
Journal of Science and Arts                                                                   Year 15, No. 1(30), pp. 55-72, 2015 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

ORIGINAL PAPER 

CONTINUOUS FRACTIONAL GENERALIZED HANKEL-CLIFFORD 
TRANSFORMATION 

  
V. R. LAKSHMI GORTY1 

_________________________________________________ 
Manuscript received: 20.12.2014; Accepted paper: 09.01.2015;  

Published online: 30.03.2015. 
 
 
Abstract. The main objective of this paper is to study the continuous fractional 

generalized Hankel-Clifford transformation and continuous fractional generalized Hankel-
Clifford wavelet transformation and some of their basic properties. Graphical representations 
for continuous fractional generalized Hankel-Clifford transformations have been 
demonstrated for some values. Applications to the continuous fractional generalized Hankel-
Clifford transformation in solving generalized thn  order linear non-homogeneous ordinary 
differential equations are given. The continuous fractional generalized Hankel-Clifford 
transformation wavelet transformation, its inversion formula and Parseval’s are also studied. 

Keywords: generalized Hankel-Clifford transformation; fractional generalized 
Hankel-Clifford transformation; continuous fractional generalized Hankel-Clifford wavelet 
transformation. 
 
1. INTRODUCTION  
 

Akhilesh Prasad et.al, introduced the continuous fractional Bessel wavelet 
transformation, in [1]. Pathak and Dixit [2] introduced continuous and discrete Bessel wavelet 
transformations.  Upadhyay et al. [3] studied the continuous Bessel wavelet transformation 
associated with the Hankel-Hausdorff operator. Namias in [4] studied fractionalization of 
Hankel transform. In [5], author studied similarity theorems for fractional Fourier transforms 
and fractional Hankel transforms. The author in [6] analyzed self-fractional Hankel functions 
and their properties. Kerr studied the fractional powers of Hankel transforms in the Zemanian 
spaces in [7]. The author in [8] presented wavelet transforms and their applications, in 2002. 
Shi in [9], a novel fractional wavelet transform and its applications. Lakshmi Gorty [10] 
studied continuous generalized Hankel-Clifford wavelet transformation. 
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it is observed ( )ˆ xφ  is bounded and continuous on ( )0,∞  and ( ) 1
ˆ xφ φ

∞
≤ .  

 Malgonde and Bandewar [11] investigated the variant of the generalized Hankel-
Clifford transform defined by 
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− −=J   being the Bessel function of the first kind of 

order ( )α β− , in spaces of generalized functions.  
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 We define a one-dimensional continuous fractional generalized Hankel-Clifford 
transformation with parameter θ  of ( )f x  for ( ) 1/ 2α β− ≥ −  and 0 θ π< < as follows: 
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 Throughout this paper, nθ π≠ , n∀ ∈  
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2. PROPERTIES OF FRACTIONAL GENERALIZED HANKEL-CLIFFORD 
TRANSFORMATION 
 
 
 The 1, ,α β  transformation was studied by Malgonde and Bandewar [11] who extended 
it to a space of generalized functions. They constructed the space Hβ  and Hα  of testing 
functions of all the complex-valued smooth functions ( )xφ  defined on ( )0,I = ∞ , such that 
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2
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Definition (2.1): (Testing function space ( ), ,Hα β θ + ) The space ( ), ,Hα β θ +  is defined 

as follows: f  is a member of ( ), ,Hα β θ +  if and only if it is a complex-valued C∞

-function on +  and for every choice of k  of non-negative integers, let a  denote 
positive real number and ,α β  be arbitrary real parameters with 1/2.α β− ≥ −  Let 
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be known as fractional generalized Hankel-Clifford operator with parameter θ . 
 
Proof: i) Let 1r = , ( ), , , ,xC x yθ

α β α β∆  is given by 
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2.1. FRACTIONAL GENERALIZED HANKEL-CLIFFORD TRANSFORMATION OF SOME 
SIMPLE SIGNALS: 
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 The fractional generalized Hankel-Clifford transformation is given by 
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− Γ + − Γ + −

   Γ + − Γ +   
   

     × + + − + −   
    − +  

×
+ ( ) ( ) ( )

( )

2

2

2

1sin 2 cot 2
2 22 cot

1 3 3, ,1 , ,
2 2 2 2 2 2 2 8 2 cot sin

p
q

iyi
i

iyF
i

πα αθ θ α β
θ

α α β α β
θ θ

 
 
 
 
 
 
 
 +    − − − Γ + − Γ   − +    
 

  +    + − + −    
     − +   

 

( ) ( )0 & ;Re 0Re 1
sin

yy R a β
θ

 
≥ ∈ ≥ <  

 
 for a signal in the form of 

2axx eα β− − −
. 

 For the signal 
2xe , the fractional generalized Hankel-Clifford transformation is given 

by

 

( )if   0 & and Re 1.
sin

yy R α
θ

 
≥ ∈ > −  

 
  

 For the signal  ( )21 ; if   0 & and Re 0,
sin

x yx e y Rα β β
θ

− − + −
 

≥ ∈ <  
 

, the fractional 

generalized Hankel-Clifford transformation is given by

 

( )
( )

( ) ( )

( ) ( )

( )

2

1 2 1 2 122 1 2cot 2 2

1/2
2

2

2 sin
2 cot

2 1

12 sin 1
2 cot 2 2

1 3 1 3, , , ,
2 2 2 2 2 2 2 2 2 8 2 co

i
y

p
q

ye y
i

y
i

yF
a i

π α β β
α β θ β

α βθ α β θ
θ

α β α β

βθ α β
θ

β α β α β

 −  −− + + 
− −  − + −+ + 

 
  
−  

−  
 Γ + − Γ + −
 
 
  

   − Γ + − Γ −    −   

   − + − + −   
    −

× ( )

( )

( )

2

2

2

t sin
.

sin 2
2

3 3, ,1 , ,
2 2 2 2 2 2 2 8 2 cot sin

p
q

yF
a i

θ θ

βθ α β

β α β α β
θ θ

 
 
 
 

  
  
   

 
  + Γ + − Γ −    

      − + − + −    
     −     
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 When ( )and Re 1; 0 and  ,
2

y y πα θ∈ > − ≥ =  the graphical representation of 

fractional generalized Hankel-Clifford transformation is given by 
 

 
Figure 1: Fractional generalized Hankel-Clifford transformation for  

( ) 1 11; ; ;
2 4 2

f x πα β θ= = = − = . 

 

 
 

Figure 2: Fractional generalized Hankel-Clifford transformation for  ( ) 31; 1; ;
4 2

f x πα β θ= = = − = . 

 
Figure 3: Fractional generalized Hankel-Clifford transformation for  

( ) ( ) 1 1; ; ; ; 0.
2 4 2

f x x y yπδ α β θ= − = = − = > . 

 
 

Figure 4: Fractional generalized Hankel-Clifford transformation for  

( ) ( ) 3; 1; ; , 0.
4 2

f x x y yπδ α β θ= − = = − = >
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Figure 5: Fractional generalized Hankel-Clifford transformation for  

( ) ( ) 1 1; ; ;
2 4 6

f x x y πδ α β θ= − = = − = , considering absolute value of the results. 

 
 

Figure 6: Fractional generalized Hankel-Clifford transformation for  

( ) ( ) 3; 1; ;
4 6

f x x y πδ α β θ= − = = − = , considering absolute value of the results. 

 
Figure 7: Fractional generalized Hankel-Clifford transformation for  

( ) 2 1 1; ; ; .
2 4 2

xf x e πα β θ−= = = − =
 

 

 
Figure 8: Fractional generalized Hankel-Clifford transformation for  

( ) 2 3; 1; ;
4 6

xf x e πα β θ−= = = − =  

considering absolute value of the results. 
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3. APPLICATIONS OF THE FRACTIONAL GENERALIZED HANKEL-CLIFFORD 
TRANSFORMATION TO GENERALIZED DIFFERENTIAL EQUATIONS 
 
Example 1: Consider the generalized  thn  order linear non-homogeneous ordinary differential 
equation 

( )( ) ( )L p x f x= ,         (15) 

where L  is the generalized thn  order differential operator given by 

( ) ( ) ( )1* * *
, , 1 , , 1 , , 0... ,

n n

n x n x xL a a a aα β α β α β

−

−= ∆ + ∆ + + ∆ +  where 1 0, ,...,n na a a−  are constants and 
*

, ,xα β∆  is given in proposition 2.1. Applying fractional generalized Hankel-Clifford 
transformation to both sides of the equation (15),  

( ) ( )( ) ( ) ( ), ,
0 0

, ,  ,C x y L p x dx C x y f x dxθ θ
α β α β

∞ ∞

=∫ ∫  

( )( ) ( )( )
1

2 2 2

1 1 0 , ,2 2 2...
sin sin sin

n n

n n
y y ya a a a h p y h f yθ θ

α β α β
θ θ θ

−

−

      
 −  + −  + + −  + =

            

 

 Consider ( )
0

n
r

r
r

P z a z
=

=∑ , then ( )( ) ( )( )
2

, ,2 .
sin

yP h p y h f yθ θ
α β α β

θ

 
−  =
 
 

  

 Therefore  ( ) ( )( ),
, 2

2

.

sin

h f y
h p y

yP

θ
α βθ

α β

θ

=
 
−  
 

  

 Applying inverse fractional generalized Hankel-Clifford transformation gives the 
solution 

( ) ( ) ( )( )1 ,
, 2

2

.

sin

h f y
p x h

yP

θ
α βθ

α β

θ

−

 
 
 

=    −   
  

 

Example 2: Using the fractional generalized Hankel-Clifford transformation, investigate the 
solution of the generalized differential equation  

( )
2 2 2 2

2
2 2

3 3 101 cot cot cot 0, 0, 0,
4

u u uix i x u x z
x x x z

α β αβα β θ θ θ
 ∂ ∂ − − + ∂

+ − − + + − + = ≥ ≥ ∂ ∂ ∂ 
     

with ( ), 0 as and ,u x z z x→ →∞ →∞  
and ( ) ( ),0 , 0.u x f x x= ≥  
Applying fractional generalized Hankel-Clifford transformation to equation ( ), 

( ) ( )

( ) ( )

2 2 2 2
2

,2 2
0

2 2
2 2

, ,2 2
2 0

3 3 101 cot cot cot , 0.
4

3 3 10
1 cot ,4

cot cot

u u uy ix i x u C x y dx
x x x z

u u uy ix u C x y dx y C xx
x x z

i x

α β θ
α β

α β θ α β θ
α β α β

α β αβα β θ θ θ

α β αβ
α β θ

θ θ

∞
− −

∞
− − − −

  ∂ ∂ − − + ∂
+ − − + + − + =  ∂ ∂ ∂  

  − − +
∂ ∂ ∂  + − − + +  ∂ ∂ ∂  + −  

∫

∫ ( )
0

, 0.y dx
∞

=∫
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 The differential equation becomes 

 







2 2

2 2

2
2

2

0,
sin

0
sin

y d uu
dz

yD u

θ

θ

− + =

 
 −  =
 
 

 

where dD
dz

= . 

 The solution of equation ( ) is given by  

   ( ) sin sin
1 2,

yz yz

u y z C e C eθ θ
−

= + . 
 Taking fractional generalized Hankel-Clifford transformation of order zero of ( ),  
 ( ) 1, 0 as , if  0.u y z z C→ →∞ =  
 Applying the inversion formula, 

 ( ) ( ) sin sin
, 1 2

0

, , .
yz yz

u x z y C x y C e C e dyθ θα β θ
α β

∞ −
− −

 
= + 

 
 

∫  

 
3. CONTINUOUS FRACTIONAL GENERALIZED HANKEL-CLIFFORD 
WAVELET TRANSFORMATION 
 
 The continuous fractional generalized Hankel-Clifford wavelet transformation is a 
generalization of the ordinary continuous generalized Hankel-Clifford wavelet transformation 
with parameter θ, that is, continuous generalized Hankel-Clifford wavelet transformation is a 
special case of continuous fractional generalized Hankel-Clifford wavelet transformation with 

parameter 
2
πθ = . 

 A fractional generalized Hankel-Clifford wavelet is a function ( )2Lψ +∈   which 
satisfies the condition  

( )( )
22 1

, , ,
0

, 1/ 2,A x h x dxα θ
β ψ θ α βψ α β

∞
− −= < ∞ − ≥ −∫        (16)

  
where  , ,Aβ ψ θ  is called the admissibility condition of the fractional generalized Hankel-
Clifford wavelet transformation. The fractional generalized Hankel-Clifford wavelets ( ),b a xθψ  
can be generated from one single function ( )2Lψ +∈   by dilation and translation with 

 and 0b a∈ > as in [7].  ( ),
1 ,b a

x bx
aa

ψ ψ − =  
 

( ),v x t where a  is called the scaling 

parameter which measures the degree of compression or scale and b  is a translation 
parameter which determines the time location of the wavelet as  
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( ) ( )2 2 cot
2

,
1 ,

i x b

b a
x bx e

aa
θθψ ψ

− −− =  
   for all ,a b and θ  as above.  

( )

( )
( ) ( )

( )

2 2 2

2

,

/2 1/2 /2 1/2
cot

2
,

0

/2 1/2

2
,

, ,

2 2
sin sin sin sin

2
sin sin

i x y z

i x y

D x y z

x x y yc e J J

z zJ d

c e

θ
α β

α β α β
θθ α

α β α β α β

α β

α β

θ
α β

ξ ξ ξ ξξ
θ θ θ θ

ξ ξ ξ
θ θ

+ +∞
+ + −

− −

+

−

+

          
   =                            

    
 ×           

=

∫

( )

( ) ( )

2 2 1cot 2 22
,

z

xyz

θ ββ

β π α

+ − −−

−

∇

Γ

 

where ( ), ,x y z∇  denotes the area of a triangle with sides , ,x y z  of such a triangle exists and 

zero otherwise. Clearly  ( ), , , 0D x y zθ
α β ≥  and is symmetric in , ,x y z . Setting 0,ξ =  as in [8] 

,  

( ) ( )
( ) ( )

,
/20

, ,
12 sin
2

xy
D x y z z dz

α
θ α
α β

αα β θ α

∞

−
≤

 Γ + 
 

∫       (17) 

for  , , .x y z +∈   
 Applying inverse fractional generalized Hankel-Clifford wavelet transformation of  

( ), , ,D x y zθ
α β we obtain  

 

( )
( )

( )

( )
( ) ( )

2 2

2 2 2

/2 1/2
cot

2
, ,

0

/2 1/2 /2 1/2
cot

2

2 , ,
sin sin

2 2 .
sin sin sin sin

i z

i x y

z zc e J D x y z dz

x x y ye J J

α β
ξ θθ θ

α β α β α β

α β α β
ξ θ α

α β α β

ξ ξ
θ θ

ξ ξ ξ ξξ
θ θ θ θ

+∞
− +

−

+ +
+ − −

− −

    
            

          
   =                            

∫

 
Lemma 4.1 If ( )2Lψ +∈  , then 22,b a LL

θψ ψ≤ . 

Proof: We have  

( ) ( ) ( )
2 2

2 2 cot
2

, ,
0

1 / , / , .
i b x

a a
b a x e D b a x a z z dz

a

θ
θ θ

α βψ ψ
  ∞− +  
 = ∫  

Now, 
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( ) ( ) ( ){ } ( ){ }

( ) ( ){ } ( ){ }

( )

( ) ( )
( ) ( ){ }

1/2 1/2/2 /2
, , ,

0
1/2 1/2

1/22
, ,

0 0

1/2

2
,

/22 0

1 / , / , / , / , .

1 / , / , / , / ,

1 / , / ,
1sin 2
2

b a x z z D b a x a z z D b a x a z dz
a

z z D b a x a z dz D b a x a z z dz
a

bx
z z D b a x a z dz

a a

θ α θ α θ
α β α β

α θ θ α
α β α β

α
α θ

α β
α α βα

ψ ψ

ψ

ψ
θ α

∞
−

∞ ∞
−

−

−

≤ ×

   
≤    

   

 
 
 ≤

  Γ +    

∫

∫ ∫

1/2

.
∞ 
 
 
∫

  
 
 Therefore  

( ) ( )

( ) ( )
( ) ( )2 2

, ,
/22 10 0 0

/ , / , .
1sin 2
2

b a

b
x dx z z dz D b a x a z x dx

a

α
θ α θ α

α β
α α βα

ψ ψ
θ α

∞ ∞ ∞
−

−+

 
 
 ≤

  Γ +    

∫ ∫ ∫  

 
 Thus  

( )
( ) ( )

( )

( )
( ) ( )

22

2 22 2
, 2

0 0/2

,
/2

1sin 2
2

.
1sin 2
2

b a

b a LL

a bx dx z dz

a bx

α α
θ

α α β

α α
θ

α α β

ψ ψ
θ α

ψ ψ
θ α

∞ ∞−

−

−

−

≤
  Γ +    

≤
 Γ + 
 

∫ ∫

 

Theorem 4.1 Let ( )2,f Lψ +∈  . Then the continuous fractional generalized Hankel-Clifford 
wavelet , ,H θ

α β ψ  is defined on f  by  

( )( ) ( ) ( ) ( )

( )
( )

( )( )

2

2
2

cot/2 2
, , , ,

0

/2 1/21cot 1
2

,

, sin

2 .
sin sin

i

iax
a

H f b a c a x h e f x

bx bxe J h ax dx

θα βθ θ α θ
α β ψ α β α β

α β
θ

θ
α β α β

θ

ψ
θ θ

∞
− •− − −

+ − − 
 

−

 
=  

 
    
 ×            

∫
 

Proof: We have 
( )( )

( ) ( )

( ) ( ) ( )
2 2

2 2

, , ,

,
0

cot
2

,
0 0

, ,

1 / , / , .

b a

b a

i b t
a a

H f b a f

f t t dt

f t e D b a t a z z dz dt
a

θ θ
α β ψ

θ

θ
θ
α β

ψ

ψ

ψ

∞

 ∞ ∞− +  
 

=

=

 
 =
 
 

∫

∫ ∫
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( )

( )

( )

( )( )( )

2 2
2

2

2
2

/ 2 1/ 2
cot cot

2 2
,

0,

/ 2 1/ 21cot 1
2

,

1 2
sin sin

2
sin sin

1

i tt i
a

i
a

t tc e J e f t dt
a aac

b be J h z d
a a

c

α βξθ θ
θ
α β α βθ

α β

α β
ξ θ

α θ
α β α β

ξ ξ
θ θ

ξ ξξ ψ ξ ξ
θ θ

+   ∞ + −      
   

−

+ − −  − 
−

    
 =            

    
 ×            

=

∫

( )

( )

( )( )( )

2

2
2

cot
2

,
0,

/ 2 1/ 21cot 1
2

,2
sin sin

i

i
a

h e f
a

b be J h z d
a a

θα θ
α βθ

α β

α β
ξ θ

θ
α β α β

ξ

ξ ξ ψ ξ ξ
θ θ

∞
− •−

+ − − 
 

−

 
 
 

    
 ×            

∫

 

 Substituting ,x
a
ξ
= then the continuous fractional generalized Hankel-Clifford wavelet 

can be written as  

( )( ) ( ) ( ) ( )

( )
( )

( )( )

2

2
2

cot/2 2
, , , ,

0

/2 1/21cot 1
2

,

, sin

2 .
sin sin

i

iax
a

H f b a c a x h e f x

bx bxe J h ax dx

θα βθ θ α θ
α β ψ α β α β

α β
θ

θ
α β α β

θ

ψ
θ θ

∞
− •− − −

+ − − 
 

−

 
=  

 
    
 ×            

∫
 

( )( ) ( ) ( ) ( ) ( ) ( )( )
2

2 2cot cot cot/22 2 2
, , , , ,, sin .

ib i iax
h e H f b a a x e h e f x h ax

θ θ θα βθ θ α θ θ
α β α β ψ α β α βθ ψ

− − •− − −
   

=       
 

Theorem 4.2 If 1ψ  and 2ψ  are two wavelets and ( )( )
1, , ,H f b aθ

α β ψ  and ( )( )
2, , ,H g b aθ

α β ψ  
denote the continuous fractional generalized Hankel-Clifford wavelet transformations of 

( )2,f g L +∈   respectively, then  

( )( )( )( )
1 2 1 2

2
, , , , , , , ,2

0 0

, , sin , ,dbdaH f b a H g b a C f g
a

θ θ
α β ψ α β ψ α β ψ ψ θθ

∞ ∞

=∫ ∫     (17) 

where 
( ) ( )( )( )( )

1 2

2
, , , , , 1 , 2

0

C a h a h a daα β θ θ
α β ψ ψ θ α β α βψ ψ

∞
− − −= < ∞∫ . 

Proof: We have 

( )( ) ( ) ( ) ( )

( )
( )

( )( )

2

1

2
2

cot/2 2
, , , ,

0

/2 1/21cot 1
2

, 1

, sin

2 .
sin sin

i

iax
a

H f b a c a x h e f x

bx bxe J h ax dx

θα βθ θ α θ
α β ψ α β α β

α β
θ

θ
α β α β

θ

ψ
θ θ

∞
− •− − −

+ − − 
 

−

 
=  

 
    
 ×            

∫
 

Now 
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( )( )( )( )

( ) ( ) ( )

( )
( )

( )( )

1 2

2

2
2

, , , , 2
0 0

cot/2 2
, ,

0

/2 1/21cot 10 0 2
, 1

,

, ,

sin

2
sin sin

sin

i

iax
a

dbdaH f b a H g b a
a

c a x h e f x

bx bxe J h ax dx

c a

θ θ
α β ψ α β ψ

θα βθ α θ
α β α β

α β
θ

θ
α β α β

αθ
α β

θ

ψ
θ θ

θ

∞ ∞

∞
− •− − −

∞ ∞

+ − − 
 

−

−

  
  

  
=        ×               

×

∫ ∫

∫
∫ ∫

( ) ( ) ( )

( )
( )

( )( )

2

2
2

cot/2 2
,

0

/2 1/2 21cot 1
2

, 22
sin sin

i

iay
a

y h e g y
dadb
aby bye J h ay dy

θβ α θ
α β

α β
θ

θ
α β α β ψθ θ

∞
− •− −

+ − − 
 

−

  
  
  
 

     
 ×               

∫

 

( ) ( ) ( ) ( ) ( )( )

( )
( )

( )
( )

22 2

2 2

2 2

cot 2 cot2 3 2 2
, , 1

0 0

/2 1/2
cot

2
,

0

/2 1/2
cot

2
,

0

sin

2
sin sin

2
sin sin

i ia x

i b x

i b y

a x e h e f x h ax

bx bxc e J

by byc e J

θ θα β α θ θ
α β α β

α β
θθ

α β α β

α β
θθ

α β α β

θ ψ

θ θ

θ θ

∞ ∞
− − − •− − − −

+∞
+

−

+∞
− +

−

 
=  

 

    
            

   
      
   

×

∫ ∫

∫

∫

( ) ( ) ( ) ( )( )
22 22 cot cot

2 2
, , 2

i ia y

dxda

db

e y h e g y h ay dy
θ θα θ θ

α β α β ψ
− − •−

 
 
 
 
       
      
   
 ×         

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
2 2cot cot23 2 2

, 1 , , , 2
0 0

sin
i i

a x h ax h e f x h e g x h ax dxda
θ θα β α θ θ θ θ

α β α β α β α βθ ψ ψ
∞ ∞

− • − •− − − −    
=    

   
∫ ∫

 
( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )( )

2 2

1 2

1 2

cot cot 23 22 2
, , , 1 , 2

0 0

3
, , , , , ,

2
, , , ,

sin

sin ,

sin , .

i i

h e f x h e g x ax h ax h ax x da dx

C h f h g

C f g

θ θ α βθ θ θ θ β
α β α β α β α β

θ θ
α β ψ ψ θ α β α β

α β ψ ψ θ

θ ψ ψ

θ

θ

∞ ∞
− • − • − − − −    

=     
     

=

=

∫ ∫

Remark 4.1  If 1 2and f g ψ ψ ψ= = =  in the theorem 4.2,  then  

( )( )
2 2

, , , , ,2
0 0

, sin , .dbdaH f b a C f g
a

θ
α β ψ α β ψ θθ

∞ ∞

=∫ ∫  

Theorem 4.3 If ( )2, and f Lψ +∈  ( )( ), , ,H f b aθ
α β ψ  is continuous fractional generalized 

Hankel-Clifford wavelet transformation, then  
(i). ( )( ), , ,H f b aθ

α β ψ  is continuous on  ,+ +×   
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(ii). ( )( )
( ) ( )

2 2, , .
/2

,
1sin 2
2

L LL

a bH f b a f
α α

θ
α β ψ

α α β
ψ

θ α
∞

−

−
≤

 Γ + 
 

 

Proof  (i)   Let  ( )0 0,b a  be an arbitrary but fixed point in .+ +×   Then by Hölder inequality 
, 

( )( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

, , , , 0 0

, , 0 0 0
0 0

1/2
2

, , 0 0 0
0 0

1/2
2

, , 0 0 0
0 0

, ,

1 / , / , / , / ,

1 / , / , / , / ,

/ , / , / , / ,

H f b a H f b a

f x z D b a x a z D b a x a z dxdz
a

x f x dx z D b a x a z D b a x a z dz
a

z z dz x D b a x a z D b a x a z dx

θ θ
α β ψ α β ψ

θ θ
α β α β

α α θ θ
α β α β

α α θ θ
α β α β

ψ

ψ

∞ ∞

∞ ∞
−

∞ ∞
−

−

 ≤ − 

 
= − 

 

 
× − 
 

∫ ∫

∫ ∫

∫ ∫

( ) ( )
( ) ( )

0
, , 0 0 0 2 2

/2 00

.

Now it is known that 

/ , / , / , / , ,
1sin 2
2

bz bz D b a x a z D b a x a z dz
a a

αα α
α θ θ

α β α β α α
α α βθ α

∞

−

 
− ≤ −    Γ + 

 

∫

 

( ) ( )
( ) ( )

, , 0 0 0 0 0
/20

and also

/ , / , / , / ,
1sin 2
2

xx D b a x a z D b a x a z dx ab a b
α

α θ θ α α
α β α β

α α βθ α

∞

−
 − ≤ −  Γ + 

 

∫  

 By dominated convergence theorem and the continuity of ( ), / , / ,D b a x a zθ
α β  in the 

variable and ,b a   

( )( ) ( )( )
0 0

, , , , 0 0lim lim , , 0.
b b a a

H f b a H f b aθ θ
α β ψ α β ψ→ →

− =  

 Thus the theorem is proved. 

(ii) As ( )( ) ( ) ( ) ( )
2 2

2 2 cot
2

, , ,
0 0

1, / , / , ,
i b t

a aH f b a f t e D b a t a z z dz dt
a

θ
θ θ
α β ψ α β ψ

 ∞ ∞− +  
 

 
 =
 
 

∫ ∫ by Hölder 

inequality  
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( )( )

( ) ( )

( ) ( )

( )
( ) ( )

( )
( ) ( )

, ,

1/ 2
2

,
0 0

1/ 2
2

,
0 0

1/ 2

2

2
/ 20

2

/ 2

,

1 / , / ,

/ , / ,

1
1sin 2
2

1sin 2
2

H f b a

x f x dx z D b a x a z dz
a

z z dx x D b a x a z dx

x bx f x dx
aa

zz z dz ab

θ
α β ψ

α α θ
α β

α α θ
α β

α α
α

α
α α β

α
α α

α α β

ψ

θ α

ψ
θ α

∞ ∞
−

∞ ∞
−

∞
−

−

−

−

 
≤  

 

 
× 
 

 
   ≤     Γ +    

 ×  Γ + 
 

∫ ∫

∫ ∫

∫

1/ 2

0

.
∞
 
 
  
 
 

∫  

( )
( ) ( )

( )
( ) ( )

, 2
/ 20

,
/ 20

Since       / , / , ,
1sin 2
2

and also

/ , / , .
1sin 2
2

z bz D b a x a z dz
a

xx D b a x a z dx ab

α α
α θ

α β α
α α β

α
α θ α

α β
α α β

θ α

θ α

∞

−

∞

−

 
≤     Γ + 

 

 ≤   Γ + 
 

∫

∫

 

 
 Thus 
 

( )( )
( ) ( )

( ) ( )
1/2 1/2

2 2
, ,

/2 0 0

, .
1sin 2
2

b aH f b a f x dx z dz
α α

θ
α β ψ

α α β
ψ

θ α

∞ ∞−

−

   
≤    

     Γ + 
 

∫ ∫  

 
 Thus 
 

( )( )
( ) ( )

2 2, , .
/2

,
1sin 2
2

L LL

a bH f b a f
α α

θ
α β ψ

α α β
ψ

θ α
∞

−

−
≤

 Γ + 
 

 

 Hence the proof. 
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