r,r,r, are three solutions  of

X} —(4R+1)X* + p°x—p°r=0.
Furthermore, we have
(1) rL+r,+1r;=4R+r [Steiner].

) Lr,+ 6,0+ = po.

3) Lrr = p°r.

(4) (r,=r)(r,=r)(r,—r) = 4Rr?.
B)  8ri<(n - -r)(n-nN<K’.

rrr, 81
123<

(6) 81’ +17 +12+2 " R?. The equality holds if and only if triangle
r

ABC is equilateral.
(7) ab+bc+caz4r(r, +r, +1,).
8) r’+r)+r)=@R+r)’-3R(a+b+c)’.
(9) 729r° -3R(a+b+c)’<’+r) + r3<E R®—6r(a+b+c)’.
1 2 3 8

1 1 1 < 1

(10) + + .
P+t +Sp 4+l +Sp 24P +Sp rnr
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22 Some identities and inequalities on triangle... Dam Van Nhi et all

A
At _ 2tan—
Proof. From tan—=--, a=2Rsin A we have a=2R
P 1+tan®*—
tan ”
n
Namely a = 4R P > = 4Rr, — P >
TR
P
Because r,(p—a) =S =rp thus we have relation (6=np =a=4Rr,—; P 5
n n+p
Namely  (r-r)(r’+p°)=4Rr’>. Deduce r, is a solution

x* — (4R +r)x* + p*x— p*r = 0.
Similary, r, and r, are solutions of this equation.

(1), (2), (3) Can be infered from x> — (4R +r)x* + p*x— p’r = 0 with Viet’s theorem.

(4) From x° —(4R+1)x* + p°x— p°r = (x—1,)(X—r,)(x—r,) we deduce
(r,=r)(r,—r)(r,—r) = 4Rr?,

(5) From (r, —r)(r,—r)(r,—r) = 4Rr® and R>2r we deduce 8r’<(r, —r)(r, - r)(r, — r)<R’.

(6) Because 17 +r7 +r2 = (L +1,+1,)° —2(r, + I, + 1K)

Lt [T,
we deduce r” +r17 +1/ = (4R+r)?—2-222 Namely r?+r7 +r7 +2-222 = (4R +r)’.
r r

nhh

Thus we have % RZ>1% +17 +1) +2

ABC is equilateral.

(7) Because 4(ab+bc+ca)=4p®+4r° +16Rr and 4p°>3(ab+bc+ca) we deduce

ab+bc+caz>Ar(4R+r) =4r(r,+r1,+1,).
(8) Because I’ +1, + 1. =366, = ([ +1, +L)(2+ 1) + 1) =11, — I, — L)
we deduce 1’ +r) +r’ —3p°r = (4R+T1)[(4R +r)*-3p?].
Thus we have r’ +r; +r’ = (4R+r)’-3R(a+b+c)’.
(9) From 2+ +r) = (4R+r)*-3R(a+b+c)® and R>2r

we deduce 729r° —3R(a+b +c)’<’ + 1) + rfg% R®—6r(a+b+c)’.

(10) Can be infered from example 1.

Corollary 5. We have

1 1 1 1 1 1
1) d5+5+5)=S++—+
() (h: hbz hcz rlz r22 r32 r

L

5"

(2) hh,+hh +hh, = %(rlr2 + 0+ 0n).

of

>81r. The equality holds if and only if triangle

WWW.josa.ro Mathematics Section



Some identities and inequalities on triangle... Dam Van Nhi et all 23

Proof. (1) Because r,,1,,r, are three solutions of x*—(4R+r)x*+ p°x—p’r=0 we
deduce i,i,l are three solutions of p’rx®— p?x* + (4R +r)x-1=0.

r1 r2 r3
Thus, we have iz+i2+—:——2 .

1 r2 r3 p r
Because a,b,c, are three solutions of x® —2px® +(p®+r’+4Rr)x—4Rrp =0.
We deduce a® +b*+c¢* =4p*—2(p>+r?+4Rr)=2p*-2r>—8Rr
1 1, 2p°-2r°-8Rr _ 2 _4R+r
Zte) = 22 =52
hy h; per r per
1 1 1 1
2

Thus, we get 4(i2+

a

From two above identily, we deduce 4(i2+i2+—2 =+ +i2.
hi h hi™ r° r o r

: " 28 p®_2r
(2) Using proposition 4 we get h,h, +hh, +hh, = rW = ZrF = E(rlr2 + 1,0+ 100)

a

Proposition 6. We have tang,tan%,tan% are three solutions of

o ARHT ey Ty,
p Y
Here we deduce the following result:

(1) tané+tanE+tan9: 4R+r'
2 2 p

(2) tanétanE+tanEtan9+tanEtané =1.
2 2 2 2 2 2

Here we deduce the following result

tan 2+ tan 2+ tan ©>43 and tan 2tan Bran S <L
2 2 2 2 2 2 33
(3) tan étan EtanE = L.
272 72 p
A B C AR +r R
(4)  tan’—+tan’—+tan’==( ) -12—
2 2 2 p p
1 1 1 1
< .
© t Sé+t 3E+L+t 3E+t 39+L+t 3E+t 36+L\tanétanEtan9
an”, aananZaananzaan 5 AN = tan =

Proof. Because r, = ptan? and r, is a solution of x*—(4R+r)x*+ p’x—p°r =0 we

deduce p? tan3§—(4R +1)p? tan2§+ p° ptan?— pr=0
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24 Some identities and inequalities on triangle... Dam Van Nhi et all

4R+1 tan2é+tané—L:O.

2 2 p

Namely tansg—

e ix-L=o.
p p

Similary tang and tan% are solutions of this equation. The result (1), (2) and (3) can be

A . ] 4
We deduce tanE is a solution of x* —

infered from Viet’s theorem.

(4) We have tan3A+tan3E+tan39—3L = AR+r [(4R+ Ty2_3).
2 2 2 p p p
We get tan3é+ tan3E+tan39 = (4R hl I’)3 —125.
2 2 2 D D

(5) can be infered from example 1.

Proposition 7. We deduce cos A,cos B,cosC are three solutions of

_AD2 4 2 2 2 2
x3—R+rx2+ AR“+r°+p X_p (2R+r) _

0.
R 4R? 4R?

Furthermore we have

(1) cosA+cosB+cosC =1+%.

We deduce rgg and cos AcosBcong%.

2

(2) P=(1-cosA)(1-cosB)(1-cosC) = 2rR2 and Pg%.

2 2
1_%_
8R
(4) cos’A+cos’B+cos’C+2cosAcosBcosC =1.

r r r
(3) (E—cos A)(E—cos B)(E—cos C)<

(5) cosAcosB+cosBcosC +cosCcos A—cos AcosB congg.

(6) cos®A+cos’B+cos’C +cos Acos B cos C}% where triangles ABC is acute triangles.

Proof. We have tan?, tang,tan% are three solutions of

x3—4R+rx2+x—L:0.
p p

1-tan® 5 9
= —1 we deduce cosA+1=———

1+tan® 1+tan2§ 1+tan2';

Because cos A =

N >N >

Consider the system of equations:
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Some identities and inequalities on triangle... Dam Van Nhi et all 25

y= 2
1+ x?
3_4R+rx2 —L:O
p p
=2 X:4R+r_@
y Y p
From . 4R+t - we deduce TS - and we get
- X“+x——=0 X" — X*+x-—=0
Y p Y p
4R+r 2R
=Sy y-2=0,
p Y

We deduce cos A+1,cosB+1,cosC +1 are three solutions of
2

4R +r 4R +r1)? + p?
Ve - y? +( )2 P, P .
R 4R 2R
Choosing y = x+1 we get cos A,cosB,cosC are three solutions of
_AR?2 2 2 2 2
X3_R+rx2+ 4R +r2+p <P (2R2+r) _
R 4R 4R

=0.

0.

R+¥ = 1+%. Because

(1) From Viet’s theorem we have cosA-+cosB+cosC =

example 2 we deduce rg% . If triangles ABC is a right triangle or obtuse triangle then we
have cos Acos B cosC<0.

If triangles ABC is a acute triangles. From cosA+cosB+cosC<g and using

Cauchy inequality, we deduce cos AcosB cong% :

2

(2) From above equation we have P = (1-cos A)(1-cosB)(1-cosC) = 2rR2 :

From R>2r deduce Pg%.

(3) We have

r(p2+r2)_ p® +3r? “_ p®+2r?

r r r
— —C0S A)(——-cosB)(—-cosC) =1+ <
(R )(R )(R ) 4R® 4R? 8R?

(4) Set T = cos? A+cos?B +cos?C +2cos Acos BcosC. We have
= (R+r)? _2—4R2+r2+ p? > p°—(2R+r)* _
R® 4R? 4R?

(5) From proposition 7 we deduce cos A, cos B,cosC are three solutions of
o RHr X2+—4R2+r2+ p° ‘. P’ —(2R+r)* _
R 4R? 4R?

We have

1.

0.
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26 Some identities and inequalities on triangle... Dam Van Nhi et all

P2 2 2
U =cos AcosB+cosBcosC +cosCcos A= 4R 4+Rr2 +P
2 2
V =cos AcosBcosC :w
4R
2
We get U -V :2Rr—+2r<§.
2R 8

(6) From (4) we have equivalent inequality
2(cos® A+cos®B +cos®C)>1-2cos Acos BcosC = cos® A+ cos? B + cos?C.

We proof inequality 2(cos® A+ cos® B+ cos’C)>cos? A+ cos’ B +cos’C.
cos’ A+ cos’ Pﬁ%)%cos2 A

Using Cauchy inequality we deduce cossB+cos3B+%>§coszB and we deduce

1.3
cos’C +cos® C+8 2cos ’C

3.3
cos’ A+cos’B +cos’C + A >E(cos2 A+cos’B+cos’C).
Because cos® A+ cos’B + co&C}% we deduce

1
cos’ A+cos’ B+ cosgC>§ (cos® A+cos’ B +cos?C).

Corollary 8. Given triangle ABC. Let x=RcosA,y =RcosB,z=RcosC. We have
X, Y,z are three solutions of below equation

—4R* +1? + pzt_R(pZ—(2R+r)2) o

f)=t—(R+nt?+
(t) ( ) 2 4

Furthermore, we have
(1) x+y+z=R+r [Carnot].
Xyz 5r? xyz _5R’

2 XY+ VyzZ+2X———=r(R+—-) and — <Xy +Vyz+ 2X——<—.
(2) xy+y - (R+ ) ;Y R <g

3
3) (R—x)(R—y)(R—z):%, FER-NR-R-D<
(4)  24r’<ab+bc+ca—4(xy+ yz +2X)<6R?.
(5)  34r’<ab+bc+ca— 4X;Z ; g2

ab+bc+ca r(n+r+r) _ — 4 4xyz

(6) Rz -2 R2

) r,r g,
R-x R-y R-z 2R IAIBIC

®) r r r . 15+2Lr_2k

+ + <-= :
R-x R-y R-z 4 IAIB IC
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Some identities and inequalities on triangle... Dam Van Nhi et all 27

9 x*+y*+2°= (R+r)3—%r(ab+bc+ca—2Rr).

(10) 27r° —%r(ab+bc+ca—2Rr)<x3 +y 4 z%% R® —%r(ab+bc+ca—2Rr).

(11) 1A? +1IB? +IC? = 4(xy + yz + zx) + 4R* —8Rr and we deduce

A(xy + yz + 2X)<IA® + IB? + IC*<4(xy + yz + 2X) + 4R* —16r7.
(12) 8(R-x)(R-y)(R-2)=(r,—r)(r,—r)(r;—1).
(13) (R-x)(R-y)(R-2)h,hh, =S’
(14)3% +31 +3§ <2

XPHY +XyZ Y AHZTHXYZ T4 XTHXYZ XYz

where triangles ABC is a acute triangle.

(15) m, +m, +m.<¥, +1, +1; where triangles ABC is not a obtuse triangle.

(16) Q =sin AsinB+sinBsinC +sinCsin A—cos Acos Bcoscgg.

1 1 1 R rr, r, 15
17 + + <—(4-L-23_70)
(17) . ,A _,B _,C r( IAIB IC 2)
SIn — SInN — SIn —

2 2 2

Proof. Choosing y = x+1, we have cos A,cosB,cosC are three solutions of equation

_AP2 2 2 r 2
xs—R;rx2+ 4R4+Rr2+p X_p ELZRRzH) 0.

Pre-multiplying the two sides with R® and set Rx by t deduce x,y,z are three
solutions of

_AD2 2 2 2 _ 2

£ (R+r)2+ AR +r°+p t_R(p (2R+r)):0_
4 4

(1) Using Viet’s theorem, we have x+Yy+z=R+r.

(2) Using Viet’s theorem, we have R(xy + yz+ zx)—xyz = Rr(R +%).

(3) Because (t—x)(t—y)(t—z)= f(t) we deduce

(R—x)(R-V)(R—2) = R2r _ |A.|85.|c.

3
Because R>2r we deduce rk(R—x)(R—y)(R—z)g%.

(4) Using Viet’s theorem and proposition 3, we have ab+bc+ca = p*+r?+4Rr.
Thus, we deduce ab+bc+ca—4(xy+yz+12x) =4R(R+r).

From this identity, we deduce 24r°<ab+bc+ca—4(xy + yz + zx)<6R?.
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28 Some identities and inequalities on triangle... Dam Van Nhi et all

(5) Using Viet’s theorem, we have ab+bc+ca—4%Z:4R2+8Rr+2r2. From this

identitiy, we deduce 34r’<ab+bc+ca—4 X;Z RZ.

(6) Because ab+bc+ca—4% =4R*+8Rr+2r® and r,+r,+r, = 4R+r we deduce

ab+bc+ca_2r(r1+r2+r3)

R? R?

(7) Because (t—x)(t—y)(t—2) = f (t) we deduce ——+—+ -+ =T O
t-x t-y t—z f(t)
_ 2 2

Thus, we have t 1.1 - 'R _ 8Rr+r2+p.

R-x R-y R-z f(R) 2Rr
Because p°r =rr,r, and IAIB.IC = 4Rr’. We deduce

:4+4%.

roor o r rlr2r§:_4+2 AAA
R-x R-y R-z 2R 2Rr IAIB.IC
(8) Because AL S S BPSy WL L L IPY R>2r
R-x R-y R-z 2R 2Rr?
we deduce —— +—— 4+ < _EJFﬂ

R-x R-y R-z 4 IAIBIC’
(9) From x®+y®+72° =3xyz = (X + Y+ 2)[(X+ Yy + 2)* = 3(xy + yz + zX)]. We deduce

X +y'+2° = (R+r)3—%r(ab+bc+ca—2Rr).
(10) From (9) and R>2r. We get

27r° —%r(ab+bc+ca—2Rr)<x3 +y 4 zsg% R® —%r(ab+bc+ca—2Rr)

(11) Because 1A?~bc = B —ca=IC? —ab = - 222 and using proposition 3
a+b+c
we have IA? +1B®+1C* =bc+ca+ab— 6abe _ p2+r2+4Rr—24Rrp,
a+b+c 2p

Because 4(xy + yz+2x) = p® +r’ —4R? we deduce
IA® +1B% + IC? = 4(xy + yz + 2X) + 4R? + 4Rr —12Rr = 4(xy + yz + 2x) + 4R* —8Rr.
Thus, we get 4(xy + yz + zx)<IA* + IB® + IC*<4(Xy + yz + 2x) + 4R* —16r°.
(12) We have 8(R—x)(R-y)(R—2) = 4Rr* = (r,—r)(r,—r)(r, =),
Rr?2s® _ .,
(13) We have (R-x)(R-y)(R-2z)h,hh, = > R =S°re.

(14) From Inequality 1, we have the proof.
(15) We have m_+m, +m <R+ X+R+Yy+R+z=r+r1,+1, where triangles ABC is

not a obtuse triangle.
P’+r’+4Rr  p®—(2R+r)* _ 4R*+8Rr+2r’

16) From Q =
(16) Q 4R? 4R? 4R?
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Some identities and inequalities on triangle... Dam Van Nhi et all 29

2

AR? +4R? + R 17
we deduce Q< 5 2 ==
4R 8
(17) From ' + ' + ' g—EJrer_Zi
R-x R-y R-z 4 IAIB IC
we deduce ——+—+ 41 <E(4Lr—2i—g)-
sm?A szg sng— r IAIBIC 2
2 2 2

Example 9. Given ABCD be a convex quadrilateral inscribed in the circle with the
center O and radius R. Denoted a=AB, b=BC, ¢=CD, d=DA and r,r,1,f,

respectively being are the radius of incircle of circumcircle of triangles ABC, BCD, CDA,

DAB. We have identity
ab bc cd da a+b)(b+c)(c+d)(d+a
(1212 )1ty = (DB EIE L8,
I 2R, 2R

r, 2Rr, (ac+bd)?
Proof. Set x = AC,y = BD. From (a+b+x)r, = Z—k;( deduce x = §b+b
2Rr,
Similary, x = c+d y= b+c y= d+a
cd 1 b+c_1 da 1
2R, 2R, 2R,
Using Ptolemy identity, we deduce ac+bd = xy. Thus, We have
, _, a+b b+c c+d d+a
(e rbd)’ = (g Mg Nga )

2Rr; 2R, 2R, 2Rr,

. ab bc cd da , _(a+b)(b+c)(c+d)(d+a)
We get identily (1- 1- 1- 1- = :
J y 2er)( 2Rr2)( 2Rr3)( 2Rr4) (ac +bd)?

2. CONSTRUCTING CUBIC POLYNOMIAL BY TRANSFORMATIONS

By using Viet’s theorem and transformations of equations, we obtain some identities
and inequalities of triangles.

Example 10. Using the above notations, we have

@ Eplopbon=4%
r r r r
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30 Some identities and inequalities on triangle... Dam Van Nhi et all

(2)  dZ+d?+d?=11R*+2Rr, where d,,d,,d, the distances from O to the three centers
of escribed circles of triangle ABC (where O is the center of circumcircle of triangle ABC).
(3) dZ+d+dZ>12R%.

(4)  (d?-R?)(dZ-R?*)(d? -R?)=R*abc(a+b+c).

(5) d,d,d.<8R%

Proof. (1) Because x°—(4R+r)x*+ p°x— p°r = (X—r)(x—r,)(X—r,) choosing x =r
we get (r, —r)(r,—r)(r,—r) = 4Rr?. We division into two sides by r°.

Thus we have (i—l)(i—l)(i—l) = 45.
r r r r

(2) Because d? = R*+2Rr,, d2=R*+2Rr, and d’ = R*+2Rr,.

We have d’ +d+dZ =11R*+2Rr.

(3) Because R>2r we deduce d?+d/ +d> =11R*+2Rr>12R%.

(4) We have (d? —R?)(d?—R?*)(d? —R?) =8R®r,r,r, = R%abc(a+b+c).
(5) Because p2<27r7 R? and

d?d’d? = R}*(R+2r)(R+2r,)(R+2r,) = R*(9R® + 2R’r + 4Rp” +8rp?)
we deduce d2d d’<R*(9R®+2R’r +27R® +54R’r)

Namely (d,d,d,)*<R*(36R*® +56R’r)<64R°".

We get d.d, d.<8R’.

Example 11. Calculate the following sum:

Ll Tl S el et Sl 8l O B el
L+ AT+ L+ L+F L+ G+ G +r L +T

Proof. r,,r,,r, are three solutions of x*— (4R +r)x* + p*x— p’r =0.

we transformations y = x=r We deduce y#1 and x = M
X+r 1-y

From above equation we deduce

(r> +2Rr + p?)y> +(2r + 2Rr = 2p?)y* +(r> —=2Rr + p®)y —2Rr = 0.

Let y,,Y,, Y, are three solutions of this equation. Thus, we have

ARr+r° —2Rr + p* _

1.
r’+2Rr + p?

2Y1Y,Ys + 1Yo + Yo Y +YsY: =

Example 12. Given triangles ABC, we have

4R 4R 4R Eerlrzr3
L—r L,—r r—r roord
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Then we deduce this inequality 4R + 4R + 4R <Al g5,

= 3
L—r r,—r r,—-r r

Proof. Because r,,T,,r, are three solutions of x* —(4R+r)x*+ p’x—p’r =0
2 2
we deduce 1 1 1 33x 2(4R2+r)x2+p .
X—1 X—-r, X-r, X —(4R+r)x"+p°x—pr
1,1 r’ —8Rr + p?

Choosing x =r we deduce ! +

L—r r,—r r,—r 4Rr?
rLrr 4R 4R 4R R rnnr
Because p*=-122, we get + + =1-8— 4123,
r L-r ,—r r,—r ror
R
Because 8 —>16 we get 4R + 4R + 4R grlrzf —15.
r L—r h,—r r,—r r

Example 13. Given triangles ABC . We have

(—+1>(— 1)(— 1) =108

Proof. r,,r,,r, are three solutions of x*— (4R +r)x* + p*x— p*r =0.
Set y, = K>+ py, =1, +p% Yy, =1 +p°.
From {x3 —(AR+1)X*+ p*x-p’r=0 x> —(AR+1)x*+ p*’x—-p°r=0
X’ +p?-y=0. x*+ p’x—yx=0
(4R +1)x* — yx+ p’r =0Namely (4R+r)(y— p?)—yx+ p’r=0.

we deduce { and

_ 2 _ 2\2
Set T =4R +r, we deduce x:w. WegetWJr p’—y=0
y

Namely y°—(T?+ p?)y?+8RTp°y—16R?*p* =0. This equation have three solutions
2 2 2 2 2 2 2 .4
Yor Vo Vo Thus, we have (n”+p7)(r, +6p )3 +p7) _ yly%yg _ 16R6p _
p p p

We get (—2+1)(—2+1)(— +1) = 16R2
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