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Abstract. In this paper, the MacWilliams identities for the linear codes over  

ܦ ൌ ܼସ ൅ ସܼݑ ൅ ଶݑ ,ସܼݒ ൌ ,ݑ ଶݒ ൌ ,ݒ ݒݑ ൌ ݑݒ ൌ 0 are studied and some properties of MDS 
codes over ܦ are discussed. 
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1. INTRODUCTION   
 
 
 

One of the most important subject on coding theory is the MacWilliams identity that 
describes the correlation between a linear code and its dual code on the weight enumerator. It 
is used to determine error correcting and error detecting capabilities of code. The 
MacWilliams identities for the linear code over finite fields were determined in [7]. A number 
of papers have been published about MacWilliams identities for the linear code over some 
finite rings for the different type weight enumerators [1, 5, 9, 10]. 

As the maximum distance seperable (MDS) or optimal codes attains maximum 
minimum distances, the class of them is an important class of codes. These codes appear in 
many areas of research. At the beginning, MDS codes over finite fields were studied. But later 
a number of papers have been published about MDS codes over finite rings [3, 4, 6, 8]. 

In [2], the finite ring ܦ ൌ ܼସ ൅ ସܼݑ ൅ ଶݑ ସ, whereܼݒ ൌ ,ݑ ଶݒ ൌ ,ݒ ݒݑ ൌ ݑݒ ൌ 0 was 
introduced, firstly. The linear codes over the ring ܦ were studied. The Gray images of cyclic, 
constacyclic and quasi-cyclic codes over ܦ were determined. The cyclic DNA codes over ܦ 
were introduced. A non trivial automorphism was given. The skew cyclic, constacyclic, quasi-
cyclic codes were introduced. The Gray images of them were determined. The skew cyclic 
DNA codes over ܦ were introduced.  

In this paper, we consider the MacWilliams identities for the linear codes over D on 
both Lee weight and Gray weight in section 3. In section 4, we discuss some properties of 
MDS codes over D. 
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2. PRELIMINARIES 
  
 
In [2], the finite ring ܦ ൌ ܼସ ൅ ସܼݑ ൅ ଶݑ ,ସܼݒ ൌ ,ݑ ଶݒ ൌ ,ݒ ݒݑ ൌ ݑݒ ൌ 0 was 

introduced. The ring ܦ can be also viewed as the quotient ring 
ܼସሾݑ, ሿݒ ଶݑ	〉 െ ,ݑ ଶݒ െ ,ݒ ݒݑ ൌ ⁄〈ݑݒ . 

The ring ܦ has the following properties; 
    * The finite ring ܦ is with 64 elements. 
    * Any ݀ element of ܦ can be expressed uniquely as ݀ ൌ ܽ ൅ ܾݑ ൅  where ,ܿݒ

ܽ, ܾ, ܿ ∈ ܼ₄. 
    * The units of the ring ܦ are 
 

1,3,1 ൅ ,ݑ2 1 ൅ ,ݒ2 ݑ2 ൅ ݒ3,2 ൅ 3,1 ൅ ݑ2 ൅ ,ݒ2 3 ൅ ݑ2 ൅  ݒ2
	

    * The ring ܦ has 26 non trivial ideals. 
    * The ring ܦ is a principal ideal ring and is not a finite chain ring. 
In [2], the Gray map is defined as follows 
 

Φ ∶ ܦ	 → ܼସ
ଷ 

	
ܽ ൅ ܾݑ ൅ 		ܿݒ ↦ 	 ሺܽ, ܽ ൅ ܾ, ܽ ൅ ܿሻ 

	
This map is extended componentwise to 
 	

Φ ∶ ௡ܦ	 → ܼସ
ଷ௡	

	
 ሺߙଵ, … , ௡ሻߙ ⟼ ሺܽଵ, … , ܽ௡, ܽଵ ൅ ܾଵ, … , ܽ௡ ൅ ܾ௡, ܽଵ ൅ ܿଵ, … , ܽ௡ ൅ ܿ௡ሻ 
 

where ߙ௜ ൌ ܽ௜ ൅ ௜ܾݑ ൅ ݅ ௜ withܿݒ ൌ 1,… , ݊. The Gray map Φ is a ܼସ- module isomorphism. 
The Gray weight of any ݔ ∈ ሻݔሺீݓ is defined as ܦ ൌ ,ுሺܽݓ ܽ ൅ ܾ, ܽ ൅ ܿሻ, where ݓு 

Hamming weight. 
The Lee weight of 0,1,2,3 ∈ ܼସ are defined by ݓ௅ሺ0ሻ ൌ ுሺ1ሻݓ,0 ൌ ுሺ3ሻݓ ൌ

ுሺ2ሻݓ,1 ൌ 2. 
Let ݀ ൌ ܽ ൅ ܾݑ ൅ ௅ሺ݀ሻݓ then Lee weight of d is defined as ,ܦ be an element of ܿݒ ൌ

,௅ሺܽݓ ܽ ൅ ܾ, ܽ ൅ ܿሻ, where ܽ, ܾ, ܿ ∈ ܼ₄. The Lee weight of a vector ܿ ൌ ሺܿ₀, . . . , ܿ௡ିଵሻ ∈  ௡ܦ
to be the sum of Lee weights its components. For any elements ܿ₁, ܿ₂ ∈  ௡, the Lee distanceܦ
between ܿ₁ and ܿ₂ is given by ݀௅ሺܿ₁, ܿ₂ሻ ൌ ௅ሺܿ₁ݓ െ ܿ₂ሻ. The minimum Lee distance of ܥ is 
defined as ݀௅ሺܥሻ ൌmin ݀௅ሺܿ, ܿᇱሻ, where for any ܿᇱ ∈ ܿ ,ܥ ് ܿᇱin [2]. In [2], it was shown that 
the Gray map Φ is distance preserving map from (ܦ௡, Lee distance) to (ܼସ

ଷ௡, Lee distance). 
The Lee weights and the Gray weights of the elements of ܦ is given as follows: 
ܽ The Gray image of ܽ The Lee weight of ܽ The Gray weight of ܽ
0 ሺ0,0,0ሻ 0 0 
1 ሺ1,1,1ሻ 3 3 
2 ሺ2,2,2ሻ 6 3 
3 ሺ3,3,3ሻ 3 3 
ሺ0,1,0ሻ 1 ݑ 1 
⋮ ⋮ ⋮ ⋮ 
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3. MACWILLIAMS IDENTITIES 
 
 
The MacWilliams identity which describes how the weight enumerator of a linear 

code and weight enumerator of the dual code relate to each other is very important subject in 
coding theory. It is used to determine error detecting and error correcting capabilities of a 
code. 

In this section, we study MacWilliams identities. Let the elements of ܦ be represented 
as ܦ ൌ ሼ ଵ݃, ݃ଶ, … , ݃଺ସሽ. 

 
Definition 3.1 The complete weight enumerator of a linear code ܥ over ܦ is defined 

as  

஼ሺ݁ݓܿ ଵܺ, … , ܺ଺ସሻ ൌ෍ ଵܺ
௡೒భሺ௖̃ሻ …

௖̃∈஼

ܺ଺ସ
௡೒లరሺ௖̃ሻ 

 
where ݊௚೔ሺܿ̃ሻ is the number of apperance of ݃௜ in vector ܿ̃. 

 
Definition 3.2  Define the generating character  
 

߯ ∶ 	ܦ ⟶ ԧ∗ 
 

ܽ ൅ ܾݑ ൅ ܿݒ ⟼ ߯ሺܽ ൅ ܾݑ ൅ ሻܿݒ ൌ ݅௔ା௕ା௖ 
 
By taking ܯ௜,௝ ൌ ߯൫݃௜݃௝൯, the matrix ܯ is constructed. 
 
Definition 3.3 Let ܥ be a linear code of length ݊ over ܦ and ୄܥ be its dual. Then  
 

,ଵݕ஼఼ሺ݁ݓ݈ܿ … , ଺ସሻݕ ൌ
1
|ܥ|

ଵݕሾܯ஼ሺ݁ݓ݈ܿ  ଺ସሿ்ሻݕ…

 
 
Definition 3.4 Let ܥ be a linear code of length ݊ over ܦ. The symmetrized Lee weight 

enumerator is defined as 
 

,଴ݔ஼ሺ݁ݓ݈ݏ ,ଵݔ … , ଺ሻݔ ൌ ஼݁ݓ݈ܿ ൮ݔ଴, ,ଵݔ … , ଵᇣᇧᇤᇧᇥݔ
଺	௧௜௠௘௦

, ,ଶݔ … , ଶᇣᇧᇤᇧᇥݔ
ଵହ	௧௜௠௘௦

, ,ଷݔ … , ଷᇣᇧᇤᇧᇥݔ ,
ଶ଴	௧௜௠௘௦

,ସݔ … , ସᇣᇧᇤᇧᇥݔ ,
ଵହ	௧௜௠௘௦

,ହݔ … , ହᇣᇧᇤᇧᇥݔ
଺	௧௜௠௘௦

,  ଺൲ݔ

 
where ݔ଴ is the element of Lee weight 0,	ݔଵ is the element of Lee weight 1, ݔଶ is the element 
of Lee weight 2, ݔଷ is the element of Lee weight 3, ݔସ is the element of Lee weight 4, ݔହ is 
the element of Lee weight 5, ݔ଺ is the element of Lee weight 6. 
 

Theorem 3.5 Let ܥ be a linear code of length ݊ over ܦ. Then 
 

,଴ݔ஼఼ሺ݁ݓ݈ݏ ,ଵݔ … , ଺ሻݔ ൌ
1
|ܥ|

,ଵݓ஼ሺ݁ݓ݈ݏ ,ଶݓ … ,  ଻ሻݓ

where  
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ଵݓ ൌ ଴ݔ ൅ ଵݔ6 ൅ ଶݔ15 ൅ ଷݔ20 ൅ ସݔ15 ൅ ହݔ6 ൅  ଺ݔ
ଶݓ ൌ ଴ݔ െ ଵݔ6 ൅ ଶݔ15 െ ଷݔ20 ൅ ସݔ15 െ ହݔ6 ൅  ଺ݔ
ଷݓ ൌ ଴ݔ ൅ ଵݔ4 ൅ ଶݔ5 െ ସݔ5 െ ହݔ4 െ  ଺ݔ
ସݓ ൌ ଴ݔ ൅ ଵݔ2 െ ଶݔ െ ଷݔ4 െ ସݔ ൅ ହݔ2 ൅  ଺ݔ
ହݓ ൌ ଴ݔ െ ଶݔ3 ൅ ସݔ3 െ  ଺ݔ
଺ݓ ൌ ଴ݔ െ ଵݔ2 െ ଶݔ ൅ ଷݔ4 െ ସݔ െ ହݔ2 ൅  ଺ݔ
଻ݓ ൌ ଴ݔ െ ଵݔ4 ൅ ଶݔ5 െ ସݔ5 ൅ ହݔ4 െ  ଺ݔ

 
Theorem 3.6 Let ܥ be a linear code of length ݊ over ܦ. Then  
 

,ݔ஼ሺ݁݁ܮ ሻݕ ൌ ,଺ݔ஼ሺ݁ݓ݈ݏ ,ݕହݔ ,ଶݕସݔ ,ଷݕଷݔ ,ସݕଶݔ ,ହݕݔ  ଺ሻݕ
 

,ݔ஼఼ሺ݁݁ܮ ሻݕ ൌ
1
|ܥ|

ݔ஼ሺ݁݁ܮ ൅ ,ݕ ݔ െ  ሻݕ

 
Similarly, the following is obtained for the Gray  weight. 
 
Definition 3.7 Let ܥ be a linear code of length ݊ over ܦ. The symmetrized Gray 

weight enumerator is defined as 
 

,ݏ஼ሺ݁ݓ݃ݏ ,ݐ ,ݍ ሻ݌ ൌ ஼݁ݓ݃ܿ ൭ݏ, ,ݐ … , ᇣᇤᇥݐ
ଽ	௧௜௠௘௦

, ,ݍ … , ᇣᇤᇥݍ ,
ଶ଻	௧௜௠௘௦

, ,݌ … , ᇣᇤᇥ݌
ଶ଻	௧௜௠௘௦

൱ 

 
where ݏ is the element of Gray weight 0,	ݐ is the element of Gray weight 1, ݍ is the element 
of Gray weight 2, ݌ is the element of Gray weight 3. 
 

Theorem 3.8 Let ܥ be a linear code of length ݊ over ܦ. Then  
 

,ݔ஼ሺܩ ሻݕ ൌ ,ଷݔ஼ሺ݁ݓ݃ݏ ,ݕଶݔ ,ଶݕݔ  ଷሻݕ
 

,ݔ஼఼ሺܩ ሻݕ ൌ
1
|ܥ|

ݔ஼ሺܩ ൅ ,ݕ3 ݔ െ  ሻݕ

 
4. MDS CODES OVER ࡰ 

 
 
Let ܥ be a linear code of length ݊ over ܦ and ݀ு be the minimum Hamming distance. 

We have  
 

|ܥ| ൑  ௡ିௗಹାଵ|ܦ|
 
So ݀ு ൑ ݊ െ log|஽||ܥ| ൅ 1. This inequality is called Singleton bound. If ܥ	meet the 

Singleton bound, then ܥ is called MDS code. 
 
Lemma 4.1 Let ܥ be a linear code of length ݊ over ܼସ, the ܥ is a MDS code if and 

only if ܥ is either ܼସ
௡ with parameters ሺ݊, 4௡, 1ሻ or  〈1〉 with parameters ሺ݊, 4, ݊ሻ or 〈1〉ୄ with 

parameters ሺ݊, 4௡ିଵ, 2ሻ, where 1 denote the all 1 vectors [6].  
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Let ܥ be a linear code of length ݊ over ܦ. Then  
 

ܥ ൌ ሺ1 െ ݑ െ ଵܥሻݒ ⊕ ଶܥݑ ⊕  ଷܥݒ
 

where ܥ௜ is a linear code of length ݊ over ܼସ, for 1 ൑ i ൑ 3, [2]. 
Let ݀ு be the Hamming distance of ܥ. Then ݀ு ൌ min൛݀ு೔ൟ for 1 ൑ i ൑ 3, where ݀ு೔ 

is Hamming distance of ܥ௜. Thus the Singleton bound can be written as  
 

݀ு ൑ ݊ െ
1
3
෍logସ|ܥ௜| ൅ 1

ଷ

௜ୀଵ

 

 
since ݀ு ൑ ݊ െ log|஽||ܥ| ൅ 1. 

 
Lemma 4.2 Let ܥ be a MDS codes over ܦ. 
If ݀ு ൌ 1, then all of ܥ௜ are MDS codes with parameters ሺ݊, 4௡, 1ሻ. 
If ݀ு ൌ 2, then all of ܥ௜ are MDS codes with parameters ሺ݊, 4௡ିଵ, 2ሻ. 
 
Proof:  
(i) If ݀ு ൌ 1, ∑ logସ|ܥ௜| ൌ 3݊ଷ

௜ୀଵ , since ܥ is a MDS code over ܦ. But |ܥ௜| ൑ 4௡, then 
the identity is true iff |ܥ௜| ൌ 4௡. Therefore ܥ is a ሺ݊, 4ଷ௡, 1ሻ MDS code iff all of ܥ௜ are 
ሺ݊, 4௡, 1ሻ MDS codes. 

(ii) If ݀ு ൌ 2, then ∑ logସ|ܥ௜| ൌ 3ሺ݊ െ 1ሻଷ
௜ୀଵ . Since ݀ு ൌ min൛݀ுభ, ݀ுమ, ݀ுయൟ, then 

݀ு೔ ൒ 2, for 1 ൑ i ൑ 3. By using Singleton bound of code over ܼସ, we get |ܥ௜| ൑ 4௡ିௗಹ೔ାଵ. 

For all ݅, since ݀ு೔ ൒ 2, we have 4௡ିௗಹ೔ାଵ ൑ 4௡ିଵ. Then we have all of ܥ௜ are ሺ݊, 4௡ିଵ, 2ሻ. 
 
Theorem 4.3 If ܥ is a MDS codes over ܦ. Then there is at least one ܥ௜, 	1 ൑ ݅ ൑ 3, be 

MDS code. 
 
Proof: Suppose that none of ܥ௜ is MDS code, then 	݀ு೔ ൏ ݊ െ logସ|ܥ௜| ൅ 1. Since 

݀ு ൌ min൛݀ுభ, ݀ுమ, ݀ுయൟ, then ݀ு ൏ ݊ െ logସ|ܥ௜| ൅ 1. But we know that ݀ு ൏ ݊ െ
ଵ

ଷ
∑ logସ|ܥ௜| ൅ 1ଷ
௜ୀଵ . So this is contradiction. 

 
Theorem 4.4 If ܥ is a MDS codes over ܦ and there exist two MDS code of ܥ௜, 

	1 ൑ ݅ ൑ 3, then the other ܥ௜ must be MDS code and all ܥ௜ with same parameters. 
 
Proof: Let ܥଵ and ܥଶ be MDS codes, without loss of generality. So ݀ு೔ ൌ ݊ െ

logସ|ܥ௜| ൅ 1 for 1 ൑ ݅ ൑ 2. Since ܥ is a MDS code over ܦ, then ݀ு ൌ ݊ െ ଵ

ଷ
∑ logସ|ܥ௜| ൅
ଷ
௜ୀଵ

1. So 3݀ܪൌ3݊െ݅ൌ13log4݅ܥ൅3. Since ݀1ܪ൅݀2ܪൌ2݊െlog41ܥ൅log42ܥ൅2, we have 

3݀ு െ෍݀ு೔

ଶ

௜ୀଵ

ൌ ݊ െ logସ|ܥଷ| ൅ 1 ൒݀ுయ 

 
So 3݀ு ൒ ∑ ݀ு೔

ଷ
௜ୀଵ . Since ݀ு ൌ min൛݀ுభ, ݀ுమ, ݀ுయൟ, then ݀ு ൌ ݀ுభ ൌ ݀ுమ ൌ ݀ுయ. 
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Theorem 4.5 If ܥ is a MDS codes over ܦ and ܥଵ is a MDS code with parameters 
ሺ݊, 4, ݊ሻ. Then ܥଶ, ,ଷ are also MDS codes with parameters ሺ݊ܥ 4, ݊ሻ. 

 
Proof: Since ܥ is a MDS codes over ܦ and ܥଵ is a MDS code with parameters 

ሺ݊, 4, ݊ሻ, then ݀ு ൒ 3 and we have  
 

3݀ு ൌ 3݊ െ ሺlogସ 4 ൅ logସ|ܥଶ| ൅ logସ|ܥଷ|ሻ ൅ 3 
 

So logସ|ܥଶ||ܥଷ| ൌ 3݊ െ 3݀ு ൅ 2.  
Let ܥଶ and ܥଷ be not MDS codes. So, |ܥ௜| ൏ 4௡ିௗಹ೔ାଵ for ݅ ൌ 2,3. For ݀ுమ ൒ ݀ு, 

݀ுయ ൒ ݀ு, we have |ܥ௜| ൑ 4௡ିௗಹାଵ for ݅ ൌ 2,3. By using this, we have |ܥଶ||ܥଷ| ൏
4ଶ௡ିଶௗಹାଶ. Therefore logସ|ܥଶ||ܥଷ| ൏ 2݊ െ 2݀ு ൅ 2. From 3݊ െ 3݀ு ൅ 2 ൏ 2݊ െ 2݀ு ൅ 2, 
we have ݀ு ൒ ݊. So  ݀ு ൌ ݊.  

From logସ|ܥଶ||ܥଷ| ൌ 3݊ െ 3݀ு ൅ 2, we have logସ|ܥଶ||ܥଷ| ൌ 2. Since |ܥ௜| ൑
4௡ିௗಹାଵ ൌ 4 for ݅ ൌ 2,3, the equality is true if and only if |ܥ௜| ൌ 4 for ݅ ൌ 2,3.  Then ܥ௜ has 
the same parameters for ݅ ൌ 2,3. 

 
Corollary 4.6 ܥ is a MDS codes over ܦ if and only if all of ܥ௜ for ݅ ൌ 1,2,3 are MDS 

codes over ܼସ with same parameters. 
 
 

5. CONCLUSION 
 
 
In this paper, the MacWilliams identities for the linear codes over ܦ ൌ ܼସ ൅ ସܼݑ ൅

ଶݑ ,ସܼݒ ൌ ,ݑ ଶݒ ൌ ,ݒ ݒݑ ൌ ݑݒ ൌ 0 were obtained and some properties of MDS codes over ܦ 
were determined. 
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