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Abstract. The concept of fuzzy differential superordination was introduced by Waggas
Galib Atshan and Khudair O. Hussain in [5] as a dual concept of fuzzy differential
subordination [3]. Let 2 be a set in C2 and ¢:C? x U — C be an analytic function in 2 and
let the function p be an analytic in the unit open disk U such that ¢(p(z), zp'(2)) is univalent
in U and satisfies Fyy(h(2)) < F yc2xi) (9 (p(2), zp' (2)). In this article, we have identified
the conditions on functions 6, w, u and h so that Fyy(h(2)) < F yc2xy (0 (p(2), zp' (2)),
implies Fq(U)(q(Z)) < Fp(U)(p(Z)).
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1. INTRODUCTION AND PRELIMINARIES

Let H(U) denote the class of holomorphic functions in the open unit disk U =
{zeC:|z] <1} and let Hla,n]={f e HU): f(2) = a+ a,z" + ap 12"t + -+, z € U}
fora € C,n € N*.

Let f € H(U) is called to be convex (univalent) if

2f"(2)
fe ( @

A function f € H(U) is called to be starlike (univalent) if

zf'(z)
Re(f(z) +1>>0, zeU

+1>>O, z€eU.

If f,g € H(U) the function f is said to be fuzzy subordinate to g, written f < g or
f(2) <p g(2) if £(0) = g(0) and Fry)f (2) <r Fyw)g(2). See [2]

Let ¢: C3 x U - C and let h be holomorphic function in U and g € H[a,n]. In [5] the
authors determined conditions on ¢ such that

Fuwy(A(2) < F oo (0(p(2), 2p'(2), 220" (2)) )
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implies
Fq(U)q(Z) < Fp(U)p(Z): zeU. (11)

for all p functions that satisfies (1.1). Furthermore, they determined sufficient conditions as
well the function q is the largest function with this property called the fuzzy best subordinat
of this fuzzy differential superordination.

The main objective of this paper is the case when

o(p(2),20'(2)) = 6 (p(2) + w(p(@)u(zp' () )

We identified the conditions on functions@,w,u and h so that this fuzzy
subordination q(z) <y p(z) and we find its fuzzy best subordinat q.
In order to prove our main results we will need to use the next definition.

Definition (1.1): [1] we denote by Q the set of functions g that are analytic and injective
onU/E(q), where

E(q) = {( € OU:lirr%q(z) = 00},
VA
and are such that ¢'(¢) # 0 for { € QU\E(q). The set E(q) is called exemption set.
Definition (1.2): [4] A function L(z,t),z€ U,t > 0,is a fuzzy subordination chain if

L(.,t) is analytic and univalent in U. For allt = 0, L(z,t) is continuously differentiable on
[0,0) forall z € U, and

Friuxio,e)](L(Z,t1)) < Fiuxpoe)(L(z, ), & < t,.
2. MAIN RESULTS

Theorem (2.1): Let g be a convex univalent function in U, let 8,w € H(E) where q(U) c E
and let u € H(C). Suppose that

° Hf(q(z)) +w’ (q(z)u(tzq'(z))) 0 vy e U and i > 0 -
i T e T eEETe) > Ovzelandve=0. (1)

If p € H[q(0),1] n Q, with p(U) c E and 0 (p(2)) + w(p(2))u(zp'(2)) is univalent
in the unit disk U, then

Fuawy (h(2) = 0(@) + u(2q'(2))) < F pcz) (6@ () + u(zp' (2)) )
Implies

q(z) <pp(2), i.e.Feunq(2) < Fpanp(2)
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and q is the fuzzy best subordinate.
Proof: Let p(p(2), zp'(2)) = 0(p(2)) + w(p(2))u(zp' (2)), using the hypothesis we get

Fawy (R(@) < F ez (9(p(2),20' ()
and ¢(p(2), zp’(2)) is univalent in U, if we set

L(z,t) = 60(q(2)) + w(q(2)u(tzq'(2))
=a,(t)z + -,

Then

dL(0,t)

6'(q(0)) + w'(q(0))u(0)
0z '

w(q(0))u'(0)

= w(q(0))u'(0)q'(0) |t +

Since g univalent function we have q'(0) # 0 and by using (2.1) for z = 0. We get
that
dL(0,t)

0z

a,(t) = # 0,vt = 0 and tli_)rglolal(t)l =0

Using simple calculations, we obtain

z dL/ot w(q(2))w (tzq' (2)) q'(2)

e (24%2) _ e (9'(q(z>) +w (q@)u(ezd @) | (1 . zq"(z)>>

According to (2.1) and Using the properties of the function g where is convex univalent
function in U we obtain
0L/0z

L/t

Re<z )>0,Z€U,t20

and by [Lemma (C), 4] we conclude that L is a fuzzy subordination chain. Now, applying
[Theorem(2.15), 5] we obtain our result.
Taking w(8) = 1 in the last theorem we get the next corollary:

Corollary (2.2): Let g be convex univalent function in the open unit disk U and 6 € H(E)
where q(U) c E, suppose that

Re( 0'(q(2))

A ) s 0,vz e U, Ve >0,
u’(tzq’(Z))>

if p € H[q(0),1] n Q with p(U) € E and 6(p(2)) + u(zp’'(2)) is univalent in the unit disk
U, then

Fuwy (h(2) = 0q(@) + 1(2q'())) < F pez) (0@ (2) + (20’ (@) )
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implies
Foanq(2) < Fyyp(2),
and q is the fuzzy best subordinate.
For the particular case when u(6) = & using a similar proof as in Theorem (2.1) we

obatain:

Corollary (2.3): Let g be univalent function in the unit disk U and let 8,w € H(E) where
q(U) c E is a domain. Suppose that

9’(q(Z)))
1. Re (W(q(z)) >0,vzeU

2. 9(z) = zq'(z)w(q(2)) is starlike univalent function in U, if p € H[q(0), 1] n Q with
p(U) c Eand 8(p(2)) + zp’(z)w(p(z)) is univalent in U. Then

Fawy(h(2) = 8(q(2)) + 2q' @w(q(2)) ) < F 2y (6@(2)) + 20" (D)W (p(2)) )
implies
q(2) <r p(2)
and q is the fuzzy best subordinat.
For case w(8) = 1 Using the properties of the function itQ(z) , where 9(z) = zq'(2),

is starlike univalent in U if and only if g is convex univalent in U, Corollary (2.3) becomes:

Corollary (2.4): Let g be convex univalent function in U and let & € H(E), where q(U) C E.
Suppose that
Re(6'(a(2)) > 0¥ z€U, (2.2)
If p € H[q(0),1]1NQ with p(U) c E and 8(p(2)) + zp'(z) is univalent in U, then
Fuw)(h(@) = 0(q(2)) +24'(2)) < F ez (0(0(@) + 20" (2))

Implies
Founq(2) < Fyunp(2)

and q is the fuzzy best subordinat.
Now we will give some special cases of the results above.

Example (2.5): Let g be a convex function in the open unit disk U with
s
|[Im q(2)| < 5 Z e U. (2.3)

If we let the function p € H[q(0),1] N Q and e?® + zp'(z) is univalent in U, then
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Fr (h(z) =e1@ 4 Zq’(z)) < Fgo((szU) (ep(z) + Zp’(z)) , z€U.
Implies
Fa)(4(@) < Fowy(p(@) .
and q is the fuzzy best subordinant.

Proof: By using Corollary (2.4) let 8(8) = e?, then condition (2.2) becomes

Re (9’(q(z))) = eRe(4®@) ¢og (Im (q(z))) >0,z€U,
that is equivalent with (2.3).

Remark (2.1): If we put q(z) = yz, |y| < g in example (2.5) we obtain the next result.

nlf p € H[0,1] n Q such that eP® + zp'(z) is univalent in the open unit disk U, and
ly| <=, then
2

Fuay(h(z) = €77 +y2) < F gy (€?@ + 2p'(2))
Faan(q(2) = y2) < Fyy(p(2))

and yz is the fuzzy best subordinant.

Example (2.6): Let g be a convex function in U and let

Re(q(2)) >a, z€U (2.4)

If p € H[q(0),1]nQ and @ — ap(z) + zp'(z) is univalent in the unit disk U, then

, p*(2) ,
—aq(z) +2q'(z) | < F<p(<c2><u) — ap(z) + zp'(z) |,z € U.

2
Fry <h(Z) =1 Z(Z)

implies
Fau(4(2) < Fp)(p(@),
and q is the fuzzy best subordinant.

Proof: By using Corollary (2.4) the case 6(6) = %2— ad, then we can see that (2.2) is
equivalent with (2.4).

Remark (2.2): The function q(z) = g is convex in the unit open disk U and

Re(q(z)) >0, zeU
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To prove that if we consider in Example (2.6) (z) = 5 , then we get :
2
If p € H[1,1] n Q such thatpT(Z) + zp'(z) isunivalentin , then
(1-2)% — 4z @
Frwy (h(Z) T S Fo(ezxw) | ™5 T 2P (2)
implies
11—z < p(2)
1+z FP¥

and 5 is the fuzzy best subordinant.
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