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Abstract. This paper applies homotopy analysis method (HAM) to obtain analytical
solutions of system of fractional order DEs, which arises very frequently in mechanical
engineering, control theory, solid mechanics and applied sciences. Analytical results reveal
the complete compatibility of proposed algorithm for such problems. Some mathematical
problems are presented to show the efficiency and simplicity of the method.
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1. INTRODUCTION

Differential equations arise in almost all fields of the applied and engineering sciences
[1-18]. Several numerical and analytical techniques including Homotopy analysis method
(HAM), Perturbation methods, Modified adomian’s decomposition method (MADM), Finite
difference method, Spline method, Variational iteration method (VIM) have been developed
to solve such problems, see [1-18] and the references therein. Recently, many researchers
have started working on a very special type of differential equations which are called
fractional differential equations [12-18] and are extremely important in number of physical
problems related to applied and engineering sciences. It is to be highlighted that system of
fractional ODEs, which arises very frequently in mechanical engineering, control theory, solid
mechanics, mathematical modeling and applied sciences have inspired and motivated by the
ongoing research in present time. We apply a very efficient and reliable technique which is
called homotopy analysis method (HAM) [1-10, 15, 16] to obtain analytical solutions of
system of fractional ODEs. Obtained results are very encouraging.

2. HOMOTOPY ANALYSIS METHOD (HAM)

We consider the following equation
N[u(@®] =0, €Y)
where N is a nonlinear operator, T denotes dependent variables and u(t) is an unknown

function. For simplicity, we ignore all boundary and initial conditions, which can be treated in
the similar way. By means of HAM Liao [6-10] constructed zero-order deformation equation
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(1 —p)L[B(z; p) — ue ()] = pAN[0(z; p)], (2)

where L is a linear operator, uy(t) is an initial guess. A # 0 is an auxiliary parameter and
p € [0,1] is the embedding parameter. It is obvious that when p=0 and 1, it holds

LIB(;0) —uo()] =0 = &(z;0) = uo (), 3)
AN[O(1; D] =0 = 6(t; 1) = u(), 4)

The solution @(z; p) varies from initial guess u, () to solution u(7). Liao [18] expanded
@(t; p) in Taylor series about the embedding parameter

B(;p) = g(0) + Eioms n (D™, ©
where
1 0™(z;
un@ = 2 2202 L (6)

The convergence of (5) depends on the auxiliary parameter 4. If this series is
convergent at p=1, one has

o(t; 1) = ug(o) + z uy, (1), @)
Define vector
U, = {ug(1), u; (), u, (v), u3 (1), wev oo ... , U (1)}

If we differentiate the zeroth-order deformation equation i.e. Eq. (2) m-times with
respect to p and then divide them m! and finally set p = 0, we obtain the following mth-order
deformation equation

Llum (1) = Xpum-1(1)] = hmm(ﬁm—l)' )

where

1 9™ 'N[B(p)] |

and
0,0 mc<l,
Xm = {1, m>1, (10)

If we multiply with £~ each side of Eq. (8), we will obtain the following mth order
deformation equation

U (T) = XpU—1(7) + ARy, (l_im—l)
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3. SOLUTION PROCEDURE
In this section, we solve system of fractional order linear and nonlinear boundary

value problems to illustrate the implementation of the homotopy analysis method.
Problem 1. Consider a fractional homogeneous 2-by-2 stiff system of linear ODEs:

xF =k(—1—-¢&)x; + k(1 — &)xy, 0<a<i,

x§ =k(1—¢&)x; +k(—1—¢e)x,, 0<a<i,
where k, ¢ are constants, with the initial condition

x1(0) = 1, x,(0) = 3,

Now we apply the HAM to solve system of fractional order linear ODE. The solutions
of x;(t) and x,(t) can be expressed by a set of base functions.

{t"In=0,1,2, ... ... ...},
In the following forms
+0o0 +00
60 = ) ant" 10 = ) byt
n=o n=o

where a, and b,, are coefficients. This provides us with the first rule of solution expression.
Under the rule of solution expression and according to initial condition, it is straightforward
to choose

x10(t) = 1, x30(t) = 3,

As the initial approximations of x;(t) and x,(t), to choose the auxiliary linear
operator

09:(t; q)

e i=12

L[o(&; )] =
with the property

where C; (i = 1,2) are integral constants. Furthermore, we define a system of nonlinear
operators as

%04 (¢t;

Mo )] = oD 1 - 00,(50) - k(L - 0,6,
0« ;

Mo (6 )] = 20D 1~ 60, (50) — k(L - 0,6,
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Using the above definition, we construct the zeroth-order deformation equation
(1= L[0:(t;q) — xi0(t)] = qaN;[0;(t; )], i =1,2
Obviously, when g=0 and g=1,
0;(t;0) = x;0(t), @:(t;1) = x;(t)
Therefore as the embedding parameter q increases from 0 to 1, The solution @(t; q)

varies from the initial guess to the solution for i=1,2. Expanding @(t; g) in Taylor series with
respect to g, one has:

+o00
06D = xi0® + ) xim®™,
m=1

where

1 0™@;(t;q)
Xim(t) = %a;—mlqﬂ

Define the vector
fl-,n = {xl-,o(t),xijl(t), .,xi'n(t)}.
Differentiating the zero-order deformation equation m-times with respect to ¢, and

finally dividing by m!
We gain the mth order deformation equations

L[xi,m(t) - mei,m—l(t)] = hRi,m(fi,m—l)'

Subject to initial condition  x;,,(0) = 0, x;,,(0) = 0,
R1,m(fi,m—1) = xfm1(®) = k(=1 = &)xy 11 (t) — k(1 — )xppm_1 (1),
Rz,m(fi,m—1) = X5m-1(t) = k(1 = &)xy1p_1(t) — k(=1 — )xp 1 (1),
Now the solution of the mth-order deformation equation for m >1 becomes
Xim(6) = XmXime1() + hj&[Rim(%im-1)]-

We now successfully obtain

a
xl,l(t) = h(—Zk + 4k€) m,
a 2a
—(_ Ty 2Ly - 21,222 _ AB21L2Y_ o
x1(8) = (~2hk + dhke — 20k + 4h*ke) po + (BEKE? — 4ht?) o,
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a
[(a+1)

Xz’z(t) = (2hk + 4hke + 2h%k + 4fl2k€)m

Then the solution expression can be written in the form

xZ’l(t) == h(Zk + 4k€)

a 2a

21,2 21,22
+ (R 4+ 812K o

+0o0 +00
x.(t) = z a,t™, x,(t) = Z b,t",
n=o n=o

From this the first three terms of the series solution when A = —1 are

a

x11(t) = (2k — 4ke)

['(a+1)
r2a
x12(t) = (8k?e? — 4k2)m.
: a
Xp1(t) = (—2k — 4ke) m,
2a

Xz’z(t) = (4](2 + 8k2€2)m,

Thus the analytic solution is

e

6= ) xim(®),

m=0
a tZa
_ _ 2.2 2
x,(t) = 2k — 4ke) —F(a D + (8k“e 4k )—F(Za D
and
(0 = ) Xym(t),
m=0
a 2a
— (9 _ 2 2.2
x,(t) = (—2k 4k€)[‘(a+1)+(4k + 8k“e )F(2a+1)+ ,

Problem 2. Consider the following fractional stiff system of non linear ODEs:

x{ = —1002x; + 1000x,2,

X¥ = x; — xp — X572, 0<ac<l,
with the initial condition

x1(0) = 1, %,(0) = 1,
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Now we apply the HAM to solve fractional system.
Initial approximations are,

x10(t) = 1, x30() = 1,
the auxiliary linear operators are

0°9:(t; q)

e =12,

L[9:(t q)] =
with the property,

L[G] = 0,

where C; (i = 1,2) are integral constants. Furthermore, we define a system of nonlinear
operators as

0%Q. (t;
0“0, (t;
Mol = T2ED g (1) 1 0(69) + 0,7 0),

Using the above definition, we construct the zeroth-order deformation equation
(1= QL[®:(t q) — x10(0)] = qaN[0:(6 )], i =12,
Obviously, when g=0 and g=1,
0:(t0) = x;0(), 0:(;1) = x;(¢),
Therefore as the embedding parameter g increases from 0 to 1, varies from the initial

guess to the solution for i = 1,2. Expanding @(t; q) in Taylor series with respect to g, one
has

+o00
06 = xi0® + ) xim(©™
m=1

where
10™@(t;q)
Xim(t) = an—mlqﬂ
define the vector

fi,Tl = {xl"o(t), xi'l(t), vre e weny xi,n(t)}.

Differentiating the zero-order deformation equation, m-times with respect to g, and
finally dividing by m!
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We gain the mth order deformation equations

L[xim(®) = HmXim-1 ()] = AR m(Fim—1), 1=1,2

Subject to initial condition  x;,,(0) = 0, x;,,(0) = 0,

m-—1

R1,m(fi,m—1) = Xi'm-1(t) +1002x; 1,4 () — 1000 Z X2,j () Xz m—1-; (1),

Jj=0

m-1

Rz,m(fi,m—1) = X3m-1(8) = X m-1(8) + x5 _1(£) + Z X3,j (€) X5 m-1-;(t),

j=0

Now the solution of the mth-order deformation equation (12) for m >1 becomes

X () = XmXim-1 () + W [Ripm (Zim-1)] =12

We now successfully obtain
a

(a+1)

x1,(t) = (2h + 2h?)

x,1(t) = 2h
a tZa
fa+D M e

.
T

a tZa
£) = (A + K2 A2 ,
*22(0) = (A + ) e S Y Mt e v D

x1(t) = h

Then the solution expression can be written in the form

+o0 +00
2, (£) = Z At x,(t) = Z b, t" .
n=o n=o
From this the first two terms of the series solution when A = -1 are
tC(
x1(t) = =2 m,
2a
t)=4———,
*12(0 = 45500
a
t) = ———,
%2 (t) T(a+1)
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2a

Xp2(t) = m.

Then the solution expression can be written in the form

[ee]

60 = ) xm(D)

m=0

x(t) =-2

o)

x,(t) = Z Xom(t),

m=0

ta t20.’

4
e+ ‘TatD "

a tZa

Ta+D Teatn

x () =
Problem 3. Consider the following fractional non linear matrix Ricatti differential equation
x*=-y2+0Q, y(0)=0, 0<ac<1
where
1l -1y o1 1
¢ _5[1 1 ”o 100”—1 1

We can write fractional non linear matrix Ricatti differential equation in system of
equations as:

x* =—x2—yz+12£,
99
yE=—xy —yw——,
99
z“:—xy—yw—T,
101
W“=—x2—yz+7,

Now we apply the HAM to solve the above equations.
Initial approximations are

101t 99t t 101t
xo(t) = 5 yo(t) = 5 zo(t) = 5 wo(t) = 5
the auxiliary linear operators are
%0, (t; .
o] = TOND 213,
with the property
LIG] =0,
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N:[9:(t )] = M+®1(t Q) + B,(t;q) B3(t: ) _E
N,[9:(t; q)] = W 01(t; Q)02 (t; @) + B,(; D4 (t; q) +—9
Mo ) = Z2ED 4 6, 50)0,060) + 0.0 0465 0) + 2
Mo ) = Z2ED 4 62050) + 0,(50) 036 0)

Using the above definition, we construct the zeroth-order deformation equation
(1= QL[D:(t; q) — xi0(0)] = AN [0:(t; )], i =12,
Obviously, when g=0 and g=1,
0;(t;0) = x;0(t), (1) = x;41(2)
Therefore as the embedding parameter g increases from 0 to 1, @,(t; q) varies from

the initial guessx; o(t), to the solutionx;(t) for i=1,2,3,4. Expanding @;(¢t;q) in Taylor
series with respect to g, one has

+00
060 = 1o+ Y XD
m=1

where

1 0™9;(t;
xlm( ) = —%M:o-

define the vector

fi,n = {xi’o(t), xill(t), e e ey xi'n(t)}.

Differentiating the zero-order deformation equation, m times with respect to g, and
finally dividing by m!
We gain the m-th order deformation equations

L[xi,m(t) - mei,m—l(t)] = hRi,m(fi,m—l)l

Subject to initial condition x,,(0) = 0, y,(0)= 0,z,(0)= 0, w,(0)=0,
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m-1 m-—1
101
R(n-) = %20+ ) 5% 1O+ ) 302150 ==,
j=0 j=0

m—1 m—1 99
R Gm1) = Y51 (6) + Z 5 (Om-1-5(0) + Z Y (OWm1 (0 + 5

] J
m-1 m-—1 99
R(in1) = 2520+ ) 50¥ma i O+ ) y,Own s 1O+,
=0 j=0
m—1 m—1
_ . 101
Rm(Wm—l) = Wm—l(t) + Z xj(t)xm—l—j(t) + z yj(t)zm—l—j(t) - T ’
j=0 j=0

Now the solution of the mth-order deformation equation for m >1 becomes

xm(t) = mem—l(t) + h]ta [Rm(fm—l)];

We now successfully obtain

101t 10001t%*2  101¢t@
(6 = h( 2 " T@+3) 2+ 1))'

101t 10001t%*2  101t®
x(0) = h( 2 " T+ _F(a+1)>

b2 (101t 30003t%*2 101¢t” 2000002T (a + 4)t2a+3

— +
2 Fa+3) 2f(a+1) T(a+3)Q2a+4)
10001T'(a + 2)t2“+1>

I'(2a + 2)

- nf-2 9999t 99t

yilt) = 2 M@ +3)  2l@+1))
0= nf_2% 999912 99t

Y2lt) = 2 T(a+3)  2[(a+1)

42 ( 99t 29997t%+2 99t“ 1999998l (a + 4)t2**3

2 T T@+3) 2(a+1)  T(a+3)r2a+a)
9999T'(a + 2)t2“+1>

[Na+ DI'QQa + 2)
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99t 9999T(3)t%*2  99t®
2@ =h <_ 2 T 2l@+3) (e~ 1))'
99t 9999t@*2 99t
z(8) =h <_ 2 " T@+3) 2+ 1))

42 (_ 99t B 29997t%+? + 99t* B 1999998l (a + 4)t24+3
2 lNa+3) 2I'(a+1) I'(a+3)I'2a + 4)
9999 (ar + 2)t2e+1
['(a+ DI'Q2a + 2) >’

101t 10001 (3)te+? 101t
Wl(t) - h )

+ —_
2 2I'(a + 3) 2[(a + 1)
101t 10001¢%+2 101t“ >

2 " Tw@+3) T+
, (1011: 30003t%*2  101t® , 20000027 (a + 4)t2a+3
2 FNa+3) 2I'(a+1) F'(a+3)I'2a + 4)
10001T (a + 2)¢2e+1
B [(2a +2) )

w,(t) = h(

Then the solution expression can be written in the closed form as

[ee)

WO = ) am(ME, 1=1234,

m=0
4. CONCLUSION

In this study, we used homotopy analysis method (HAM) to obtain analytical solution
of system of fractional order differential equations. The applied algorithm is very beneficial to
validate the results attained by the exact solution. The intimacy among the outcomes reveals
that it is a powerful tool for solving system of fractional order DEs. Series solution results
reveal the complete compatibility of proposed algorithm for such problems. It is also observed
that the results obtained by this method are in complete agreement with other exiting results
in literature. The attained results through under discussion procedure approves that this
technique is very inspiring and trustworthy for handling different classes of non-linear EEs.
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