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Abstract. In this article, we introduce modular A-metric spaces. Also, we give
topology induced by this metric and some results obtained from this. As an application, we
prove the uniqueness and existence of fixed point of Banach contraction mapping in modular
A-metric spaces.
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1. INTRODUCTION

The notion of modular spaces on linear spaces was initiated by Nakano [5,6] and was
intensively developed by Koshi, Shimogaki, Yamamuro [4,8] and others. In 1959, it was
redefined by Orlicz [7] as follows:

Definition 1: [7] A modular on a real linear space X is a functional p : X — [0, 0]
satisfying the following conditions for all x,y e X :
(pD)  p(0) =0,
(p2) If p(ax)=0 forall numbers « >0 ,then x=0,
(p3)  p(=x) = p(x),
(p4) plax+py)<p(x)+p(y) forall «,>0 with a+p=1.
In 2010, the notions of a metric modular on an arbitrary set and the corresponding

modular space, more general than a metric space, were introduced and studied by Chistyakov
[3] as follows:

Definition 2: [3] The modular metric on X where X is non-empty is defined by a
mapping w : (0,0)x X x X —[0,00] that satisfying following conditions for all x,y,z e X
andall A,u>0:

Hw,(xy)=0 < x=y,
(i) w, (X, y) = W, (y,X),
(i) w,, ,(xy)<w,(x,2) +w,(z,Y).

Behind this new concept, there exists the physical interpretation of the modular. A
modular on a set bases on a nonnegative (possibly infinite valued) "field of (generalized)

velocities" while a metric on a set stands for non-negative finite distances between any two
points of the set. When we come to the explain of generalized velocities, we can say that to
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each "time" absolute value of an average velocity w,(X,Yy) is associated in such a way that
in order to cover the "distance™ between points x,y e X it takes time A to move from X
to y withvelocity w,(X,y) .

2. MODULAR A-METRIC SPACES

In this work, as a new perspective in both modular metric space and A -metric space
which is introduced by M. Abbas et al. [1] , we define the notion of modular A — metric

spaces and give some basic properties of it. Also, we examine Banach Contraction Theorem
on complete modular A — metric spaces.

Definition 3: The modular A— metricon X where X is non-empty is defined
by a mapping A, :(0,0)x X" — [O,oo] that satisfying following conditions for all
x,aeX, A >0, i=1n and 1>0 :

(A1) A, (X, Xy, Xgreees X g1 X )20,
(A2) A, (X, Xy, X500, X5, X, )=0 ifand only if X, =X, =..=X _, =X,
(AR)A, s (X0 Xy X oo Xy Xy ) S AL (X, X e (X,) 14, 8)
+A42 (X5 Xp 500 (X3) 4, @)
+A, Xy X 5o ( X, )n_l,a)
The pair (X, A) is said to be a modular A -metric space.

Example 1: Let X =R. Define a function A, :(0,0)x X" —[0,] by

_4

A, (X)) X Xg ey X g0 X, ) = r][|xl—x2|+|x1—x3|+...+|x1—xn|

1 11 n

HXy = X+ [Xy = X[+ X, = X, |

+|Xn—2 - Xn—1| + |Xn—2 - Xn|
+|Xn—l — X, |]

ﬂ n
ZHZZ‘Xi_xi‘

i=l i<j

forall >0 and X;,X,,..., X, € X.
Then (X, A) isan usual modular A -metric space on X.

Actually, first two conditions can be easily verified for this example. Now, we will
show whether the final condition can be verified or not:
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A
A, (X0, Xy Xgreeny Xy gy X, ) = F[|Xl = Xy| H[X, = Xg| o X = X |

HXy = Xa|+ Xy = X+ X, = X

+|Xn—2 - Xn—1| + |Xn—2 - Xn|

+|Xn—l =X, |]

A, (X1'X2'X3""!Xn—1'xn)
A
SF[|X1—a|+|a—x2|+|x1—a|+|a—x3|...+|x1—a|+|a—xn|

+|X2 —a|+|a—X3|+|x2 —<’:1|+|61—X4|...+|X2 —a|+|a—xn|
fi
sl nl s el o)

+|Xn_1 —a|+|a—xn|]

:%[(n—1)|x1 —al+(n-1)|x, —a|+...+ (n-1)|x, —al]

A
:F[qxi _X1|+|X1 —X1|+---+|X1 —a|)+(|x1 —X1|+...+|x1 —a|)
et (% = %[+ [x, —al) + (x —a)]
A
+F[(|X2 — X |+ X, = X, |+ 4 [x, —al)

ot (X = X, | +[X, —a]) + (X, —al)]
fi

A
+F[(|X” — X |+ Xy = X, |+ [x, —a]) +

ot (X, = Xo| +]%, —a) + (%, —a]]

= A (X X0 X X 8) AL (X0 X X oo X, @) et A (X X0y Xy ey X, @)

Thus, (X,A) is an usual modular A -metric space.

Lemma 1: Let the function 4 — A, (X,X,X,..,X,y) be continuous on (0,) for all

x,y e X. Then, A, (X, % X,...x,¥)= A, (Y, ¥, ... ¥, X) is obtained.

Proof: From (A3) condition of modular A -metric space, there exists ¢ > 0 such that
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A, (XX X X, Y) < AL (X X, Xy X, X)
+A, (X, X, X,y X, X)
+A, (X, X, X,y X, X)

+A, (X, X, X,y X, X)
+AA—(n—l)g (y1 YiYse Vs X)
= Ao (V2 Y Ve ¥, X) (2.2.1)

By taking the limit of inequality (2.2.1) as & — 0, we get
A (XX Xy X, V) S AL (YL Y Yo, Vo X) (2.2.2)

Similarly,
AV Y Yo VXS ALYV Yo V1Y)
+A (Y, Y. Yo V1Y)
+A (Y, Y, Yo V1Y)

+A (Y, Y, Yo V1Y)
+A (e (6 X X, X, Y)
= Ay e (X X X0 X, Y) (2.2.3)

When the limit of inequality (2.2.3) is taken as ¢ — 0, the desired result is obtained

ALY Yo Yo Vi X)S AL (XX X, X, Y) (2.2.4)

The result follows from (2.2.2) and (2.2.4).

Remark 1: Consider the function 4 — A, (X;,X,,...,X,) where it is a modular A-
metric on a set X for any X;,X,,...,X, € X. Here 4 — A, (X,,X,,...,X,) iS non-increasing on
(0,90). Remark 1 can be easily verified as the following way:

If0<A <A, <A <..<A <A,  then

A (XX Xy X, Y) < A

v (XX X0 X, X)

+A (X, X, X, 00y X, X)
f
+A, (X, X, X, o0y X, X)
+A, (V) Y, Yoo Y0 X)

= A, (Y, Y1 Yse Yo X).
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Hence, from (A2) condition of modular A -metric space,
A (XX Xy X, Y) S A, (Y)Y Vi X)

Is gotten. Then, by using Lemma 1, the following is obtained which is the desired result:
A (XX X Y) S AL (XX X, Y )

Lemma 2: Let (X, A) be a modular A -metric space. Then, for all x,y,ze X, we
have
A (X% Xy X, Z) S (N=D)A, (X, %, X, X, Y )+ A (2,2, 2,0, 2, Y)

and
A (XX X0 X, 2) S (N=D)A, (XX, X X, Y )+ A (VLY Yo V1 2).
Proof: From (A3) condition of modular A -metric space, following inequality is satisfied:

A (XX X X, Z) S A (XX X X Y ) o A (XX X X, Y ) + A (2,2, 2,0, 2,Y)

(n-1)
<(N-DA, (XX, X,... X, ¥) + A, (2,2,2,..., 2, Y).

Similarly, other inequality is satisfied:

A (XXX X, 2) S A (XX X, X Y ) F b A (X X X V) + AL (YL Y Y Y 2)

(n-1)
S(N=DA, (XXX X, Y) + A (V. V2 Y000Y, 2).

The desired result is obtained.
Definition 4: Let A be a modular A-metric on X. The set
BAA(XO’r):{ye X : A/I(y’y!y""vyvxo)<r}

is said to be an open ball with center Xo and radius r for X, € X, r > 0.
The set

By (X0, 1)={yeX t A(y,y, ¥, ¥, %) ST}
is said to be a closed ball with center X, and radius r for x, € X , r >0,

Definition 5: Let A be a modular A-metricon X and Y < X.
Y < X issaid to be an open subset if forall 2 >0 and all x e X, there existsa r >0
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such that B, (x,r)cY.
Let

r ={Y = X : xeYiff thereexistsar > Osuch that B, (x,r) =Y}

7 is said to be a topology in modular A -metric space.

Theorem 1: Let A be a modular A-metric on X. In this case, (X,7) is a Hausdorff
space.

Proof: Assume that x=y and c=A,(XX..XY) for x,yeX. Now, consider
U =B, (X,5zg) and V=B, (y,5). Then, xeU and yeV. We claim that U NV =¢.

c c
Assumethat zeU NV = ¢. Thus, ze BA%(X’M) andz e BAﬁ(y’E)'

Therefore,

A (z,2,z,..,2,X) <L,
n 2(n-1)

A (z,2,2,..,2,Y) <%.

By using Lemma 2, we have

c=A (XXX ..., X, y)
<(n —1)Ai(z, 2,2,...2,X)+ A (z,2,2,...2,Y)

C

(—1) 2

<(n-1)
=cC
i.e. C<C isacontradiction. So U "V =¢ and (X,7) isa Hausdorff space.

Definition 6: Let A be a modular A-metricon X, {X,},.y € X and x e X.
(1) {x,} convergesto X if A, (X,,X,, X, X,,X) =0 as n—oo forall 1>0.
In other words, for each & >0, there exists a natural number n, such that for all n>n,
A, (X,, X X)<e.
(2) {x,} is said to be a Cauchy sequence if A, (X,,X,, X, X,,X,) =0 as m,n—oco forall

A>0.
In other words, for each ¢ >0, there exists a natural number n, such that for all n,m>n,,

A(Xn’ n? n’ " n’ m)<8

(3) (X,A) is sald to be complete modular A-metric space if every Cauchy sequence in X is
convergent.

n!n? n! ] na
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Lemma 3: Let A be a modular A-metric on X. If the sequence {X,},.y € X
converges to X in X , in this case X is unique.

Proof: Assume that {X, },., converge to X and y. Then, for each ¢ >0 , there exist
N,,N, € N such that for all n>N,, we obtain

X) < d

X X e X 2(n_l),izl,(n—l)

A, (X, X

and forall n> N, ,

A (Xn1 n’ n’ " niy)<_

forall 4, >0, i=1n. Take N =max{N,,N,} . Thus, we obtain
Asiryeir XX V) SA (X X X ) + AL (X X X ) o AL (Y Y0 %)

_A (Xn’ ny'ty n’X)+A (Xn! ny't n’X)+ +A (Xn' nt" ’Xn’y)
& & &
< + +.o.+—=
2(n-1) 2(n—1) 2
6‘
=(n-1) 20 _1) 5
=g

forall n>N. Since ¢ is arbitrary, we get A, ., . ., (X X,...X,¥)=0. Asaresult, x=y. So,
the proof is completed.

Lemma 4: Let A be a modular A-metric on X . If {X },., < X is a convergent
sequence in X , then {X,},., isa Cauchy sequence.

Proof: Let {X,},., be a convergent sequence in X. In this case, there exists a x € X such
that A, (X,,X,, Xy X,,X) >0 as n—oo for all 2>0. Then, for given &> 0, there exist
N,,N, € N such that for all n> N,, we have

A, (X0, X X) <

d I
nt! M na " na 2(n_1)|

=1(n-1)
and forall m>N, ,

A, (X

m? m! ma " m1

&
X) < —
)2

forall A, >0, i=1n. Take N =max{N,,N,}. Hence, for all m,n> N, we obtain
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Aﬂ,l+ﬁ,z+...+/ln(xn’xn’xn’ " n’ )<A (Xn' nytte n’X)+A (Xn’ nt* ’Xn'x)
+A, (Xys Xy eees Xy X)
+A (Xm1 m?* lxmlx)
<(n-1)

=£.

8

2(n —1) 2

This implies that {x.}._,, is a Cauchy sequence.

neN

3. BANACH CONTRACTION THEOREM

The Banach Contraction Theorem which guarantees the existence and uniqueness of
fixed points of certain self-maps of metric spaces was given by Banach in 1922 [2]. In this
part, we prove this notable theorem in modular A-metric spaces.

Definition 7: Let A be a modular A-metric on X . If there exists q [0,1) such that
A, (TX,TX,TX,..., TX, Ty) < gA, (X, X, X, ..., X, Y)
forall x,ye X and 2>0, then T : X — X issaid to be a contraction mapping.

Theorem 2: Let (X, A) be a complete modular A-metric spaceand T : X — X be
a contraction mapping. In this case, T has an unique fixed point in X. Moreover, for any
X e X, iterative sequence {I"‘x}kZl converges to an unique the fixed point.

Proof: We write
X =TX,, X, = Tx =T?X,
forall X, € X. In general,
X, =Tx_, =T,
forall k e N. Then,
A (K X Xionn X) = A (T TX e TX X)

S OA, (X Xy s e X5 X)
= qu (Txk—1’TXk—1 J ""Txk—p X)
< qu/l (Xk—l’ Xegro X X)

<G A, (X Xy X, X)

forall 2 >0 and k € N. Therefore, A, (X,.;,Xc.1r X1y, X) > 0 as k - oo for all 2>0. So,
for given ¢ >0, there exist N, N, € N such that for all k > N, we get
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&

m, | :1,(n—1)

A (X X rens X, X) <

and forall m>N,,

A,Ln (X s Xy yeees Xy X) <§.

Choose N =max{N,,N, }. Consequently, for all k,m> N, we obtain

Ainn, R Koo Xy X ) S A (Xes Xy X, X)

+A, (X, X sees X3 X)

+A/1M (X s Xy s oeer X5 X)
+A/1n (X3 Xy s eees Xy X)

& &
+ =

<Y 2(n-1) 2

=&

From the definition of Cauchy sequence, above findings indicate that {x, },_, is also a
Cauchy sequence. Since X is a complete modular A-metric space, there exists a point x € X
such that x, = X as k — o. By the notion of modular A-metric, the contraction of T and
using Lemma 2, we get

A, (TXTX,., TXX) S (N=DA, (TX, TX ., TXTX ) + A (TX TX e, TX L X)

(3.2)
=(n —1)qA%(x, Xy ooy X, X ) + A%(XM, Xei1reor Xy g X)

forall >0 and k e N. In (3.2), if k tends to oo, then A, (TX,TX,...,TX,x) =0. Thus, Tx = x

which means x is a fixed point of T . The last thing we should show to finish the proof is the
uniqueness of the fixed point. Assume that z is another fixed point of T . We see that

A (XX, %, 2) = A (TX T, TX,TZ) < g.A, (XX X e X, 2)

for all 2>0. Since qe[0,1), we get (1-q)A,(X,X,....X,2)<0 for all 2>0 which means
A, (X, X,...,X,z) =0. This implies that X = z. Hence, the fixed point of T is unique.

Corollary 1: Let (X, A) be a complete modular A-metric space. Assume that the
mapping T : X — X satisfies

A TX T, T THY) < gA, (X X, X, Y)
forall k e N and x,y e X where q<[0,1). Then, T has an unique fixed pointin X.

Proof: From Theorem 2, T* has an unique fixed point z . But
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TYT2) =T(T*2) =Tz

Thus, Tz is also a fixed point of T*. Hence Tz =z. Then, z is a fixed point of T .
Since the fixed point of T is also a fixed point of T*, then fixed point of T is unique.

Example 2: Take (X, A) as it was taken in Example 1 and assume that X =R". In
addition to these, suppose that (X, A) is a complete modular A-metric space. Define the
mapping T : X — X with

X

T(X)=—
4e

So, we know that ius u forall ue[0,). Therefore, forall x,y € X , we get
e

A, (TX,TX,., TX, Ty) = %[|Tx =Ty +[TX=Ty| +...+ [Tx = Ty]]

= %(n ~1)[Tx-Ty|

SR | RS
il 4e' 4t
A X 'y

<Z(-pl5-=L
n( )4 4‘

A1
_HZ[|X—y|+|x—y|+...+|x—y|]

1
:ZAQ (X! X)"')Xl y)

where q =+ and for all 2 >0. Obviously, T is a contraction map in X.
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