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Abstract. The main objective of this paper is to study the continuous fractional
generalized Hankel-Clifford transformation and continuous fractional generalized Hankel-
Clifford wavelet transformation and some of their basic properties. Graphical representations
for continuous fractional generalized Hankel-Clifford transformations have been
demonstrated for some values. Applications to the continuous fractional generalized Hankel-
Clifford transformation in solving generalized n™ order linear non-homogeneous ordinary
differential equations are given. The continuous fractional generalized Hankel-Clifford
transformation wavelet transformation, its inversion formula and Parseval’s are also studied.
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Hankel-Clifford transformation; continuous fractional generalized Hankel-Clifford wavelet
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1. INTRODUCTION

Akhilesh Prasad et.al, introduced the continuous fractional Bessel wavelet
transformation, in [1]. Pathak and Dixit [2] introduced continuous and discrete Bessel wavelet
transformations. Upadhyay et al. [3] studied the continuous Bessel wavelet transformation
associated with the Hankel-Hausdorff operator. Namias in [4] studied fractionalization of
Hankel transform. In [5], author studied similarity theorems for fractional Fourier transforms
and fractional Hankel transforms. The author in [6] analyzed self-fractional Hankel functions
and their properties. Kerr studied the fractional powers of Hankel transforms in the Zemanian
spaces in [7]. The author in [8] presented wavelet transforms and their applications, in 2002.
Shi in [9], a novel fractional wavelet transform and its applications. Lakshmi Gorty [10]
studied continuous generalized Hankel-Clifford wavelet transformation.

Let L, (O,oo),lS p <oo, as the space of real measurable function ¢ on (0,oo) for
which

| T os0 2 e

|4]. =ess sup|x’ﬂ¢(x)| <o,
0< X<

For each ¢ e L, (0,0), generalized Hankel-Clifford transformation of ¢ is defined by
p(x)=t"[ ()3, , |:2\/X_'[:| H)dt , 0<t <o,
0
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it is observed 413( x) is bounded and continuous on (0,) and H¢ H <|4,-

Malgonde and Bandewar [11] mvestlgated the variant of the generalized Hankel-
Clifford transform defined by

s (F(0)=F(¥) =y 7,0 (x9) F (X)X, X R (= ) 2 -1/2

where 2., (x)=()“""2J,_, (2&) Jos (xz/_being the Bessel function of the first kind of

order (— f3), in spaces of generalized functions.
Its inversion formula is given by

F(X)=ht (F(¥) =y [ 7., () F (Y)dy, y <.

We define a one-dimensional continuous fractional generalized Hankel-Clifford
transformation with parameter @ of f (x) for («—3)>-1/2 and 0< 8 <  as follows:

hes(F(¥)=F(y)= ’”ICW xy) f(x)dx, (3)

where the kernel

lcot] i {i+:J (a+p)i2 2
€ e, =2 3,02 =2 0+nx
“"sind] “7| “sing) |

Ce (X Y) (Xy)(a+ﬁ)/2 ‘]afﬂ (Z(Xy)llz) 0 :%
5(x-vy) ,0=nr,Vnel.
and

ei(a—ﬁ+l)(%—0j

sin@
Its inversion formula of (3) is given by

f(x):((hjﬂ)lF)(x =y ”JCW X, y)(hjﬁf)(y)dy, yeR,

where

) (a+ﬁ)/2 1/2
T —[cot) i (*+?] i(af/ﬂl)(%*gj Xy Xy
Cop(xy)=e ¢ sin ] Y| % Fing]

I |cot) i [—+:j (a+p)l2 1/2
c, ,sinde ) . 3 |9 X .
“r sin 9] “P1 7 Jsing)|

hgﬁf =h;,f=1,
hff;”f :hjﬁf,eeR.
Throughout this paper, 8 = nz,VneZ
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2. PROPERTIES OF FRACTIONAL GENERALIZED HANKEL-CLIFFORD
TRANSFORMATION

The 7, , , transformation was studied by Malgonde and Bandewar [11] who extended
it to a space of generalized functions. They constructed the space H, and H, of testing

functions of all the complex-valued smooth functions ¢(x) defined on I =(0,), such that
Vi (#)= ()] <=

forevery m,k e N respectively. 7, , , is an automorphism onto H, for a - > —%.

ky—a

kxﬂ¢5(x)|<oo, foreverym,k € N and y%, ()=

Definition (2.1): (Testing function space H, ,,(R,)) The space H, ,, (R, ) is defined
as follows: f is a member of H, ,,(R,) if and only if it is a complex-valued C”

-function on R, and for every choice of k of non-negative integers, let a denote

positive real number and «,f be arbitrary real parameters with o —f>-1/2. Let
the space of testing functions that consists of all smooth complex-valued functions
$(x) defined on I =(0,), such that

7 (o )=SLIJp‘ 2é‘fxﬁAkﬂgzﬁ( )‘<oo,keN

(2.1)
2 a2 ap?
where Aaﬂxzd—2+(1—a—ﬁ)ixcot6’i+ Sa” 35 1008 icote—xcot? 0
7Tdx dx 4x
and
2k
and Af , = a,, x“"D*", where the constants a, , is a constant depends only on & and /8

r=0

and parameter @ for k=0,1,2,3,...0n H_ ,, (R, ), considering the topology generated by

the family {7, }  of seminorms.

Proposition 2.1 Let leyﬁ (x,y) be the kernel of the fractional generalized Hankel-Clifford
transformation. Then as in [12]

y r
aﬂxcfﬁ(x,y) [ |Sm0J c’ 5(xy),VreN,

hg,,,((A;ﬂ,X)“ f(x))(y):(—|si:9|)r(h§ﬁf)(y) and feH,,(R,)

2

2 _ap?
where A, , d -(1-a- ,B)lxcotadi+{ S ~3p" +10ap

T X 4x
be known as fractional generalized Hankel-Clifford operator with parameter 6.

—icote—xcotze} and will

Proof: i) Let r=1, A, , ,.C7 /(x,y) is given by
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2 2 2
Aa,ﬂ,xcz,ﬂ(x,y)=|:%+(1—a_ﬂ)iXC0t9;j—x+{_3a _3£( +10a’8+icot0—xcot29HC5,ﬂ(X, )
y 0
=—| ——|C Y).
(|sin6’|] e ()
Let r=2, A’ , .C (xy) is
2 2 2 2
Aiﬂngﬂ(X,y)=|:%+(1—a—ﬂ)iXC0t9di+{_3a _3f +1oaﬂ+icot6—xcot29H Cop(XY)
- ' X X X ’

Thus by Mathematical induction the proof (i) is given.

*

Proof (ii): For r=1,h7 ((Aaﬁvx)r f (x))(y) can be written as
s ((8%5) £ () (¥)
=h?, l:{d—z—(l—a—ﬂ)ixcotes—XJr{_wz ~3f" +10ap —icot@ - xcot? 0}} f (x)}(y)

dx? 4x

[ o

. NN y )
Similarly hgvﬁ((Aaﬁ,X) f(x))(y):(—wj (h?,f)(y) and f eH, ,(R,) .
Proposition 2.2. Let f € L'(R, ). Then F,; satisfies the following
(). F/, el”(R,) with |F,|

- <Kol Tl
(ii). F,,(y)—>0as y — o0 or—oo,
(iii). F;, iscontinuouson R,

where K, , , is a positive constant depending on «, 8 and 6.

Proof:
002, (£ (1) =F(y) =y €2, (xy) F (x)a 0 [,
(it) From proposition 2.1 (ii), wohere r=1,

sing
=, 0)-H# )
F.,(y)—>0 asy— oo forevery f el'(R,).
(iii) Let h>0, consider

<Kepol Pl

L

he, ((A;,ﬁ,x) f (x))( y)‘ — 0 asy — +w, although
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sup|F/, (y+h)—F/, (y)
y

eCotei[(yzh) 2] (y+h) (a+p)I2 J , x(y+h) 12
. |sin 6) “h [sin ¢

Lt

< Kaﬁygoﬁf (x)|dxe L'(R,),
0

| ()| dx

and

‘Cotg‘i[(yzh) %ZJ X(y+h) (a+p)2 «(y-+h) V2 ) ot [T)%J x(y) (a+p)2 X(y) 2
e : Jafﬁ 2 - e - JH, 2| —
|sin 6 lsin 6] |sm49| |sin 6|

as h—0. So, sup|Fa’fﬂ(y+h)—Fa6fﬂ(y)|—>0 as h— 0. This proves that F/, (y) is
y

—0

continuous in R, .
Proposition 2.3 (Parseval’s relation) If P(y)=h? ,(p(y))and Q(y)=h{,(q(y)) denote

the fractional generalized Hankel-Clifford transformation of p(y)and q(y) respectively as in
[13], then

Ip q(x)dx =sin ejh" p(y))he ,(a(y)) dy =sin HIP Q(y) dy,

and £|p(x)| dx=sin6?£|h0"‘jﬁ(p(y))|2 dy.

Proof: We have

(p.a)=
Fo| yerfe (ce—)sme(ﬂjma [z(—y”(h )(y)dy |ox
) ) @p |sin 6) g [sin 6) @p

smaj [ o Ie—cow [2+z][|8i>;y9|]<a+ﬁ>’2 3y [2(|Si>;y0J/2Jp( )dx] dy

o—3

p(x)a(x)dx

p(y))[ dy.
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2.1. FRACTIONAL GENERALIZED HANKEL-CLIFFORD TRANSFORMATION OF SOME
SIMPLE SIGNALS:

When a unit signal given and if _y eR; _y =0;&Re(a)> -1, then Fractional
[siné| [sin ¢

generalized Hankel-Clifford transformation with angle @ is given by

atf

1 vy 1 2
—| Y T :
siné [sin 6
For @ = /2, the fractional generalized Hankel-Clifford transformation becomes
I'(1+a)/yr(-p) for Jy e R&Re(a)>-1y>0.
For 5(x—y) is the signal, then fractional generalized Hankel-Clifford transformation

lcotd] i [y;}ri(a—ﬂﬂ)[%—a)

becomes ie y“”ﬁ]a_ﬁ(ZL] for y > 0.

lsing|

The fractional generalized Hankel-Clifford transformation is given by
— ;i{fgzlhglﬁ)ﬁl B 2 —%(hp’) 1 W

B +y?[cot] 2_1_5 l+a+f yi ing E(—a+ﬂ—2)
° Y (2a—i|cot6?|j (lsinel)

(2a—ilcotd|)F (2+a-B)T (1+a-B)

\/§|sin¢9|l“(2+a—ﬂ)l“(£—£j °F {E%+g—£,l+%—£},

2 2 912 2 2 2
y2
8(2a—i|cot6?|)|sin¢9|2 |
X - _ _
-5}
2
y—2 _ A 3,,0a B3 a B
b (2a—i|cot9|)r(1+a ﬂ)r(l 2j i {2’1 2 222 2}’
y2
_8(2a—i|cot9|)|sin9|2

for the signal x“*e " when y >0 &{ |s'r)1/9| ] eR;Re(a)>0;Re (8)<1.
i

The fractional generalized Hankel-Clifford transformation is given by
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" 1i{f£(0;:z)+ﬁ)a} ) ? L
R ey Y] (sing])2 "

1+1i|cot9|
y(2a-ilcotd|)T (2+a - B)T (1+a - )

2y? cos( > j 1+a p F(1+ j
<F, {1 _} {E l,a p38 a_ } Iy’ :
2)' (272 2 22 2 2] 8(-2i+|cotd|)[sin)

+fsm( j|sm¢9|( —2- ||cot¢9|)\/ L) (2+a—ﬂ)r(1+7a]

>

2i +|cot 6

(
PFq {“_a}’{é’l+g_£1§+g_£} |y2 >
2 J'l27 2 2°2 2 2)'8(-i2+|cotd|)[sing|

y>0 &( |S|r)1l0|]e R;Re(a)>0Re () <1 for asignal in the form of x “ /e

For the signal ¥, the fractional generalized Hankel-Clifford transformation is given

by if yzO&( |sir>1,6?|]€R and Re (o) >-1.

For the signal x“ "™ if y>0 &{ | nge R and Re () <0,, the fractional
sin

generalized Hankel-Clifford transformation is given by
LG B ]
2|k2(zl+a+ﬂ)9} LB 2 2 1 iso
—e +y?|cotd)| 272 a+f y sin@ 2( a+f-2)
y 2—ilcot 6| (jsinl)
F(2+a-B)r(1+a-p)

pF {i__ﬂ} {E 14_2_& §+£_£} y2
q ] ] ) 1 . - 2
2 2)22 2 22 2 2 8(2a—||cot9|)|5|n0|

+|sin 49|F(2+a—ﬂ)1“(—§

e {_ﬁ},{é,lg_ﬁ,ig_ﬁ}, y’ 2
L 2) 120 2 22 2 2 8(2a-i|cotd])[sin 9|
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62 Continuous fractional generalized Hankel-Clifford transformation V. R. Lakshmi Gorty

When \/V eRandRe(a)>-Ly>0 and 6 :%, the graphical representation of

fractional generalized Hankel-Clifford transformation is given by

oy 2 LU
20
-
X

-1 05 0.5 1
ol

0k

Figure 1: Fractional generalized Hankel-Clifford transformation for

1 1 T
f =1, a=—;=—-,0=—.
(X)=L a=5if==7:0=5

o=t |2 LU

L .
-1 -0.5 0.5 1
-5

)

B8 d

3 T
Figure 2: Fractional generalized Hankel-Clifford transformation for f (X) =1L a=1p= —2;49 = E

y
0.6

0.4
0.2

.2
0.4

-0.6
Figure 3: Fractional generalized Hankel-Clifford transformation for
1 1 V4
f(x)=0(x-Vy); a==;=—=:0=—;y>0..
(X)=8(x=y)i a=Z:f=-7:0="1y
y
0.4

0.3
0.2

0.1

X

-1 -0.5 0.5 1

Figure 4: Fractional generalized Hankel-Clifford transformation for
3
f(x)=05(x-y); azl;ﬂz_z;‘g:%’ y >0.

WWW.josa.ro Mathematics Section



Continuous fractional generalized Hankel-Clifford transformation V. R. Lakshmi Gorty 63

y

4\ /2\32
VARS

AN
o\

Figure 5: Fractional generalized Hankel-Clifford transformation for

f (x) = 5(x - y); o= %; p= —%; 0= % considering absolute value of the results.
y

0.4

2

-0.2

04

Figure 6: Fractional generalized Hankel-Clifford transformation for

3 V4
f (X) = 5(X - y); a=1p= —Z; @ = —, considering absolute value of the results.
y
0.6
0.4
0.2
X
4 2 2 4
0.2
-0.
6
Figure 7: Fractional generalized Hankel-Clifford transformation for
2 1 1 Vs
f(x)=e™; a==;8=-=,0=".
2 4 2
y
02
X
-4 2 2 4
02
04
Figure 8: Fractional generalized Hankel-Clifford transformation for
2 3 Vd
f(x)=e™; a=Lp=-=;0="—
4 6

considering absolute value of the results.
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64 Continuous fractional generalized Hankel-Clifford transformation V. R. Lakshmi Gorty

3. APPLICATIONS OF THE FRACTIONAL GENERALIZED HANKEL-CLIFFORD
TRANSFORMATION TO GENERALIZED DIFFERENTIAL EQUATIONS

Example 1: Consider the generalized n™ order linear non-homogeneous ordinary differential
equation

L(p(x))=f(x), (15)
where L is the generalized n™ order differential operator given by
L=a,(A,,,) +an71(A;’ﬂ’X)n_l+...+a1(A;ﬁvx)+a0, where a_,a, ,,...,a, are constants and

Aa,ﬂ,x Is given in proposition 2.1. Applying fractional generalized Hankel-Clifford
transformation to both sides of the equation (15),

ICaﬁxy dx ICaﬁxy)f(x)dx,

n n-1
y? y’
a |- +a | - +
( Wr] [ |sin9|2}

r y
Consider P az ,then P
rz;‘ [ [sin &)

[sing|

+a1£— v 2}+ao (h2,p(y))=ho,(f(v))

2

2]<hz,ﬁp<y>)=hz,ﬁ<f )

h? (f
Therefore h) 'p(y) :M

p|_ Y |
sing[

Applying inverse fractional generalized Hankel-Clifford transformation gives the
solution

)*1 h,s (F(y))

p|_ Y |
I |sin¢9|2 |

Example 2: Using the fractional generalized Hankel-Clifford transformation, investigate the
solution of the generalized differential equation

ou au { 30 -3/8* +10a

2

+icotd—xcot? H}U +Z—lj:0, Xx>0,2>0,
z

(1= -
v ~+(1-a— ,B)lxcotﬁax ”

with u(x,z) — 0 as z — oo and x — o,
and u(x,0)= f(x), x=0.
Applying fractional generalized Hankel-Clifford transformation to equation (),

2 2 _nap2 2

4x

Sy 5 —3a’® -34° +10ap8

y_a_ﬂj. o +(1-a-p)ixcoto T+ 4x u|Cy s (%, y)dXeraﬂI 72 g7Can (X ¥)dx=0
ax OX . 2 ’

+icot@d—xcot° @
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The differential equation becomes
2 2~
_Y gL
[sin &) dz

p- Y lio
|sin 0|2

where D = i
dz

The solution of equation () is given by
L -2
u(y,z)=Cel +C,e ™.
Taking fractional generalized Hankel-Clifford transformation of order zero of (),
u(y,z)—>0asz—»o,if C,=0.
Applying the inversion formula,

o__ L _-yiz
Cl(X,Z): y_“_ﬂJ.Cg,,;(X, y)[clesma +C2e sme]dy.
0

i)

3. CONTINUOUS FRACTIONAL GENERALIZED HANKEL-CLIFFORD
WAVELET TRANSFORMATION

The continuous fractional generalized Hankel-Clifford wavelet transformation is a
generalization of the ordinary continuous generalized Hankel-Clifford wavelet transformation
with parameter 0, that is, continuous generalized Hankel-Clifford wavelet transformation is a
special case of continuous fractional generalized Hankel-Clifford wavelet transformation with

parameter 6 = % :

A fractional generalized Hankel-Clifford wavelet is a function y e L*(R
satisfies the condition

A= sz‘“ (hY ﬂy/)(x)r dx < oo, ¢~ f=-1/2, (16)
0

) which

+

where A, ,

Clifford wavelet transformation. The fractional generalized Hankel-Clifford wavelets v, , (x)

is called the admissibility condition of the fractional generalized Hankel-

can be generated from one single function y eL*(RR,) by dilation and translation with
1

Vba (X) :E

parameter which measures the degree of compression or scale and b is a translation
parameter which determines the time location of the wavelet as

beR anda>0as in [7]. W(x_—b] v(x,t)where a is called the scaling
a
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wﬁa(x):%y/[%je_Z(x N )CM, for all a,band & as above.
D, (xy.2) /-

—Cg ez(x2+y2+zz)\cot€\ Té:_a Xf (e ] 2 Xé: N yé (ehye ] ) y§ v
s 2 | Jsing)| “F1 7\ Jsin g |sin 6 “71 7 Jsing|
c (a+p)2 : 112
z z
— J 2| —— d
X@me& [ QWJ J .

0 2(x +y°+z )\cot&\ L

_ﬁ_,
Ayl 2
Co p® 2

(v x i)

where V(x,y,z) denotes th¥ area of a triangle with sides x, y,z of such a triangle exists and

Dy , (X, y,z)|20 and is symmetric in x,y,z. Setting £=0, asin [8]

j x y,Z “dz < (xy)

> 2"%(sin 9)“‘F(a+;j
for x,y,zeR,.

Applying inverse fractional generalized Hankel-Clifford wavelet transformation of
D7 , (X, y,z)we obtain

. Yot : (a+pB)I2 ¢ 12
z +§ cot@ Z Z 0
e J”[z[lsinﬁlJ JD”(X’ ho)d
S (a+p)12 12 (a+p)12 12
_ed N o[ XE 5, |22 ye a2 25|
[sin g [sin ¢ [sin g [sind|

Lemma4.lIf y € L*(R,), then ||t//§a LSl
Proof: We have

(17)

; ( ) 1 _;[b2+XchotﬁT ) ( ) ( )
Voo (X)=—e " ° D, ,(b/a,x/a,z)y(z)dz.
’ va y

Now,
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Z0:/2 x

v (z)]z" {Djﬂ(b/a,x/a,z)}m‘dz.

!
1 7* 1/2
<—— |1z z°dz
il |

1/2
1 (bx)a ( -a 2 4 N
<= 2|y (z)] {DL,(b/a,x/a,z) dz} .
J;(aza (sing)" 2("“’)’2F(o¢+;j |{ ’ }|

{D?,(bla,x/a, z)}ﬂ2

U

(D!, (b/ax/az)

w(z) (DL, (b/ax/a,z)} dz]ﬂz@

O ey 8

Therefore

X dx.

D, ,(b/a,x/a,z)

. o " g froere]

a’*|(sing)” 2(“‘ﬂ)’21“(a+2
Thus
© —2a|2a
”‘/’f,a(x)rdXS a’’b . 2.|.|1//(z)2dz
i U(SinG)Q‘Z(“ﬂ)’ZF(aJFZD 0
ot (0 s ——=—

(sino)"

Yie-
S

Theorem 4.1 Let f,y e (R+). Then the continuous fractional generalized Hankel-Clifford
wavelet H; ,  isdefinedon f by

(HZs,T)(ba)= @Sin Ga’(“*m’zf X ¢ [hjﬁez(') o0 (X)J
0

~(ax)?[cot | L[%_l) bx (a+p)i2 bx 1/2 :
A (WJ s 2(—|sme|] (A2 v ) (@)
Proof: We have

(Hos, | )(b’a):<f7ng,a>

[ f (Ol (Ot

:I f (t)[ﬁe e IDjﬂ(b/a,t/a,z)z//(z)dz]dt.
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1 %, \cote\%tﬁié t ¢ (a+p)/2 . 12 4%0(”9
“ ot 1" | ][|sme|aJ Yoon) 2 Wa} g
—gz\coty\%(aiz,l) [ b ¢ (a+p)I2 b ¢ 172 _
“* : [|sin49|gj Jan| 2 [sind| a (ha,ﬁ‘/’(z))(f)df
—4 (s)*coto
7 ¢ ( fj
!
y ffz\cma‘g(afz,lj b & (a+p)l b & 12 :
° (|sm ZE! J Yo [2[|sin o) a (ha,ﬁ '/’(Z))(f)df

Substituting ¢ = X, then the continuous fractional generalized Hankel-Clifford wavelet
a

can be written as

(HZ,,f)(ba)=c., sinoa' /sza(hﬁ B °°“9f(x)j

~(ax)’[cot6)| {iqj bx (a+p)2 bx 2
0
S RS B LR

ib® i i
he s [ezmw (HZs, F)(b, a)]=sin Ha(“ﬂ)’z[x‘“ez( Vet he e 2 (X)j(hg,ﬂ l//)(ax)

Theorem 4.2 If y;, and y, are two waveletsand (H?, f)(b,a) and (H.,, g)(b,a)

denote the continuous fractional generalized Hankel-Clifford wavelet transformations of
f.gel*(R ) respectively, then

dbda

H s Hf{w g)(b a)a—_sinzHCa,ﬂlwl,Wzy(,(f,g), (17)
where
Coprnno =32 (W v )(2) (N2, )(2) da < 0.

o

Proof: We have

(H,,, f)(ba)=c ¢’ singa =)

X (hg elz()cowf(x)j
i (a+p)i2 v2
—(ax)?[cotd] E[aiz— ] bx bx )
* (|sin9|] Jaﬂ[z[lsi—wl] ](h o¥a) (@)

O ey 8

Now
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69

( a,fyn ) (Hgﬁw g)(b a)dzda

¢’ singa " /ZTX ( COtgf(x)j
0
(a+B)I2 12
~o0eotel 3 1) ox bx ;
* [|sin6’|} Y [2(|sm9|] J(h ﬂt//l)(ax)dx
da

sm fa* T [ _7. COWQ(Y))
0
db—-
(a+p)2 v2 2
~(ay)’[cot6] = (——] by by 5 a
© (|sin e|] J“ﬂ[2(|sin0|J J(h“ﬁ v (ay)ey

|

O ey 8

Il
O 3 8
o —3

y _

O sy 8

a (P 2y sin? g o) (hj ﬁe_lz(')zwm f (X)](

hgﬁ‘/’l)( X)

o < cotel(b2+x2)
Co. ﬂJ'e 2
0

bx (a+p)I2 bx 12
T Ja,ﬁ 2| ——
[sin &) [sin &)

. b (a+B)I2 b 12

—_ b2+ cot0

e ) J”(Z[hmyﬂ]] i
0

_ db
- (hg *2 °°‘eg}(y)(h9ﬂz//2)(ay)dy

iE(Z—az)y2 cotd
xe

:sin3GT
0

R
0
=sin®0C, ,,, .. ,(n,f.h7 ,0)

= Sinz HCavﬁv%vV/zﬂ < f ! g>

Remark 4.1 If f =g and y, =y, =y inthe theorem 4.2, then

”| 2w dzda_sm 6C,,,0(f.9).

Theorem 43 If .y € *(R,) and (

Hankel-Clifford wavelet transformation, then
(i). (HZ,, f)(b.a) is continuouson R, xR,

ISSN: 1844 — 9581

ij f )(b a) is continuous fractional generalized

Ia X (h v )(a )[hg e mefj( )[hg ez(”’”g}( (v, )(ax) drdla

e
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a “b”
(D‘ﬂ)/zr[a _}_1
2

Proof (i) Let (b, a,) be an arbitrary but fixed point in R, xR, . Then by Holder inequality

(||) || oot ba) LS

J” e vl

‘(sin )"

|( aﬂwf)(b’a ( a By )(bo’a0)|
%Tﬂf (D2, (b/a,x/a,z)~ D, (b, /2y, X/ a,2) Jixdz
{01 12
:ﬁ [xce|t |dxj ,(bla,x/az)- Dgﬁ(bo/ao,x/ao,z)|dzJ
0

12

aﬁ(b/a,x/a,z)—Djﬂ(bolao,x/ao,z)|dx

x[IZ‘“Iw<z>|2dzIx“

Now it is known that

jz"‘ a'ﬁ(b/a,x/a,z)—Dfﬁ(bolao,x/ao,z)|dzS z 1 b:a—bi},
’ ‘(siné’)a 2<“-ﬂ>/2r(a+2)_a %

and also

j X

a

X

s(bla,x/a,z)- Dgﬂ(bolao,x/ao,z)|dxs
2

[ab“ — aobg‘]
)

‘(sin )"

By dominated convergence theorem and the continuity of Djﬁ (b/a,x/a,z) inthe
variable b and a,

t!LTO ;!LTO (szﬁ,u/ f )(b a) ( apy f )(bO’a0)| =0.
Thus the theorem is proved.

0

(i) As (H,, T)(b.a)=] f (1) %e‘z[aﬁaz}wf D’ (b/at/a, z)w(z)dszt, by Holder

0

inequality
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(HZ,, f)(ba)

© © 1/2
s%“x““ (x)|2 dsz“ Dflﬁ(b/a,x/a,z)|dz)
0 0
- ) , w 1/2
x[jz “lv (z)| dxjx“ Djﬂ(b/a,x/a,z)|de
0 0
1/2
1% 2 X b“
S—=| | X% f(x)| dx
Ja ! 1) ‘(Sine)“ 2<“ﬂ)’2r(a+g[a2a}
1/2
R —a 2d Za ba
’ 'c[z ) Z‘(sin@)“ 2<aﬂ)/2r(a+1j[a ]
2
Since Tz“ D!, (b/a,x/a,z)|dz < z {b:a]
° | ‘(Siné?)a 2<”>’2r(a+;j a
and also
x D? ,(b/a,x/a,z)[dx< X [ab“].
! ﬁ | ‘(Sinﬁ)a 2<“‘ﬂ>’2r(a+;)
Thus

CRE zb:j;r(ml)[ﬂf<x>2dxjﬂz[ﬁw(z)zdzjﬂz-
2

‘(sin 6)" ( 0 0

< a “b” f
a ‘(Sin 49)“ 2(@/»’)/2F( 1j ” ”L2 ”‘//”LZ,
o+ 5

Hence the proof.
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