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Abstract. In the present paper, we obtain some classes of gcd - closed sets with 9
elements on which LCM matrices are singular by adding an element to a gcd - closed set with
8 elements on which the LCM matrix is also singular. Finally, examining these examples we
present two new conjectures.
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1. INTRODUCTION

Let S = {x, %y, ..., x,} be a set of n distinct positive integers. The set S is said to be

ged - closed if (x;,x;) €S for all 1 <i,j <n. The matrix having least common multiple
[xi,x;] of x; and x; as its i,j - entry is called the least common multiple (LCM) matrix,
denoted by [S]. In 1992, Beslin and Ligh [2] gave the following formula for calculating the

determinant of an LCM matrix defined on a gcd - closed set S = {x4, x5, ..., x, } is equal to

n

2
| |xi .a,

i=1

where

=) g
alx;
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Xt<Xj

with the arithmetical function g defined by g(m) =%Zd|m du(d), and u is the Mdobius

function. In the same paper, they conjectured that the LCM matrix on any gcd - closed set is
invertible. But, finding a counterexample with a gcd - closed set having 9 elements, this was
proven to be false by Haukkanen et al. [4]. In 1999, Hong [5] proved that the conjecture holds
for any gcd - closed set which has less than 8 elements and gave a counterexample which
presents a gcd - closed set with n elements for every n > 8.

Although the Bourque - Ligh conjecture is not true in general, there are great interests
on the invertibility of LCM matrices on gcd - closed sets [1, 3, 9]. Hong raised many open

! Gazi University, Department of Mathematics, 06500 Teknikokullar Ankara, Turkey.
E-mails: ealtinisik@gazi.edu.tr; tgbaltnts.ta@gmail.com.

ISSN: 1844 — 9581 Mathematics Section



414 A note on the singularity... Ercan Altinisik and Tugba Altintas

problems and conjectures on this subject. In 2004 Hong [6] conjectured that if € is a nonzero
real number and S = {x;, x5, ..., x,} IS an odd — gcd - closed set or an odd — lcm - closed set

then the matrix ([x;, x;]") on S is nonsingular. These conjectures were proven to be false for
¢ = 1 by Haukkanen et al. [3]. They stated that more counterexamples can be found by using
the method presented in the proof of Theorem 5.1 in the same paper.

Let x be a positive integer and let S = {x;, x5, ..., x,}. If a, (x4, ...,x,) = 0, where
1<x; <+ <x,=x, then x is said to be a singular number. Moreover, x is said to be a
primitive singular number, if x is a singular number and for any x'|x, 1 < x' <x, x" is a
nonsingular number. In 2005, Hong [7] conjectured that there does not exist an odd primitive
singular number. Giving a counterexample to this conjecture, Haukkanen et al. [3] showed
that there exists such a number. There are two conjectures about the number of primitive
singular numbers which are currently proven or disproven. The former is that there are
infinitely many primitive singular numbers and the latter is that there are infinitely many even
primitive singular numbers. In this frame, Hong raised many other conjectures on the
invertibility of the LCM matrix (f[xl-, xj]) associated with a multiplicative arithmetic function
f on gcd - closed and Icm - closed sets (see [6] and [8]). Currently, almost all of them are
open.

Beside their results on the invertibility of LCM matrices and their relatives on gcd -
closed sets, and counterexamples to some conjectures above, Haukkanen, Mattila and
Méntysalo [3] mainly showed that if S is a GCD closed set with 8 elements and the LCM
matrix [S] is singular, then the semilattice (S, |) is isomorphic to 23. In this paper, following
the paper of Haukkanen et. al. [3], we investigate the structure of gcd - closed sets with 9
elements and the singularity or nonsingularity of Icm matrices. We try to classify gcd - closed
sets with 9 elements on which the LCM matrix is singular. Our method is to add an element to
a gcd - closed set with 8 elements on which the LCM matrix is singular and to determine that
the LCM matrix on this new set is whether singular or not. For these sets, we determine all
positions of the element added such that the LCM matrix on the new gcd - closed set is
singular.

2. PRELIMINARIES

Let (P, <) be a meet semilattice, f be a function P — C and let S = {x;, x5, ..., x,,} be
a subset of P with distinct elements arranged so that x; < x; = i < j. Then the join matrix of
the set S with respect to the function f has f(x; ij) as its i,j - entry. We denote this join
matrix by [S]¢. The meet matrix (S), is defined similarly.

If we take (P, <) = (Z*,]) and f = N*, where N*(m) = m® for all m € Z™, then the
matrix (§)r and [S]; become the power — GCD and the power — LCM matrices with (x;, x;)*
and [x;, x;]* as their i,j - entries, respectively. In the case @ = 1 we obtain the usual GCD
matrix and LCM matrix and denote them by (S) and [S], respectively.

In this paper, our main goal is to investigate the singularity and nonsingularity of the
LCM matrices defined on particular gcd - closed sets with 9 elements. Indeed, in the light of
recent papers, with respect to divisibility, the semilattice structure of the set on which the
LCM matrix is defined and hence its Mdbius function are very important for the study of
singularity and nonsingularity of these matrices. If u is the Mébius function on P, then we
have u(x,x) =1 forall x € P and u(x,y) = — Xy<z<yu(x,z) forall x <y in P. Now, we
follow the specialization on the Mdobius function on a subset S of P given in [3]. Throughout
this paper, let S = {x;, x,, ..., x,,} be a gcd - closed set of distinct positive integers. Denoting
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S; = {x1, x5, ..., x;}, we obtain a chain of gcd - closed sets S; € S, c .- c S, = S. Itiis clear
that every set S; is also lower closed in (S, |). From this observation we can use the Mdbius
function ug of the set S, which can be given recursively as

ﬂs(xi:xi) = 11 ,Lls(xl',x]') = _inlxklxj us(kaxj) = inlxklxj lus(xl"xk)'
Xk#Xi XpFXj
Since [S]ye = diag (1%, x5, ..., x,*)(S) 1 diag (x, %, x,%, ..., x, %), In particular, we
N&
can conclude that the usual LCM matrix [S] is singular if and only if (S)1 is singular.
N

Moreover, defining the function on the gcd - closed set S as

_ ps (X, x;)
ws_%(xi) = J;_—xk : (1)
one can get
det($)1 =9 1(x1). P 1(xz). .. 1 (). (2)
N 'N 'N 'N

Finally, we obtain the following result as a particular case of Propositon 2.1 in [3].

Proposition 2.1. The LCM matrix [S] and the GCD matrix (S)1 are both invertible if and
N
onlyifi.1(x;) #= O0foralli=12,..,n[3].
'N

The first general result on the Bourque - Ligh conjecture is presented by Hong in
1999.

Theorem 2.2. Let n be a positive integers.

(i) If n < 7, then the Bourque - Ligh conjecture is true.

(ii) If n > 8 then there exists a gcd - closed set S = {xq, x5, ..., x,,} of n distinct positive
integers such that a,, (x;, x5, ..., x,) = 0. Therefore, the Bourque - Ligh conjecture is not true

[5].

It has been known that the smallest gcd - closed set S for which the LCM matrix [S] is
singular has 8 elements since Hong’s proof [5]. However, the uniqueness of the structure of
such a set was proven at the first time by Haukkanen et. al. [3]. Indeed, they proved the
following result which triggered the main idea of the present paper.

*g

o
o
=l

Figure 1. The Hasse diagram of a semilattice whose shape is a cube.
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Theorem 2.3. If S is a GCD closed set with 8 elements and the LCM matrix [S] = [[x;, x;]] is
singular, then the semilattice (S, |) always belongs the class presented in Fig. 1 [3].

By Hong’s theorem [5] and Theorem 2.3, if the LCM matrix on Sg = {x;, X5, ..., Xg} iS
singular then it is clear that

——————— +—+—+———=0 (3)

In the case that the LCM matrix [Sg] is singular, recently Altinisik and Y1ldiz proved
the following theorem for the structure of the set Sg = {x4, x5, ..., xg}.

Theorem 2.4. Let Sg = {x4,x,, ..., xg} be a gcd - closed set of distinct positive integers such
that [x;, x3]a = x5, [x2, X418 = Xe, [x3, x4]y = x7, [x2, x5, x4]A4 = x5 and [xs5, x5, x7]B = x4
for positive integers «,B,v,A,B. If the LCM matrix [Sg] = [[xi,xj]] is singular, then
A=afy,B=1ande, B,y > 1[1].

3. THE MAIN RESULTS

Throughout this section, let Sg = {x;,x,, ..., xg} be a gcd - closed set of positive
integers with x; < x, < -+ < xg and let the LCM matrix [Sg] be singular. Let a be a positive
integer such that a € Sg and S = Sg U {a} is gcd - closed. In this section, firstly we proved
that there cannot exist the following classes of meet semilattices (S,|) on which LCM
matrices are nonsingular such that the LCM matrix [Sg] is singular.

9
Figure 2. The Hasse diagrams of semilattices Sg U {a} in Theorem 3.1.
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In Fig. 2, all possible diagrams of nonisomorphic meet semilattices are listed. For
example, the following diagram in Fig. 3 is not listed in Fig. 2 since the meet semilattice
belongs to 9, which is isomorphic to the meet semilattice belongs to 9,,.

Figure 3. The Hasse diagram of a semilattice which is isomorphic to the semilattice in 94.

Theorem 3.1. Let Sg = {x, x5, ..., xg} be a gcd - closed set of positive integers with x; <
Xy < - < xg and let the LCM matrix [Sg] be singular. Also let a be a positive integer such
that a € Sg and S = Sg U {a} is gcd - closed. Then, S cannot belong to one of the classes
94,95,9¢,9p.

Proof of Theorem 3.1. Let S be in 94. Then x5|a and a|xg. It is clear that a = kxs for k > 1.
Thus,

[x5, X6, 7] < [a, X6, x7] < [Xg, X6, X7] = Xg.

Since we have [xs,x4,x;] =xg by Theorem 2.4, [a,xs x;] =xg and hence
[xs, X6, x7] = [a, x¢, x7]. Then, we have (kxs,x)(kxs,x;) = kx,x5. Suppose (k,xgz) =1
and (k,x;) = 1. Then (xs, x¢) (x5, x7) = kx,x3. Since (xg, xg) = x, and (x5, x;) = x5, itisa
contradiction. Thus, we must have (k,x.) > 1 or (k,x,) > 1. Without loss of generality we
can assume that (k,xg) > 1. Then, (a,xg) = (kxs,xg) = t(xs,x¢) = tx, > x,, Which
contradicts to the fact that S = Sg U {a} is gcd - closed.

Let S be in 95. Then x,|a and a|xg and hence

[x5,x6, x7] S [a;xS;xﬁl x7] S x8'

By Theorem 2.4, we have [a, xs, X, ;] = xg. Thus [xg, X6, x,] = [a, x5, X6, X7 ]. Since

[xs, X6, x,] = Z2571 and [a, xs, X6, x7] = —22°L \we obtain a = x,. It is a contradiction
5176077 X2X3X4 5176077 X2X2X3X4 2

and hence S cannot be in 9.
Let S be in 9.. Then x;|a and a|xg. Similarly, by Theorem 2.4, it is clear that

[a, x5, X6, X7] = [Xs, g, x7]. AlsO, it is obvious that [a, xs, xg, x,] = % Thus, we obtain
24344

a = x4, which is a contradiction and hence S cannot be in 9.

Finally, by Theorem 2.4, we know that [xs, x4, x;] = xg. Therefore, there does not
exist suchaaasin9p.

The proof is complete.

In this section, secondly we present some classes of meet semilattices (S, |) on which
LCM matrices [Sg] and [S] are singular under the same assumptions on the sets Sg and S.
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v
Figure 4. The Hasse diagrams of semilattices Sg U {a} in Theorem 3.2.

Theorem 3.2. Let Sg = {x,x,, ..., xg} be a gcd - closed set of positive integers with x; <
x, < -+ < xg and let the LCM matrix [Sg] be singular. Also let a be a positive integer such
that a € Sg and S = Sg U {a} is gcd - closed. If the semilattice of (S,|) belongs to one of
classes 9, 9, 9, 9y, 95, 9;, 91, 9¢ and 9y, then the LCM matrix [S] is singular.

Proof of Theorem 3.2. Suppose that Sg = {x;, x5, ...,xg} is @ gcd - closed set of positive
integers with x; < x, < -+ < xg and the LCM matrix [Sg] is singular. Then, we have the
equality in (3), again.
Let (S,|) € 9. Since Y. 1(xg) = wsgi(xg), by (3) we have . 1(xg) = 0. Thus, by
'N 'N 'N
(2), we obtain det[S] = 0. This is the proof for (a).

Let (S,]) € 9%, 94, 95 or 9,. By Lemma 3.1 in [3], it is clear that u(a, xg) = 0 in each
case. Then, we have ¥ 1 (xg) = zpssl(xg), and hence, by (3), we obtain 1 1 (xg) = 0. Thus,
'N 'N 'N

by (2), we obtain det[S] = 0. This completes the proof of the cases (b), (c), (d) and (e).
Let (S,]) € 9;, 9, 9., Or 9. In each case, since p(a, xg) = 0, we have 1 1 (xg) =
'N

zpssl(xg). Thus, by (2), we obtain det[S] = 0. This completes the proof of the cases (f), (g),
'N
(h) and (i).

4. COMMENTS ON EXAMPLES AND NEW CONJECTURES

In the literature, there exist a couple of examples to disprove the Bourque - Ligh
conjecture and other conjectures on the singularity of LCM matrices on particular gcd - closed
sets. Among these examples, there are 4 gcd - closed sets with 9 elements and 2 gcd - closed
sets with 8 elements. Using these gcd - closed sets with 8 elements and Theorem 3.2 we can
obtain infinitely many gcd - closed sets with 9 elements on which LCM matrices are singular.

Example 4.1. Let Sg = {1, 2,3,5,42,110,2295,353430}. It is clear that the Hasse diyagram
of the semilattice (S, |) is a cube and the LCM matrix on Sg is singular [7]. By Theorem 3.2
and the classes from 9 to 9, we have the following gcd - closed sets S = Sg U {a} given in
Table 4.1.
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Table 4.1. Ged - closed sets belonging to the classes from 9 to 9, such that [Sg] and [S] are singular and

Sg=1{1,2,3,5,42,110,2295,353430}.

Ilzgs Gcd-closed sets belonging to the class (k = 2 is an integer)

9 S = Sg U {a = 353430k}

9 Since x; = 1 in Sg, we cannot derive an example belonging to 95 directly.
S=SgU{a=42k}suchthat3 + k,5+k, 11+ k,17 t k

9 S=S3U{a=110k}suchthat3 tk,7 +k,17 t k
S =SgU{a=2295k}suchthat2 t k,7 t k, 11 t k
S=S3U{a=05k}suchthat2 tk,3+k, 7tk , 11tk ,17 t k

9, S=SsU{a=3k}suchthat2 tk,3+tk,5+k,7+tk,11+k17tk
S=SgU{a=2k}suchthat3+k,5+k, 7tk , 114k, 17tk

9, S=S8gU{a}suchthat2ta3+ta,5%ta,74a,11ta,17ta
S=S3U{a=14}, S=SgUf{a=21}, S=SgUf{a=22}, S=SzU

9 {a =55}, S = Sg U {a = 85}

]

S =SgU{a=3%17"}suchthat k € {1,2,3}, t € {0,1} and (k, t) # (1,0)
S=58U{a=6},5=58U{a=10}

9% S =SgUf{a=5.3¥17"} such that k € {1,2,3}, t € {0,1} and (k,t) # (3,1)

9L S=58U{a=7},5=58U{a=11},S=58U{a=17}

9y We do not have any example for this class.

Example 4.2. Letn > 8 and a > 1 be any integer. Now let x; = a'~* for 1 <i <n — 7 and
b=a"8 x,_¢=2b, x,_5 =3b, x,_4 =5b, x,_3 =36b, x,_, =230b, x,,_, = 825b,
X, = 227700b. Then, for each n > 8, the LCM matrix [S,] on S, = {xq, x5, ..., X} IS
singular [5]. Indeed, from the proof of Theorem 2.2 (see, Theorem in [5]) the LCM matrix
[S,] on S ={1,2,3,5,36,230,825,227700} is singular. By Theorem 3.2 and the classes
from 9, to 9, we have the following gcd - closed sets S = Sg U {a} given in Table 4.2.

WWW.josa.ro

Mathematics Section




A note on the singularity... Ercan Altinisik and Tugba Altintas 421

Table 4.2. Ged - closed sets belonging to the classes from 9 to 9, such that [Sg] and [S] are singular and

§=1{1,2,3,5,36,230,825,227700}.

Ilggs Gced - closed sets belonging to the class (k > 2 is an integer)

9 S =583 U{a=227700k}

9 Since x; = 1 in Sg, we cannot derive an example belonging to 9, directly.
S=SgU{a=36k}suchthat5+k,11tk,23tk

9% S=SgU{a=230k}suchthat2 +k,3+k,5+k, 11tk
S =SgU{a=825k}suchthat2 t k,3tk, 23tk
S = Sg U {a = 2k},

Oy S=5SsU{a=3k}suchthat2 tk,3+k,5tk, 114k, 23tk
S=58U{a=5k},

9, S=S8gU{a}suchthat2ta3+ta,5ta,114a,23ta
S=SgU{a=4},S=SU{a=9},S=5S3U{a =33}, S =SgU{a =46},

9 S =583U{a=115}

J

S =Sg U {a =511t} such that k € {1,2}, t € {0,1} and (k, t) # (1,0)
S=SgU{a =10}

9% S =SgU{a=2k3"Ysuchthatk € {1,2}, ¢t € {1,2} and (k,t) # (2,2)
S =SgU{a=3.5%11"} such that k € {1,2}, t € {0,1} and (k,t) # (2,1)

9, S=83U{a=11},S =Sg U {a = 23}

Om We do not have any example for this class.

After above examples, it should be noted that we cannot produce an example for the
class 9,, although the results in the literature and Theorem 3.2 support the existence of such
an example. Therefore, in the light of our calculations, we are in a position to raise the
following conjecture.

Conjecture 4.1. There cannot exist a gcd - closed set S = Sg U {a} belonging to the class 9,
such that LCM matrices [Sg] and [S] are singular.
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Example 4.3. Hong [6, 7] presented the gcd - closed sets
$={1,2,5,8,10,13,26,65,520},
§$=1{1,2,3,5,6,10,15,27,270}

on which LCM matrices are singular. In addition to these, Haukkanen, Wang and Sillanpaa
[4], and Haukkanen et. al. [3] found the following gcd - closed sets

S =1{1,2,3,4,5,6,10,45,180}
S =1{1,3,5,7,195,291, 1407, 4025,1020180525}

on which LCM matrices are singular, again. Indeed, they all are in the class 9,,.
Beside above examples, from the proof of Theorem 2.2 (see, Theorem in [5]), we
obtain another gcd - closed set, namely

S={1,a,2a,3a,5a,36a,230a,825a,227700a}

for every integer a > 1 which belongs to the class 9. In the light of these examples, we raise
the following conjecture.

Conjecture 4.2. Let S be a gcd - closed set with 9 elements. If det[S] = 0 then the semilattice
(S, |) has a sublattice whose Hasse diyagram is a cube.

Finally, we should note that we obtain some classes of gcd - closed sets with 9
elements, however, the problem of determining all structures of gcd - closed sets with 9
elements on which the LCM matrix is singular is still open.
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