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Abstract. In this work, improved modified Exp-function method is used to obtain the
exact solution for (1+1)-dimensional Benjamin-Bona Mahony equation of fractional order.
This differential equation arises in modeling of long surface gravity waves of small amplitude.
It is appropriate to use a generalized fractional complex transformation to convert this
equation to ordinary differential equation which further resulted into number of exact
solutions.
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1. INTRODUCTION

The one of the most convenient classes of fractional differential equation is the class
of fractional calculus which viewed as generalized differential equations [1]. In that sense, we
can extend much of the theory and, hence, applications of differential equation smoothly to
fractional differential equations without changing flavor and spirit of the realm of differential
equation. The works on fractional calculus (that is, the theory of integrals and derivatives of
any arbitrary real or complex order) were started over 300 years ago. Since then, many
researchers have been done great job to this field. Recently, it has turned out those differential
equations involving derivatives of non-integer [2]. For example, with the help of fractional
derivatives [3], the nonlinear oscillation of earthquakes can be modeled. There has been some
attempt to solve linear problems with multiple fractional derivatives (the so -called multi-term
equations) [3-5]. There is not too much work on nonlinear problems and only a few numerical
schemes have been proposed for solving nonlinear fractional differential equations. More
recently, applications have included classes of nonlinear equation with multi-order fractional
derivatives. We use a generalized fractional complex transform [6-10] for converting
fractional order differential equation to ordinary differential equation. Finally, we apply a
novel technique [11-12] called improved modified Exp-function method to obtain its exact
solutions, and to obtain generalized solitary solutions and periodic solutions. Mohyud-Din
[13-16] extended the same for nonlinear physical problems including higher-order BVPs;
Oziz [17] tried this novel approach for Fisher's equation; Wu et. al. [18-19] for the extension
of solitary, periodic and compacton-like solutions; Yusufoglu [20] for MBBN equations,
Zhang [21] for high-dimensional nonlinear evolution equations; Zhu [22-23] for the Hybrid-
Lattice system and discrete mKdV lattice; Kudryashov [24] for exact soliton solutions of the
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generalized evolution equation of wave dynamics; Momani [25] for an explicit and numerical
solutions of the fractional KdV equation. Most scientific problems and phenomena in
different fields of sciences and engineering occur nonlinearly [29-34]. This method has been
effectively and accurately shown to solve a large class of nonlinear problems. The solution
procedure of this method, with the aid of Maple, is of utter simplicity and this method can be
easily extended to other kinds of nonlinear evolution equations. In engineering and science,
scientific phenomena give a variety of solutions that are characterized by distinct features.
Traveling waves appear in many distinct physical structures in solitary wave theory [26-27]
such as solitons, kinks, peakons, cuspons, and compactons and many others. Solitons are
localized traveling waves which are asymptotically zero at large distances. In other words,
solitons are localized wave packets with exponential wings or tails. Solitons are generated
from arobust balance between nonlinearity and dispersion. Solitons exhibit properties
typically associated with particles. Kink waves [27-28] are solitons that rise or descend from
one asymptotic state to another, and hence another type of traveling waves as in the case of
the Burgers hierarchy. Peakons, that are peaked solitary wave solutions, are another type of
travelling waves as in the case of Camassa-Holm equation. For peakons, the traveling wave
solutions are smooth except for a peak at a corner of its crest. Peakons are the points at which
spatial derivative changes sign so that peakons have a finite jump in 1st derivative of the
solution. Cuspons are other forms of solitons where solution exhibits cusps at their crests.
Unlike peakons where the derivatives at the peak differ only by a sign, the derivatives at the
jump of a cuspon diverge. The compactons, which are solitons with compact spatial support
such that each compacton is a soliton confined to a finite core or a soliton without exponential
tails or wings. Other types of travelling waves arise in science such as negatons, positons and
complexitons. In this research, we use the improved modified Exp-funion method along with
generalized fractional complex transform to obtain new solitary waves solutions for the under
study differential equation.

2. PRELIMINARIES AND NOTATION

Some important results of fractional calculus are discussed in under study section. The
fractional integral and derivatives defined on [a,b] are given below:

Definition 1. A real valued function h(x),x > 0 in the space E,,v € R is said to be in the space

Ev,if h" e E,,ne N. There exists a real number ( s>v) suchthat h(x) = x*h,(x),
where h, (x) = E(0, ).

Definition 2. Riemann-Liouville integral operator of the order £ >0 can be defined as

I (x) = %ﬂ)f:(x—t)ﬂ‘lh(t)dt,ﬂ >0,x > 0,J°(x) = h(x).

wherehe E,,v > -1.
Some essential properties of the operator J” are as

J?JI7h(x) = I#7h(x) 1)

3737 (x)=373”h(x) (2)

gige = L@+ s 3)
Ir'f+a+l)

394



On an efficient technique for ... Qazi Mahmood Ul-Hassan et al. 395

ForheE,,v>-1,8,y>0and o > -1.

There arise some demerits of Riemann-Liouville derivative when we apply it to model
real world problems in the form of fractional differential equations. There is a need to
overcome this deficiency. For this M. Caputo introduce modified version of fractional
differential operator which we used in our article.

Definition 3. Caputo time fractional derivative operator is defined below, for the smallest
integer n that exceeds.

o’w(xt) 1 Koo nep ~
. 7 _Fm—¢DL(X t)"# 1 h(t)dt,~1<<n,ne N,
‘ 8P w(x,t)

s P

Chain rule

In this segment we used a complex fractional transformation to convert differential
equation of fractional order into classical differential equation. We apply the following chain
rule

’w_ow 0’q @
o’ oq at?

It is a Jumarie's modification of Riemann-Liouville derivative. There are few results,

which are very important and useful

D/w= o} E D/¢
wa = 0; d_W Dtﬁé
dg

The value of o is determined by assuming a special case given below
qg=t’and w=q"
We have
o’w _ T+ np)t"” "> _ a.@ e
o’ T@+npg-p) aq
Thus we can calculate o, as

o - '@+npg)
T TL+nB-p)

Other fractional indexes (', oy, )can determine in similar way.

3. ANALYSIS OF TECHNIQUE

We suppose the nonlinear FPDE of the form
Q(S,8,,5,,S,:...,D/s,D’s,D’s,....) =0,0< g < 1. (5)

where D/s,D/s,D/s are the modified Riemann-Liouville derivative ofsw.r.t t,x,xx
respectively.
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Invoking the transformation
s(x,t) =s(¢),¢ =

Herel,r and M are all constants.
We can write equation (5) again in the form of following nonlinear ODE
P(s,s’,s",s",...) =0. (7)
where prime signify the drivative of s with respect to & .
If possible, integrate equation (7) term by term one or more times. This yields
constants of integration. For simplicity, the integration constants can be set to zero.
According to improved modified Exp-function method, the solution will be
5(5) — ﬁ:Kl a, exp[n é:]+ ﬁ:Kl a, EXp[— n§] (8)
ﬁ:Kl bn eXp[n 5] i:Kl b7n eXp[_ n§]
where K is positive integers which are unknown to be determine, a,andb,are unknown
constants.
To determine the value of K, we balance the linear term of highest order of equation
(7) with the highest order nonlinear term.
Substituting equation (8) in to the equation (7), equating the coefficients of each
power of exp(nf) to zero gives the system of algebraic equations for a,andb_, then solve the

system with the help of Maple 18 to determine these constants.

Ix” . yt? LS
I'l+y) I'Q+p) TI'l+a)

(6)

4. SOLUTION PROCEDURE

Consider (1+1)— Dimensional Benjamin-Bona Mahony equation of fractional order,
Dtﬂ + S, _7SZS>< + S = 0 (9)
where y IS nonzero positive constant. This equation was first derived to describe an

approximation for surface long waves in nonlinear media. It can also be characterize the
hydromagnetic waves in cold plasma, a caustic wave in inharmonic crystals and a
costicgravity waves in compressible fluids.

Using transformation

B
E=pxX+Qy+rz +M—+ &0y P, 0,1, w, &, are all constants with  p,w #0. (10)
r@1+p)
We can rewrite equation (9) in the following nonlinear ODE
ws+ ps— pjs’s’+ p’s” =0. (11)
Integrate once time, we get
(v + p)s—%s%r p’s” =0. (12)
Balancing the s” and s* by using homogenous principal
K+2=3K
K=1

then the trail solution is
()= ce” +C,e* c.ec+c e’
¢)= def+d,e* def+d,e?®
Substituting equation (13) in to equation (12) we have

(13)
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e[l exp(38) +1, exp(25) + L exp(&) + Iy + 1y exp(=&) + |, exp(-2£) + 1, exp(-3£)] = 0

N = (d1 + dz exp(f))3 (d_1 + d—z e>(p(_§))3
where | (i =-3,-2,......... ,2,3) are constants obtained by Maple 18.
Equating the coefficients of exp(n&) to be zero, we obtain
(l,=01,=01l,=0l,=0,1,=0,,=0,l,=0)
we have following solution sets satisfy the given equation

1% Solution set

{p: p.v =v,C, :lezﬁ-l =C,,G :%ﬂl’c—z :O’d—z :01d—1 :d—l’dl =

d,

- -1

We, therefore, obtained the following generalized solitary solution

w’ 2p’ w/
—c.d px+ —c.d pX+———— pX—————
dfl la r(1+p8) _ d71 2 0 r(1+p) +c_ e r(1+p)
_ -1 1
)=

dle F(l+ﬂ)+d2e r+p) +dflep r+p)

Figure 1

2" Splution set

(14)
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c,C, -c,d,
{p =p,y=y,C,=C,,C,=C,,C = ,c,=¢,d,=d,d,=0d =——-+=,d,=0
c, C,
We, therefore, obtained the following generalized solitary solution
,/,tﬁ ,/,tﬁ y/tﬁ ,/,tﬂ
Cc.C px+ 2 px+ —pX+ —2 px+
272 o r(1+p) +c,e r(1+p) +c_e r+p) +C_,e r(1+3)
c
S(X’t) = = ‘/’tﬂ '//tﬁ
- d—zcz P ) 2 pX+r(1+ﬁ)
—*e +d ,e
C,
1ot TRE
1o-!! 1ot
1o Lo-
1o - - >,
ot e ot sesss
o1 S o1 e
[T -1
o 10 [i] 10
04 i 04
r 0 v ' 0 N
=0.25 B=0.5
o'
= o'
25 o~
:E:E: 1o~ -
s ol o33
s =
ST |0-II
0 -10
04 0
p=1
Figure 2
3" Solution set
2 2 292 2 2
_ _ p(?'c-zdz +20,C,d,d, +¢,d5 _3d—2d2) C—c.c.=0
p_p’l//_ 2 2 1y — Loy g — Y,
3d5,d;
c,d
c, = é tc,=c,d,=d,d,=0d, =d,d,=d,
2
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We, therefore, obtained the following generalized solitary solution

l//tﬂ u/tﬂ B '/’tﬂ
C2d1 epx+r(1+ﬂ) + C282px+l“(l+ﬂ) +c_e 2p>(+1"(1+/3)
2
S(X’ t) - ‘//tﬂ l//tﬂ '//tﬂ
pX+ 2 px+ -2 pX+F(1+ﬂ)
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Figure 3

5. CONCLUSION

This article is devoted to attain, test and analyze the novel soliton wave solutions and
physical properties of nonlinear partial differential equation well known as nonlinear (1+1)-
dimensional Benjamin-Bona Mahony equation of fractional order. For this, fractional order
nonlinear evolution equation is considered as test case and we apply improved modified Exp-
function method. We attain desired soliton solutions of various types for different values of
parameters. It is guaranteed that the accuracy of the attain results by backward substitution
into the original equation with Maple 18. The scheming procedure of this method is simple,
straight and productive. We observed that the under study technique is more reliable and have
minimum computational task, so widely applicable. In precise we can say that this method is
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quite competent and much operative for evaluating exact solution of NLEEs. The validity of
given algorithm is totally hold up with the help of the computational work, the graphical
representations and successive results. Results obtained by this method are very encouraging
and reliable for solving any other type of NLEEs. The graphical representations clearly
indicate the solitary solutions.
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