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Abstract. In this paper, we shall use the concepts of N a-open and NS a-open sets to
define some new types of weakly nano continuity such as; N a-continuous, N oa*-continuous,
N a**-continuous, NS a-continuous, NS a*-continuous and NS a**-continuous maps. Also, we
shall explain the relationships between these types of weakly nano continuity and the concepts
of nano continuity. Moreover, we shall prove some theorems, properties, remarks and give
counter examples about these new concepts of weakly nano continuity.
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1. INTRODUCTION

M.L. Thivagar and C. Richard [1] present nano topological space (or simply n.t.s.) on
a subset M of a universe which is defined with respect to lower and upper approximations of
M. He studied about the weak forms of nano open sets. Q.H. Imran [3] presented the concept
of NSa-open sets in nano topological spaces. The objective of this paper is to present new
types of weakly nano continuity such as; Na-continuous, Na*-continuous, No**-continuous,
NSa-continuous, NSa*-continuous and NSa**-continuous maps. Also, we shall explain the
relationships between these types of weakly nano continuity and the concepts of nano
continuity. Moreover, we shall prove some theorems, properties, remarks and give counter
examples about these new concepts of weakly nano continuity.

2. PRELIMINARIES

Throughout this paper, (U, (M), (V,ax(IN)) and (W, px(0)) (or simply U,V and
W) constantly mean n. t.s. on which no separation axioms are normal unless for the most part
determined. For a set D in a n.t.s. (U, 7(M)), Ncl(D), Nint(D) and D¢ = U — D denote
the nano closure of D, the nano interior of D and the nano complement of D respectively.
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Definition 2.1. A subset D of a n.t.s. (U, T2 (M)) is said to be:

i. A nano a-open set (in short Na-open set) [1] if D € Nint(Ncl(Nint(D))). The family of
all Na-open sets of ‘U is denoted by T4 (M).

ii. A nano semi-a-open set (in short NSa-open set) [3] if there exists a No-open set P in U
such that 7 € D < Ncl(P) or equivalently if D € Ncl(Nint(Ncl(Nint(D)))). The family
of all NSa-open sets of U is denoted by t¢Sa(M). The complement of NSa-open set is
called a nano semi-a-closed set (in short NSa-closed set).

Example 2.2. Let U = {ry, 1y, 13,13} With U/R = {{r1}, {r3}, {ro,1u}} and M = {ry, 1,}. Then
Te(M) = {¢,{r },{r2, 1u}, {r1, 12, 1a}, Ul iSan. t.s..

The family of all No-open sets of U is: Tl (M) = {¢, {11}, {r2, 13}, {11, 12, 13}, U}. The family
of all NSa-open sets of U is: TxgSa(M) = T (M))U{{ry, 13}, {12, 13,131}

Remark 2.3 [3]. Inan.t.s. (U, tx(M)), then the following statements hold and the opposite
of each statement is not true:

i. Every N-open set is a Na-open and NSo-open.
ii. Every Noa-open set is a NSa-open.

Definition 2.4. Let h: (U, tx (M) — (V, 0x(")) be a map, then h is said to be:
i. Nano continuous (in short N-continuous) [2] iff for each D N-open set in V, then h~1(D)
is a N-open set in U.
ii. Nano a-continuous (in short Na-continuous) [4] iff for each D N-open set in V, then
h~1(D) is a No-open set in U.

Theorem 25 [2]. A map h:(Ux(M)) — (V,0-(V)) is N-continuous iff
h~1(Nint(D)) € Nint(h~1(D)) forevery D € V.

Definition 2.6 [2]. Let h: (U, t(M)) — (V, (V) be a map, then h is said to be nano
open (in short N-open) iff for each D N-open set in U, then h(D) is a N-open set in V.

3. WEAKLY NANO CONTINUOUS MAPS

Definition 3.1. Let h: (U, tx (M) — (V, 6x(")) be a map, then h is said to be:
. Nano a*-continuous (in short No*-continuous) iff for each D Noa-open set in V, then
h~1(D) is a Na-open set in U.
ii. Nano a**-continuous (in short No**-continuous) iff for each D Na-open set in V, then
h~1(D) is a N-open set in U.

Definition 3.2. Let h: (U, (M) — (V, 0x(IV")) be a map, then  is said to be:
I. Nano semi-a-continuous (in short NSa-continuous) iff for each D N-open set in V, then
h~1(D) is a NSa-open set in U.
ii. Nano semi-a*-continuous (in short NSa*-continuous) iff for each D NSa-open set in V,
then h=1(D) is a NSa-open set in U.
iii. Nano semi-o**-continuous (in short NSa**-continuous) iff for each D NSa-open set in
V, then h~1(D) is a N-open set in U.
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Theorem 3.3. Let h: (U, (M) — (V, 5% (V")) be a map. Then the following statements
are equivalent:

I. hisa NSa-continuous.

I. The inverse image of each N-closed set in V is NSa-closed set in U.

iii. h(Nint(Ncl(Nint(Ncl(C))))) € Ncl(h(C)), for each C € U.

iv. Nint(Ncl(Nint(Ncl(h™1(D))))) € h~1(Ncl(D)), foreach D € V.

Proof:

(i) = (ii). Let D be N-closed set in V. This implies that V — D is a N-open set.

Hence h™1(V — D) is a NSa-open set in U. i.e., U — h~1(D) is a NSa-open set in U.

Thus h~1(D) is a NSa-closed set in U.

(ii) = (iii). Let € € U, then Ncl(h(C)) is a N-closed set in V. So that =1 (Ncl(h(C))) is
NSa-closed set in U. Thus we have

h~1(Ncl(h(€))) 2 Nint(Ncl(Nint(Ncl(h~*(Ncl(h(€))))))) 2 Nint(Ncl(Nint(Ncl(C)))).
Or Ncl(h(€))) 2 h(Nint(Ncl(Nint(Ncl(€))))).

(iii) = (iv). Since € V, h~1(D) € U so by hypothesis we have
Nint(Ncl(Nint(Ncl(h~1(D))))) € Ncl(h(h™1(D))) € Ncl(D), that is
Nint(Ncl(Nint(Ncl(h~1(D))))) € h™1(Ncl(D)).

(iv) = (i). Let C be a N-open subset of V. Let D =V — C and € = h™1(D) by (iii) we have
Nint(Ncl(Nint(Ncl(h~1(D))))) € Ncl(D) = D. That is

Nint(NcI(Nint(Ncl(h™1(V — €))))) € h~1(V — €). Or Nint(Ncl(Nint(Ncl(h~1(C))))) 2
h~1(€). Hence h~1(C) is a NSa-open set in U and thus h is a NSa-continuous.

Proposition 3.4.
i. Every N-continuous map is a Na-continuous, so it is NSa-continuous, but the opposite is
not true in general.
ii. Every Na-continuous map is a NSa-continuous, but the opposite is not true in general.

Proof:

i. Let h: (U, 7o(M)) — (V,02(V)) be a N-continuous map and D be a N-open set in V.
Then h~1(D) is a N-open set in U. Since any N-open set is No-open (NSo-open),
h~1(D) is a Na-open (NSa-open) set in U. Thus h is a Na-continuous (NSa.-continuous)
map.

ii. Let h: (U, 7o(M)) — (V, 02 (V")) be a Na-continuous map and D be a N-open set in V.
Then h=1(D) is a Na-open set in U. Since any Na-open set is NSa-open, h=1(D) is a
NSa-open set in U. Thus h is a NSa-continuous map.

Example 3.5. Let U = {ry, 1y, 13,13} With U/R = {{r1}, {ry}, {12, 13}} and M = {ry, 7, }. Then
To(M) ={¢,{r, s}, U} is an.t.s.. Let V = {sy,5,,53,54} With V/R = {{s1}, {53}, {52, 54}}
and V' = {sq,5,}. Then ax (V) = {¢, {51}, {52, 54}, {51, 52,54}, V} is a n.t.s.. Define a map
h: (U, TR(M)) — (V, O'R(N)) as h(ry) = s,, h(ry) = s,,h(r3) = s3,h(ry) =s,. Thenhisa
Na-continuous but not N-continuous. Also, h is a NSa-continuous but it is not N-continuous.

Example 36 Let U = {Tl, TZ,T3,T4} With U/:R = {{Tl}, {T3}, {TZ,T4}} and M = {Tl, rz}. Theﬂ

To(M) ={p,{r1}, {ro, 1u}, {11, 10,1}, U isan. t.s..
Let V = {s1,5,,53,54} With V/R = {{s,}, {54}, {51,53}} and V' = {s4,s,}. Then ox(N') =

{b,{s2}, {51,535}, {51, 52,53}, V} is a n.t.s.. Define a map h: (U, ‘L'R(M)) — (V, O‘R(N)) as
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h(ry) = sy, h(ry) = s1,h(r3) = s,, h(ry) = s3. It is easily seen that h is a NSa-continuous
but it is not Na-continuous.

Remark 3.7. The concepts of N-continuity and Na*-continuity are independent, for
examples.

Example 3.8. In example (3.5), the map h is a Na*-continuous but it is not N-continuous.

Example 3.9. Let U = {ry, 1y, 13,13} With U/R = {{r}, {r3}, {ro,1u}} and M = {ry, 1,}. Then
Te(M) = {¢,{r },{r2, 1u}, {r1, 12, 1a}, Ul iSan. t.s..

Let V = {s1,5,,53,54} With V/R = {{s1}, {54}, {52,53}} and V' = {s4,s,}. Then gx(N) =
{¢,{51,54},V} is a n.ts. Define a map h:(U1x(M)) — (V,0x(N)) as h(r) =
Sy, h(ry) = 51, h(r3) = s3,h(ry) = s,. It is easily seen that h is a N-continuous but it is not
Na*-continuous.

Theorem 3.10.
i. Ifamap h: (U, tx(M)) — (V,0%()) is N-open, N-continuous and bijective, then h is
a Na*-continuous.
ii. A map h:(Uto(M)) — (V,02(V)) is No*-continuous iff h: (U, tro(M)) —
(V, ogo (V) is a N-continuous.

Proof:

i. LetD € oxa(NV), to prove that h~1(D) € o (M),
i.e., h"1(D) S Nint(Ncl(Nint(h~2(D)))).
Let a € h™1(D) = h(a) € D. Hence h(a) € Nint(Ncl(Nint(D))) (since D € oz (N)).
Therefore, there exists ' N-open set in V such that h(a) € H < Ncl(Nint(D)). Then
a € h"1(H) € h"Y(NcI(Nint(D))), but A 1(Ncl(Nint(D))) € Ncl(h~(Nint(D)))
(since h™1 is a N-continuous, which is equivalent to h is a N-open and bijective). Then
a € h"1(H) € Ncl(h"}(Nint(D))). Hence a € h™1(#) € Ncl(h~1(Nint(D))) €
Ncl(Nint(h~1(D))) (since h is a N-continuous).
Hence a € h™1(#) € Ncl(Nint(h~1(D))), but A~1(H) is a N-open set in U (since h is a
N-continuous).  Therefore, a € Nint(Ncl(Nint(h"1(D)))). Hence h™1(D)C
Nint(Ncl(Nint(h~1(D)))) = h™1(D) € t4a (M) = h is a No*-continuous map.

ii. The proof of (ii) is easily.

Theorem 3.11. A map h: (U x(M)) — (V,0:(W)) is a NSa*-continuous iff
h: (U, txSo(M)) — (V, 0xSa(V)) is a N-continuous.

Proof: Obvious.

Remark 3.12. The concepts of N-continuity and NSo*-continuity are independent, for
examples:

Example 3.13. In example (3.6), the map h is a NSa*-continuous but it is not N-continuous.
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Example 3.14. Let U = {ry, 1y, 13, 13} With U/R = {{r1}, {ra}, {12, 13}} and M = {1y, r3}. Then
To(M) ={¢, {1}, {r, 3}, {1, 12,13}, U is a n.ts. Let V ={sy,s, 553} with V/R =
{{s1},{s2,83}} and IV = {sq,s5}. Then ax(WV) ={¢p,{s1},V} is a n.t.s.. Define a map
hi (U, (M) — (V, 02 (V) as h(ry) = sy, h(ry) = s, and h(r3) = h(r,) = s3. Itis easily
seen that h is a N-continuous but it is not NSa*-continuous.

Remark 3.15. Every Na*-continuous map is a Noa-continuous and NSa-continuous but the
opposite is not true in general as the following example show:

Example 316 LetU = {Tl, 7,13, T4} With u/:R = {{rz}, {T3}, {Tl' T4}} and M = {Tl' rg}. Then

TR (M) ={¢,{r3}, {r,1s}. {r1, 13,13}, U} isan.t.s..
Let V = {s4,3,53,5,} With V/R = {{s1}, {52}, {53}, {s4}} and V" = {s4,5,}. Then ax(N') =

{¢,{s1,5.},V} is a n.ts. Define a map h:(U,1o(M)) — (V,0x(N)) as h(r) =
s1, h(ry) = 55, h(1r3) = s3,h(1y) = s,. It is easily seen that h is a Na-continuous and NSa-
continuous but not Na*-continuous.

Remark 3.17. The concepts of Na*-continuity and NSa*-continuity are independent as the
following examples show:

Example 3.18. In example (3.16), the map h is a NSo*-continuous but it is not No*-
continuous.

Example 3.19. Let U = {ry, 13,13, 13} With U/R = {{r1}, {r3}, {ro, u}} and M = {1y, 1, }. Then
To(M) ={¢,{r },{r2,1u}. {11, 12,13}, UL IS @ n.t.s. Let V = {sy,5,53,5,} with V/R =
{{52}7 {54}' {51,53}} and WV = {51152}- Then O-R(N) = {(,'b, {52}' {51153}1 {51'52153}' V} is a
n.t.s. Define a map h: (U, 1x(M)) — (V,0-(WV)) as h(r) = h(ry) = sy, h(rs) = s4,
h(r,) = s3. Itis easily seen that h is a Na*-continuous but it is not NSa.*-continuous.

Theorem 3.20. If a map h: (U, 7x(M)) — (V,02(V)) is No*-continuous, N-open and
bijective, then it is NSa*-continuous.

Proof:

Let h: (U, o(M)) — (V,02(V)) be a No*-continuous, N-open and bijective. Let D be
a NSa-open set in V. Then there exists a No-open set say P such that P € D S Ncl(P).
Therefore h™1(P) € h~1(D) € h™1(Ncl(P)) € Ncl(h~1(P)) (since h is a N-open), but
h™1(P) € (M) (since h is a Noa*-continuous). Hence h™1(P)c h (D) c
Ncl(h~1(P)). Thus, h™1(D) € 14Sa.(M). Therefore, h is a NSo*-continuous.

Remark 3.21. Let hy: (U, (M) — (V, 02 (V) and hy: (V,02(V)) — (W, pr(0)) be
two maps, then:
i. If hy and h, are Na-continuous, then hy o hy: (U, T2 (M)) — (W, p2(0)) need not to
be a Na-continuous.
ii. If hy and h, are NSa-continuous, then h; o hy: (U, T2 (M)) — (W, pr(0)) need not to
be a NSa-continuous.
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Example 3.22. Let U ={1,2,3,4} with U/R ={{2},{4},{1,3}} and M = {1,2}. Then
To(M) = {¢,{3},{1,3},{1,2,3}, U} is a n.t.s.. The family of all No-open (NSa-open) sets of
U is: Tpa(M) = 12Sa(M) = to(M)U{{2,3},{3,4},{1,3,4},{2,3,4}}.

Let V ={sy,s,,53} with V/R = {{sl},{sz}, {53}} and N = {sy,s,}. Then ogx(N) =
{¢,{s3},V} is a n.t.s.. The family of all Na-open (NSa-open) sets of V is: ara(NV) =
oxSa (V) = axr(NV)U{{s1, s3}, {s2, 53}}.

Define a map hy: (U, 1x(M)) — (V,0x(V)) as hy (1) = hy(2) = 51, b (3) = by (4) = s,
Define a map hy: (V, 02 (V) — (U, t2(M)) as hy(sy) = hy(s3) = 3, hy(sy) = 1. 1t is
easily seen that h; and h, are Na-continuous (NSa-continuous) maps, but h, o hy:
(U, t2(M)) = (U, 1 (M)),  where  hyohy(1) =hyohy(2) =3,hy0hy(3) = hyo
h,(4) = 1, hence h, o h; is not Na-continuous (NSa-continuous) map since {3} is a N-open
set in U, but (h, ° hy)"1({3}) = {1,2} is not Na-open (NSa.-open) set in U.

Theorem 3.23. Let hy: (U, 12 (M)) — (V, 0x(V)) and hy: (V, 02 (V) — (W, pr(0)) be
two maps, then:
i. If hy is Na-continuous and h, is N-continuous, then h; o hy: (U, 1x(M)) —
(W, px(0)) is a Na-continuous.
ii. If hy is No*-continuous and h, is Na-continuous, then h, o hy: (U, t2(M)) —
(W, pr(0)) is a Na-continuous.
iii. If hy and h, are No*-continuous, then hy o hy: (U, (M) — (W, p2(0)) is a No*-
continuous.
iv. If hy and h, are NSo*-continuous, then hy o hy: (U, 12 (M)) — (W, pz(0)) is a
NSa*-continuous.
v. If hy and h, are No**-continuous, then hy o hy: (U, 12 (M)) — (W, pr(0)) is a
No**-continuous.
vi. If hy and h, are NSo**-continuous, then h, o hy: (U, 7x(M)) — (W, px(0)) is a
NSo**-continuous.
vii. If hy is No**-continuous and h, is No*-continuous, then h, o hy: (U, t2(M)) —
(W, pr(0)) is a No**-continuous.
viii. If hy is Na**-continuous and h, is Na-continuous, then h, ohl:(‘u,rR(M)) —
(W, px(0)) is a N-continuous.
ix. If hy is No-continuous and h, is No**-continuous, then h, o hy: (U, tx(M)) —
(W, pr(0)) is a No*-continuous.
x. If hy is N-continuous and h, is No**-continuous, then hy o hy: (U, tx(M)) —
(W, pz(0)) is a No**-continuous.

Proof:

i. Let F be a N-open set in W. Since h, is a N-continuous, h, " (¥) is a N-open set in V.
Since h, is a Na-continuous, hy ~*(h, "*(F)) = (hy o hy)"1(F) is a Na-open set in U.
Thus, hy © hy: (U, 72 (M)) — (W, p(0)) is a Na-continuous.

ii. LetF be aN-open set in W. Since h, is a Na-continuous, h, *(F) is a Na-open set
in V. Since h, is a Na*-continuous, h; ' (h, " (F)) = (h, o h;)~"1(F) is a No-open set
inU. Thus, h, o hy: (U, t2(M)) — (W, pr(0)) is a Na-continuous.
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Let F be a Na-open set in W. Since h, is a Na*-continuous, h, () is a No-open set
in V. Since h, is a No*-continuous, h; ™ (h, " (F)) = (h, o hy)~1(F) is a Na-open set
in U. Thus, hy © hy: (U, 12(M)) — (W, pr(0)) is a No*-continuous.

Let F be a NSa-open set in W. Since h, is a NSa*-continuous, k, ' (F) is a NSo-open
set in V. Since h; is a NSa*-continuous, hy ' (h, *(F)) = (hy o hy)"1(F) is aNSo-
open set in U. Thus, hy © hy: (U, T2 (M)) — (W, p2(0)) is a NSa*-continuous.

Let F be a Na-open set in W. Since h, is a Na**-continuous, h, "*(F) is a N-open set
in V. Since any N-open set is a Na-open, h, *(F) is a No-open set in V. Since h; is a
Na**-continuous, Ry~ '(h, '(F)) = (hy o hy)"1(F) is a N-open set in U. Thus,
hy o hy: (U, 7o (M) — (W, px(0)) is a No**-continuous. The proof is obvious for
others.

Remark 3.24. The following diagram explains the relationship between different classes of
weakly nano continuous maps:

NSo**-continuous

A

y

Na**-continuous

L

h is N-open, bijective _‘_

y
( ) N-continuous

A

y

- Na-continuous

y

A

NSa-continuous

v | v v { h is N-open, bijective ‘ v

Na*-continuous @ NSa*-continuous

1 | )

Diagram (3.1)
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4. CONCLUSION

We shall use the concepts of No-open and NSa-open sets to define some new types of
weakly nano continuity such as; Na-continuous, Na*-continuous, Na**-continuous, NSo-
continuous, NSa*-continuous and NSa**-continuous maps. The Na-open and NSa-open sets

can be used to derive some new types of weakly nano open maps, nano compactness, and
nano connectedness.
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