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Abstract. New classes of integral inequalities are established in this paper by using a
family of n positive functions, (n € N) with the help of Saigo's fractional integral operator.
Some consequent results and special cases of the main results are also pointed out.
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1. INTRODUCTION

Inequality plays an important in the field of physical problems like in electrostatics,
symmetric potential theory and elasticity. In recent years many authors worked and
established certain integral inequalities by using well known fractional integral operators; see
for example [1-9].

The aim of this paper is to generalize some classical inequalities. By using Saigo's
fractional integral operator, we generate new classes of integral inequalities using a family of
n positive functions defined on [a , b].

First we give necessary definitions and mathematical preliminaries of
fractionalcalculus operators which are used in our analysis.

Definition 1. A real valued function f(t)(t > 0) is said to be in the space C,(u €
%R, if there exists a real number p>x such that /7=zp@(z); where @(2)eC(0,c0).

Definition 2. Let @ > 0 and 8,1 € R, then the Saigo fractional integral Igf ’tﬁ M of order
afor a real valued continuous function f(t)is defined by [10]

Igf'tﬁ’"{f(t)} = tr_;)ﬁ fot(t -7 )a_l 2F (a +B,-na;l— %)f(r)dr, (1)

where the function ,F; (—) appearing as a kernel of the operator (1) is the Gaussian
hypergeometric function defined by
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o0 n b n n
L, (a,b;c;t) = B0 @nbint® )

nl(c)n
where (a),, is Pochhammer symbol given as

(@p,=a(a+1)..(a+n-1),(a), =1. 3)
2. MAIN RESULTS

In this section, we established two classes of fractional integral inequalities for the
synchronous functions involving the Saigo fractional integral operator (1). The first class is
given by the following two theorems:

Theorem 1. Let (f;);=1..n, are n positive continuous and decreasing functions
onf[a, b], then

1Py 7S O] 15—y Ty £ S )]
d[)’ﬂ n ¢Yi = aﬁn 8 Yi
M, o] [c-a)s T, £ )]

(4)

fora<t<b,a>max{0,—-p},<1, f—-1<n<0, §>0,{=y,>0, wherep is fixed
integer in {1,2,...,n}.

Proof. Since (f;)i=1,.n are n positive continuous and decreasing functions on
[a, b] then we have

(-’ - - (f P@-f ()20
which implies that
- @+ @ -%f ) 2 - PO+ - PE). 6

for any fixed p € {1, ...,n} and for any { > Yp >0,6>0,7,p€ [a,t];a <t <b.
Consider

M (60) =2 (=7 ) oF (@t B-mail =) T '@, ©)

We observe each factor of the above function is positive in view of the conditions
stated with Theorem 1, and hence the function NN, (t,T)remains positive, for all 7 €
0,t) (t > 0).

Multiplying both sides of (5) byN N,(t,t) (where NN, (t,7) is given by (6)) and
integrating with respect to 7 from 0 to t, and using operator (1), we get
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(0 — &P 1P My 7 £E O] + £ P OIS (E — )8 T, £11(©)] =
(0 — °f; P (ISF I, £ + I8Pt — )P Ty £1 £ )] (7)

Now multiplying both sides of (7) by NN, (z, p) where NN, (t, p) is given in (6) and
integrating with respect to p from 0 to t, and using operator (1), we get

aﬁﬂ l_lfylfp(t) aﬁﬂ (t—a)‘sl_[fi”(t)lz

i#p i=1

0-’ ﬁ n [(t a)6 o fylfp (t)][a B [H?=1 f;yi(t)]. (8)

This completes the proof of Theorem 1.

Theorem 2. Let (f;);=1,..» are n positive continuous and decreasing functions on

[a,b], then ]
Igf,tﬁ.n nfhfp ol wfw [(t )8 Hfiyi(t) n

| i#p i=1

n n
Ig')éf,\lf —[ f;)/if%f(t) Igf’tﬁﬂl [(t _ a)6 l_lfiyi(t)] >
i=1

i#p
wf‘l’ (t_a)é‘l_[fylfp (t) aﬁn[l_[fh(t)
i#p
e (GO AT AL O] Il | VAR O) 9)

fora <t <b,a >max{0,—B},w >max{0,—¢}, <1,{<1, {-1<yY <0,
{ =y, > 0,where p is fixed integer in {1,2,...,n}.

Proof. On multiplying both side of equation (7) by

S (e-p )T R (0 e w1 =2 )L G ), (pE©D; £>0), (10)

(which remains positive under the conditions stated with Theorem 2), and then integrating the
resulting inequality so obtained, with respect to p from 0 to t, we get the desired result.

Remark 1. The inequality (4) and (9) are reversed if the functions (f;);=1_.n is
increasing on [a, b].

Remark 2. Applying Theorem 2 for w = a,& =B,p = tandy =n we obtain
Theorem 1

Another class of fractional integral inequalities which generalizes the above theorems
is described in the following theorems.
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Theorem 3. Let (f;);=1,..» and g be positive continuous functions on [a, b] such that
g isincreasing and (f;);=1,.., are decreasing on [a ,b] then:

It M £ 15 ©]157 " [g* O Tz £ @]
1§ % P gd O My £ O 10 [, 71 0] —

(11)

Provideda <t < b,a >max{0,-f},F <1, f—1<1n<0,6§>0,{=y,>0, where p
is fixed integer in {1,2,...,n}.

Proof. Using condition of Theorem 3 we can write
¢- ¢-
@@ - @) (@£ "(P) =0, (12)
forall p=12,...,n,6§ >0,{ =2y, >0,p,T € [a,t]la<t<bh.

Now, let’s consider the quantity

b0 =S = ) R (o fomas )
Yi {—vp -vp
L@ (6@ - @) (PO - ). (13)
It is clear that
L,(t,7) = 0. (14)
Therefore,

0< f Ly (6,00t = g IS ﬂf“fp @[+ £ @I

i#p

do]] fi“(t)]
i=1
~1EEM G O Ty 115 @] = 95O P (IEE [T £ )] (15)

Consequently,

05,37) l_lf)’zfp |1 (lﬁﬂ 6(t)1_[fl-yi(t) >
i#p

168 g2 O Ty £V <t>]1“’*”[n?=1ﬁ”<t>]- (16)

Theorem 3 is thus proved.
We also give the following results:

Theorem 4. Let (f;);=1..», and g are positive continuous functions on [a, b], such
that g is increasing and (f;);=1 ., are decreasing on [a, b] then:
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n

Igf;ﬁ'n Hfhfp (t) CU f\lf [ 6(t) l_lf;n(t) +
| i#p i=1

I(‘)‘,’f"" _[ £ qu ® Ig,tﬁ.n 95 1_[ fiﬂ(t)] >
i#p i=1

155 9@ ﬂf“fp @15 []_[ |+

i#p

18 g (@) Ty £ £ OIS T £ (), (17)

fora <t <b,a>max{0,—B},w >max{0,—¢}, <1,{<1, E{—-1<yY <0,
{ =y, > 0, where p is fixed integer in {1,2,...,n}.

Proof. Multiplying both side of (12) by

—w=§ w-1 .
e (e=p )T R (04 mweil =) T ), (e > 0),38)

and then integrating with respect to p from 0 to t, we get the desired result.

Theorem 5. Let (f;);=1,..» and g be positive continuous functions on [a , b]. Suppose

that for any fixed p € (L2,...,n), (£ (0° () - £ (2)g°®) (£ " @) - £ (0))
0;6>0,a>0,{=y,>0,1,p €[a,t],t €]a,b] then we have

oMMy £ )16 Mg O T £ )]
Iy 7 Fgs O My £ OSE | R T £ 0] —

> 1. (19)

Proof. The proof is quite similar to the Theorem 3, provided we replace the quantity
(8°0) - @) by (FF g% () - £ (0)g° ().

Theorem 6. Let (f;);=1..» and g be positive continuous functions on [a, b]. Suppose

that for any fixed p € (12,....n}, (F@0° o) - a* @) (£ @) - 177 0)) =
0,6 >0,a>0,{=y,>0,7,p € [a,t],t €]a,b]. Then the inequality

1P My £ £ O 105V [0 O T, 7] +
I MMy £ £ O] 1587 9% (O T, f“(t)]z

1EP g8 O Ty £ £ ONEEY A2 Ty £ )] +
10598 (O Ty £V 1S (t)]l“ﬁ"[ nL ), (20)

holds true.
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Proof. The proof'is quite similar to Theorem 4, provided we replace the quantity

(8°(0) - @) by (FF 9% () - £ (0)g° ).
3. SPECIAL CASES

The operator Igf ’tB F ()} includes both the Riemann-Liouville and Erdélyi-Kober
fractional integral operators by the following relationships:

REF (D)} = Ig7 “Mf(O)} = = [, (t = D* f(T)dr(a > 0) 1)

r'a)
and
t=*"

r'(a)

I"M{f(O)} = Igf't‘”’{f(t)} = fot(t -1 )‘7‘"1 f(7)dt, (a > 0,1 €R). (22)

Also for f(t) = t* in (1) we get the known formula [10]:

afmepy — _CWtDrp+i-p+n) ,-p
Io:t {t }_F(u+1—ﬁ)l"(,u+1+a+n)t ’ (23)

where > 0, min(u,u— B +n) > —1,t > 0.

It is interesting to observe that, if we replace by - @ and make use of relation (21),
our main results correspond to the known results of Dahmani [6]. Further, by setting f = 0
and using the relation (22), the inequalities presented in the main theorems reduces to the
known fractional integral inequalities involving Erdélyi-Kober fractional integral operators.
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