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Abstract. In this paper the authors shown that the property 
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is true only when 1   and 1,0  a  or 2 . Moreover, a new equality 

on )(at,


E  is developed, whose limit state as 1,1    and β > α  is just the above 

proper and if β=1, then the result is the same as in [15]. Also, it is proved that this equality is 

the characteristic of the function t
β − 1

)t(a, 
E . Finally, we showed that all results 

in [15] are special cases of our results when .1   
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1. INTRODUCTION  

 

 

As a result of researchers and scientists increasing interest in pure as well as applied 

mathematics in non-conventional models, particularly those using fractional calculus, Mittag–

Leffler functions have recently caught the interest of the scientific community. Focusing on 

the theory of the generalized Mittag–Leffler functions, the present volume offers a self-

contained, comprehensive treatment, ranging from rather elementary matters to the latest 

research results. In addition to the theory the authors devote some sections of the work to the 

applications, treating various situations and processes in viscoelasticity, physics, 

hydrodynamics, diffusion and wave phenomena, as well as stochastics. In particular the 

generalized Mittag-Leffler functions allow us to describe phenomena in processes that 

progress or decay too slowly to be represented by classical functions like the exponential 

function and its successors. The three parameter generalized Mittag–Leffler function is such a 

three parameter function defined in the complex plane C by  
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where α > 0 is the parameter and Γ the Gamma function [16]. It was originally introduced by  
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Prabhakar [17] in 1971. Obviously, the exponential function e
z
   is a particular generalized 

Mittag–Leffler function with the specified parameter 1  , or in other words, the 

generalized Mittag–Leffler function is the parameterized exponential function. In recent years 

the generalized Mittag–Leffler function has caused extensive interest among scientists, 

engineers and applied mathematicians, due to its role played in investigations of fractional 

differential equations [1, 3, 8, 11, 13, 14]. A large of its properties have been proved (e.g. [4-

7, 9, 18, 19]). In this paper we show that the following property 
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is true only when 1   and 1,0  a  or 2 . Moreover, a new equality 

on )(at,


E  is developed, whose limit state as 1,1    and β > α  is just the above 

proper and if β=1, then the result is the same as in [15]. Also, it is proved that this equality is 

the characteristic of the function t
β − 1

)t(a, 
E . To this purpose, the following properties of 

Mittag–Leffler function and Caputo’s fractional derivative are needed: 

The Laplace transform of Caputo’s derivative is given by[10] 
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where ,1 nn    )()( ptfDt
 and )(tfp

  denote the Laplace transform of )(tfDt


 and )(tf  respectively. 

The Laplace transform of the Mittag–Leffler functions can be derived from the 

formula[4] 
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where  )Re( p  represents the real part of the complex number .p  

 

 

2. A NEW EQUALITY CHARACTERISTIC OF SOLUTION FUNCTION 

 

 

In this section, firstly we show the following general property 
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is false, to show that, it is sufficient to provide one counter-example. By using the 

fact CoshxEEE
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1,2 , valid for all z, then elementary 

calculation shows that (1) does not hold for the choice α=2,  1  ,a=s=t=1 of 

parameters.  
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Hence (1) as a general property is false. Secondly we prove (1) is true only 

when 1   and a=0,  β=1 or β=2.  We want to find all 0,,  ,a∈R for which 
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If we set s=t=0 we can write 
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if a=0 then (1) is true with β=1 or β=2 and this is the only condition, consequently we can 

say that for any a ∈ R and 0,,   the equality (1) may be true only when Γ(β)=1. 

Therefore, let us assume that 0a  and Γ(β)=1. From (1), if we let s=t  then (1) becomes 
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On taking sz  , then the above equation becomes  
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 We differentiating w.r.to z and setting z=0 gives 
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This implies 2
α β

=2. Therefore, αβ=1. If β=1 then α=1 and Eα , β (z)=ze, so (1) is 

true. Now assume that β=2. Then 2/1 .  

Again differentiating w.r.to z and putting z=0 we obtain 
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Putting 2/1  and 2 , we get 
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which is not true. Therefore, the main result is true only when α=β=1, and a=0,  

β=1 or β=2. 

By definition of Caputo derivative it is clear that the Caputo’s fractional derivative 

operator is non-local in the case of non-integer order α. The memory character of Caputo’s 

derivative operator is perhaps the cause leading to the result that )at(,


E , as an eigen 

function of Caputo’s derivative operator does not possess semigroup property that is non-

memory. This seems to tell us that any equality relationship involving )at(,
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E , )as(,
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and )t)a(s(, 
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E should be of memory and hence be characterized with integrals. The 
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equality relationship stated in the following theorem which is a generalization of the results 

given in [15]. 

 

Theorem 2.1. For every real a there holds  
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Proof. Let 0 < α < 1, β > 1, a > 0. Define 
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then its Caputo derivative satisfies 
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 Applying the Laplace transform, we get 
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It can be written as  
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Now we use that 
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 Finally, Applying inverse Laplace transform, we arrive at 
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By analytic continuation one can see that this formula remains true when 0 < α < 1 

and β > α.   Note: If we put  β=1 in Theorem 2 .1 , we arrive at the  results given in [15]. 

 

 

Acknowledgements: The author is very thankful to the referees for giving comments / 

suggestions for the modification of the paper. 

 

 

REFERENCES 

 

 

[1] Bonilla, B., Rivero, M., Trujillo, J.J., Applied Mathematics and Computation, 187(1), 68, 

2007. 

[2] Elagan, S.K., Journal of the Egyptian Mathematical Society, 24(2), 200, 2016.   

[3] Camargo, R.F., de Oliveira, E.C., Vaz, J.Jr., Mathematical Physics, Analysis and 

Geometry, 15(1), 1, 2012. 

[4] Galeone, L., Garrappa, R., Journal of Computational and Applied Mathematics, 228(2), 

548, 2009. 

[5] Gepreel, K., Mohamed, M., Journal of Advanced Research in Dynamical and Control 

Systems, 6(1), 1, 2014. 

[6] He, J.H., Elagan, S.K., Li, Z.B., Physics Letters A, 376(4), 257, 2012. 

[7] Jumarie, G., Chaos, Solitons & Fractals, 40(3), 1428, 2009. 

[8] Jumarie, G., Applied Mathematics Letters, 22(11), 1659, 2009. 

[9] Li, Y., Chen, Y.Q., Podlubny, I., Automatica, 45(8), 1965, 2009. 

[10] Mainardi, F., Gorenflo, R., Journal of Computational and Applied Mathematics, 118 

(1-2), 283, 2000. 

[11] Matignon, D., Stability results for fractional differential equations with applications to 

control processing. In Computational Engineering in Systems Applications, 963-968, 

1996. 

  

http://www.sciencedirect.com/science/article/pii/S1110256X15000334#b0080


Semi group property using …                                                                                                        Kishan Sharma 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

322 

[12] Mittag-Leffler, G.M., Comptes Rendus de l’Academie des Sciences Paris, 137, 554, 1903. 

[13] Moze, M., Sabatier, J., Oustaloup, A., LMI characterization of fractional systems 

stability. In Advances in Fractional Calculus, 419-434, 2007. 

[14] Odibat, Z.M., Computers & Mathematics with Applications, 59(3), 1171, 2010. 

[15] Peng, J., Li, K., Journal of Mathematical Analysis and Applications, 370(2), 635, 2010. 

[16] Podlubny, I., Fractional Differential Equations, Academic Press, New York, 1999. 

[17] Prabhakar, T.R., Yokohama Mathematical Journal, 19, 7, 1971. 

[18] Rudin, W., Principles of Mathematical Analysis, 3
rd

 Ed., McGraw-Hill, New York, 2004. 

[19] Sharma, K., Jain, R., Dhakar, V.S., General Mathematics Notes, 8(1), 15, 2012. 

  

           

 

 


