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Abstract. The aim of this paper is to present: several new inequalities for power series
with real coefficients by using a Young-type inequality for sequences of complex numbers, a
matrix analogue for the Hilbert-Schmidt norm and a trace inequality for positive operators in
Hilbert spaces, starting from a refinement of the classical Kittaneh-Manasrah inequality.
Then several consequences as applications will be presented for special functions such as
polylogarithm and for elementary functions.
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1. INTRODUCTION

The famous Young's inequality, also known as the weighted arithmetic mean-
geometric mean for two numbers, state that:

a’b'™V <va+ (1—-v)b,
where a and b are distinct positive numbers and v € (0,1), see [36]. This inequality is used in

the classical Holder’s inequality, given below, which is a very important tool in real and
complex analysis,

;lxp +%yq >xy, p>1,

< |-
+
Q|-
Il
—_

which takes place for any positive numbers.

These inequalities have many applications in various fields and there exist a lot of
interesting generalizations of this well-known inequality and its reverse, see for example [1,
9-11, 14, 18, 22, 23] and references therein.

As in [1], we will consider 4, (a,b) =va+ (1 —v)b and G,(a,b) = a’h*™". In[1]
are presented new results which extend many generalizations of Young’s inequality given
before.

The below result from [1], is a generalization of the left-hand side of a refinement of
the inequality of Young proved in 2010 and 2011 by Kittaneh and Manasrah in [22] and [23]
and it is a very important tool in the demonstrations of our next theorems.
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422 About some power series inequalities and ... Loredana Ciurdariu

Theorem 1. Let A, v and 1 be real numbers withA > 1and 0 < v < 7 < 1. Then

A

wr  A,(a,b)*—-G,(a, )t 1-v
() < A(a, ) — G(a, D)t (1 - r)

for all positive and distinct real numbers a and b.

Moreover, both bounds are sharp.

The technique to find other inequalities for functions using power series was given by
Mortici in [28] and in Ibrahim, Dragomir and Darus in [20] and using this method we can
extend some of the known inequalities, which can have applications in many fields.

As in [20], we will consider an analytic function defined by the power series f(z) =
Yo An z™ with real coefficients and convergent on the unit disk D(0,R),R > 0. Let f4(2)
be a new power series defined by Yo, |a,| z", where a,, = |a,|sgn(a,) and sgn(x) is the
real signum function as in [20]. The power series f4(z) has the same radius of convergence as
the original power series f(z).

It is necessary to recall the following inequalities which have been obtained by
Ibrahim, Dragomir and Darus in [20], Theorem 1, Theorem 2 and Theorem 3 for power series
(see Theorem A, Theorem B and Theorem C).

Theorem A. Let f(2) = YpeoPn 2" and g(z) = Ym—p qn Z" be two power series with real
coefficients and convergent on the open disk D(0,R),R > 0.Ifx,y € C, x,y # 0, p > 1,

2+ = 150 that xy, [xI7, |yIP, |x]% |y|7 € D(0,R) then

1 1
;gA(IXIp)fA(IyIp) + ng(lxlq)gA(U/lq) 2 |f(xy)g(xy)l

and

1 1
EgA(lxlp)fA(lqu) +5fA(|qu)gA(|y|”) > |f(xlylT™Dg CelyP~HI.

Theorem B. Let f(z and g(z) be as in Theorem A. Then one has the inequalities:

1 1
EgA(lxlp)fA(lqu) +5fA(IXIp)gA(|y|q) = |f(IxIP7HylT™ D) g (xy)]
and

1 1 2 2
L) aaUy?) + 2 041 2 |FGeg (Ixielyi?)

Theorem C. Let f(z and g(z) be as in Theorem A. Then one has the inequalities:

2

1 ) 1 ) C11rae1 2 2
EgA(lxl )fA(Iqu)+EfA(|x|p)gA(|y| ) 2 IfUxPHy 7D g (x 1P|yl

and
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a0 + 2 Fu 94019 = |7 (1133) g (1 )|

As in [12], let H be a Hilbert space and B, (H) the trace class operators in B(H). We
define the trace of a trace class operator A € B;(H) to be tr(4) = Y., < Ae;, e; > , where
{e;}ie; is an orthonormal basis of H.

If H is finit dimensional then we can see that this coincides with usual definition of the
trace. It is known, see [12] and the references therein, that previous series converges
absolutely and it is independent of the choice of {e; };¢;.

A trace inequality via Kittaneh-Manasrah result was proven by Dragomir in [12],
Theorem 1 (see Theorem D).

Theorem D. Let A, B be two positive operators and P, Q € B;(H) with P, Q > 0.
Then for any v € [0,1] we have

tr(P4) tr <PA§> tr (Qm) , tr(@B)
tr(P) tr(P)  tr(Q) tr(Q)

tr(PA) tr(QB) tr(PA™)tr(QBY) -

<(1-v) tr(P) tv tr(Q) B tr(P) tr(Q)

1 1
tr(PA) ZtT’ (PAZ) tr (QBZ) tr(QB)
O OO0

where r = min{l — v, v} and R = max{1 — v, v}.
We recall the definition of the Frobenius norm, known as Hilbert-Schmidt norm. For
any A = (ai j) in M,,,, where M,, is the set of m X m square matrix we have:

1
m 2
2
1411, = ler(aan] = ) Jay " | -

ij=1

The following inequality from [1] improves the Frobenius norm version of Young’s
inequality given by Kosaki [24], Bhatia and Parthasarathy [5] and [18, 22] (see below
Theorem E).

Theorem E. Let v, T be real numbers with 0 < v < t < 1.If A, B, X € M,,, with
A and B positive semidefinite, then we have

w2 IWVAX + (1= XBIE = |IAXB™I|T 11— 2
-) < ,
) [TAX + (1 — ©)XB|[2 — ||A"XB7| 2 (1—1)

provided the fracvtion is defined.
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424 About some power series inequalities and ... Loredana Ciurdariu

We recall an improvement of Young’s inequality given in [29] in Theorem 1, which
will be used below in Section 4.

LemmalFora,b = 1and A € (0,1) we have
2 a
r(vVa—vb) + A(Dlog? (E) <la+ (1 —-Db—-a*bt <

< (1-r(a-vb) +B@A)log? (%)

Aa-2) and B(2) = A(1-2)

where r = min{1,1 - 1}, A(1) =
We consider the functions:

1-r
P

h(a,b) = Aa + (1 — Db — a*b** — r(va—Vb) - A(2).log? (%)

and
k(a,b) = Aa+ (1= Db —a*b'™* — (1 - r)(Va-Vb) - B(2).log? (%)

The below figures are graphics of this four functions for a particular value of A.

Related to such Young-type inequalities, often appear the weighted arithmetic mean,
geometric mean and harmonic mean defined by A,(a,b) = (1 —v)a+vb, G,(a,b) =
a™bv and H,(a,b) =A;Y(a L) =[1-v)at+vb~1]"l, when a,b>0 and
veE|[01].

It is necessary to recall for our goals, that for two positive definite matrices A, B, the v
-weighted arithmetic and geometric mean are defined as

AVB=(1—A+uB

and

1o 1 1\H 1
A#B = A2 (A 2BA 2) A2

when .u € [0,1]. Ifu = %then we write only AVB, A#B.

It is known that for any two square matrices A, B, A < B if B-A is positive
semidefinite. Also, A < B if B-A is positive definite, see [1] and [19].

As in [8], it is also necessary to recall that for selfadjoint operators A,B € B(H) we
write A < B (or B > A) if < Ax,x > < < Bx,x > for every vectorx € H. We will consider
for beginning A as being a selfadjoint linear operator on a complex Hilbert space (H; <., .>).
The Gelfand map establishes a *- isometrically isomorphism @ between the set C(Sp(A)) of
all continuous functions defined on the spectrum of A, denoted Sp(A), and the C’ - algebra
C*(A) generated by A and the identity operator 1y on H as follows: For any f, f €
C(Sp(A)) and for any «, f € C we have
(1) O(aft Bg) = a O(f) + B D (g);

(i) O(fg) = O(f) P (g) and @ ()= D (f7);
(1) [| @D = [If]] := suptesp(ay IO;

(iv) ©(fo)=1y and @ (f1)=A,

where f,(t) = land f;(t) =t for t €Sp (A).
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About some power series inequalities and ... Loredana Ciurdariu 425

Using this notation, as in [8], we define f(A) := @ (f) for all f € C(Sp(A)) and we
call it the continuous functional calculus for a selfadjoint operator A.

It is known that if A is a selfadjoint operator and f is a real valued continuous function
on Sp(A), then f(t) = 0 for any t € Sp(A) implies that f(A) = 0 i.e. f(A4) is a positive
operator on H.

In addition, if and f and g are real valued functions on Sp(A) then the following
property holds: f(t) = g(t) for any t € Sp(A4) implies that f(A) = g(A) in the operator
order of B(H).

We consider A, B two positive operators on a complex Hilbert space (H, <., .>) and
the following notations for operators:

AV,B=(1—-v)A+vB, velo1],

the weighted operator arithmetic mean and

1\vV 1

1 1
A#B = Az <A_§BA_7> Az, veo1],

the weighted operator geometric mean.
In addition, we enounciate the definition of the relative operator entropy S(A/B)

1 1 1 1
given in [15, 16] for positive invertible operators A and B, S(A/B) = Az (ln (A_EBA_5)> Az,

We recall the definition of the noncommutative perspective, Py(B,A) =

1 1 1 1
Az® (A_EBA_E) Az given in [10] for continuous functions @ defined on the interval J of real
numbers, if B is a selfadjoint operator on the Hilbert space H, A is a positive invertible

1 1
operator on H and Sp (A_EBA_E) cl.

The aim of this paper is to present new inequalities for functions defined by power
series with real coefficients. This thing was done in Section 2 in Theorems 2, 3, 4 and 5. Then
applications for some fundamental complex functions such as exponential and hyperbolic
functions and also for polylogarithm function are given. Special functions and power series
have many applications in engineering sciences and applied mathematics. For example, in [3,
17, 21, 34] and references therein there are many inequalities involving the polylogarithm,
hypergeometric, Bessel and modified Bessel functions. In Section 3 is given in Theorem 6 a
version of a Young-type inequality for the Hilbert-Schmidt norm as a generalization of
Theorem 5.1 from [1] when 4 =n € N.. Section 4 is devoted to trace inequalities, see
Theorem 7, where a new trace inequality via a scalar Young type inequality presented in [29]
is stated using the methods given in [12].

2. THE YOUNG-TYPE INEQUALITIES FOR POWER SERIES

We start by taking in Theorem 1, A =n € N*, v = %, T= i, aP instead of a and bP

D1
instead of b. Then we have the following inequality:

p
P1 z ——aPlpnb — aﬁnb‘h
P191

n

aplbq(n ) anphn <

0
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(%> [Z (7;) 1 1n—l P a0 _ goi"pai"
pP191

where +——1a d +——1

P1 q1
The following results, Theorem 2, 3, 4 and 5 are new refinements of Theorem 2 and

Theorem 3 from [20] when n € N. Moreover, these inequalities can be obtained also for the
modulus of the product of the functions f and g, see Corollary 2 (b) and several applications
to special functions are presented in Corollary 3 and Corollary 4.

Theorem 2. Let f(2) = Ym—oPn 2™ and g(2) = XYoo qn 2™ be two power series with real
coefficients and convergent on the open disk D(0,R),R > 0.

If the numbers p, q, p;, q; have the properties %+$ =1, p— +1 = =1,1<p;<p,
1 q1

and if a,b€C, a,b#0 so that |alP™, |a|?, |b|P", |b|9" € D(0.R) then the following
inequality takes place:

n
n 1
) [Z (1) gz (lal1p 7D g (101l )
1=0 1

a4 P a4 2
~ fa (1alP" bl ) g, (|a|q1”|b|m”)]

e lfA (lal?1b|P" D) g4(lal?® =D |b|P")

— fa(la™@=D|p|"®=D) g, (la|*b|™) <

AN
a5l

(ﬂ)n [Z (rzl)p ql = fa (11" [bP"7D) g (lal?®=D b |P")

q/ &\ p]

a4 P a4 P
- fa (17" 1p102") g, (|a|ql”|b|v1")]

Proof. We start this proof taking into account that the hypothesis
lalP™, |al?, [b|P", |b]?™ € D(0,R)

implies by calculus the following inclusions:

a. b a. p.
lal@|b|P(D, |a|1=D|p|PL, |a[p1” |b|a", |ala” [b|P1", |a|™M@D|b|*®-D, |a[*|b|" €
D(O,R),l=0,n

4 r 1 1
Thus, for example, |a|P1n |b|q1n < RriRa1 = R . We use the same method as in [20].
k
In this case, we consider a = | I i and b= I—J i,k € {0,1,2, ..., m} in previous inequality and

we have:
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kni

<P1>” Z(n) 1 |p|*p!|g[ka®=D |p|* "y lal <
D l n—1 [pipl |gliam-1) nd
p piar " Ib1/P! la b5 |a) "

i n 1 |b|kpl |a|kq(n—l) |b|kn |a|kn

= L\ T b (a7t b Jaf
n kpl | ,1kq(n—1 kni
<(q1>” Z ny 1 [b]¥P|alka@D bl i 1]al
— L n—1|pjpl |qljgn=0 P q
! pigi” [bPP lal |b|]np1 |a|1n

If we multiply last inequality by |b|/P™|a|/9™ then we get the following result:

4 ; P ; a P
(5) [Z llalf‘”lblfp(" Y la] 1D p P |a|mf”|b|qﬂ"|alq1"”lb'plkn]

n
iql ip(n=1)| 1kqg(n=1) |3 |kpl _ in(q—1) in(p—1) |41k k
< 2 (1) rammrlal b =0 a e[}t — Ja] =] meD afr ] <

=0

<@,

In this point we multiply previous inequality by positive quantities |p j||qk| and then

summing over
j and k from 0 to m we obtain:

n
n
) 120 Z [pyl117=D le Gellal a0 ||kt —

— lal/@!|p|/Pn=D |q|kan=Dp| Pt Ial’”1 IbI"1 |0th1 Ibl’”1 ]

=0
m
Zno]nam bfa? Z|qk||a|q1 b
]:
n
<) Dy n_lz [py11bIPCD [t Z Gellal a0 |p| !
l:lO
=) Ipyllaln |- 1>Z qellal* bl <
j=0 =0
n n 1 m
q n
<(3) 12 (D g 2. Ioatiovee- l>|a|fqu|q [lafFa=D ]kt —
=0 j=0
= : q 14
—k
= Ipjllap” |b|qlf”z|qk||a|ql bl ]
j=0
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Taking above the limit when m — oo we finf the desired inequality, because all the
series whose partial sums are involved are convergent on the disk D (0, R).

Theorem 3. Let f(2) = Ym—oPn 2" and g(2) = Y=o qn 2™ be two power series with real
coefficients and convergent on the open disk D(0,R),R > 0.
If the numbers p,q,p;,q; are as in Theorem 2 and if a,b €C, a,b # 0 with

2 2
la|9™, |a|a"", |b|P™, |b|P™™" € D(0.R) then one has the inequality:
n [ & 1 2 2
pl) Z n (n=0) 1 =pl; 1>q(n-1)
— ——= fa (1al9®= Db [P g, ( lala™ b
(p [lzo(l)piq{l L

q p 2p 2q
~fa (Ialﬁnlblﬁn) ga (|a|m"|b|m")]

n
! ! 2, 2
< 3 (1) o (#0101 g, (1l 51 0) = Fulalb1)gs (1l 168") <
=0

n
n l l
( ) [Z l n lfA (|a|Q(n l)Iblpl)gA (Ialqp |b|pq(n ))
1=0
An B 2p, 249
— fa (|a|q1n|b|p1n> g (|a|qp1n|b|pq1n)]
Proof. First we check that the correspondlng products of |a| and |b| are in D(0,R) using

hypothesis and then by choosing a = |a|q |b|/ and b = |a|’ |b|P and using the same method
as in [20] we will obtain the desired inequality.

Theorem 4. Let f(2),g(z) and p,q,p1,q, be as in Theorem 2, a,b €C, a,b # 0 with
2 2
la|9™, |a|?™, |b|P™, |b|&*" € D(0.R). Then one has the inequality:

n
p1\" ny 1 _ 24n-1),, 2l
%) [Z(I)Wﬁ(wwm 2)ga (12" 1pfa™)
1=0 1111

q p 2p 2q
~ fa (1alPs" 1b195" ) g, (|a|ﬁ”|b|ﬁ")]

n
l l
<3 (1) o (al®b =) g, (101"

=0
- fa(lal @ 1po-0)g, (1l bl") <
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Q1 [ n lfA (lalqllblp(n l))gA (lalp q(n— l)lblqpl)
4, p, 2p 24
—fA(|a|p1 bfa") g (Iafans" j7es")

Proof. We also check that the corresponding products of |a| and |b| are in D(0,R) using
hypothesis.
2, 2
This time we replace a by % and b by |—|J in order to obtain the inequality of the

theorem.

Theorem 5. Let f(z),g(z) and p,q,p1,q, be as in Theorem 2, a,b € C, a,b # 0 with
lal?™, |b|", |b|P™ € D(0.R). Then the following inequality takes place:

( o) [Z T e (laP! b1 D) g , (|22 D o)

=0

~ fu (1P b5") g (|a|ﬁ"|b|ﬂ")]

o (P b1 ) g, (a0 617) = f (1l 1517) g (Il 517) <

AN
-

n
q1\" ny 1 ) i
()" [ 3o Gaiee)u a0
111
~ i (1P ble™) g (lafes" b2

Proof. It is easily to check that the correspondlng product of |a| and |b| are in D(0, R) using

hypothesis. Then we choose a = |a|7j |b|k and b = |a|q [b|/ and repeat the same method as
above.

Corollary 1. Let f(z), g(2),a,b and p,q,p;,q; be as in Theorem 2. If 1 < p; < p and we
take n = 1 in Theorem 2 then we have:

P £ ga(al®) + - fu(1alDga(161) ~ fu (lalP1b[#: ) ga (lafin )| <
p 41 P1
1 1
< = £a01P)ga(al®) + £a(1al)ga(bIP) = fullal ™ |b" g (lal bD) <

Il 1 a p a
<[ £a16g40al) + - £201aDg,(bI7) = fa (laPrIbfe) g4 (Jafei 1o )|
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Corollary 2. (a) If we take f(z) = g(z) in Corollary 1, then we have:
%[fA(Iblp)fA(lalq) i (lal%lbl%) fa (laI%IbI%ﬂ <
< fUbP) fa(1alD) = £a(lal?= b~ f4(lal b)) <
<& fatbInfallal®) = £ (1aPe1bf) £ (1afes1bps )|

(b) Moreover, we give below the following form of the left side of the inequality from
Theorem 2 and in this form appears the functions f(z) and g(z),

n a4 p 4 P
| (an@Dpne-D) g (anbm)| < (%) fa (|a|p1”|b|q1”) 9 (|a|qln|b|p1n> -

S0

=0

1 pl)" 1 l
[ e— —_— a ql b P(n_l) a Q(n—l) b pl
lqn—l ( ifﬂl_l Ja (I | | | )gA(l I | | )

Similar inequalities can be given for the left side of the inequalities from Theorems 3-
5. Now, taking into account that the functions exp(z),z € (C,i, z€D(0,1), In (11 )’Z c

—Z
D0,1,sinhz, z€C are power series with real coefficients and convergent on the open disk 20,7
we can rewrite the inequalities from Theorem 2, 3, 4, 5 for this functions.

Corollary 3. (a) We consider the function f(z) = sin(z) = Z,‘f{’zo(;—?:)'zznﬂ,z € C and we

see that
fa(z) = sinh(z),z € C.
Under condition of Corollary 2 (a), the inequality becomes:

P1 4 P 4 P
?[sinh(lblp) sinh(]a|?) — sinh(|a|P1|b|‘I1>sinh(|a|qllb|l’1)] <

< sinh(|b|P) sinh(]a|?) — sinh(|a|97|b|P~1)sinh (Jab|) <
q1 a p a »p
<7 [sinh(lblp) sinh(la|9) — sinh (|a|P1 |b|q1> sinh (|a|‘h|b|P1>].

(b) We take into account the function f(z) = exp(z) = Z;’{’ZO%Z” = f4(2),z € C and under
condition of Corollary 2 (a), the inequality becomes:

D1 a4 Db g P
Pt |expbl? +1a1%) — exp (lafribfer + fafei b )| <
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< exp(IblP + lal) — exp(lal b ~*]ab]) <
01 a4 P 4 P
<% [exp(bP + lal?) ~ exp (jalilbfer + lafeilo )|

(c) Now, we consider the function, f(z) = i = f4(2), z€ D(0,1) and a, b are complex
numbers as in Theorem 2, then we get:

p| 1 1 1 1

~l—m T 4 P 4 P
p|1—1blP1—|a] 1— |a|P1|b|9: 1 — |a|%1|b|Px

<

< 1 1 1 1 <
1—-[plP1—1al? 1—lal?=tb[P~11 — |ab]

ol 1 1 1 1

gl =[P1=lale L B bl
LI =1alt b 1 — Jafas bl

<

Similar results can be obtained for the function cosh(x) as well.
Next we give an inequality as an application to special functions, such as
polylogarithm, hypergeometric, Bessel and modified Bessel functions for the first kind, taking

into account that Li,(z), ,F,(a,b,c,z),]J,(z) and [,(z) are power series with real
coefficients and convergent on the open disk D(0,1). For that it is necessary to recall the
definition of polylogarithm function, Li, (z):

. S Zk
Lin() = )
k=1

as a power series which converges absolutely for all complex values of the order n and z
when |z| < 1.

Corollary 4. If Li, (z) is the polylogarithm function, then we have,

b1 a P qa D
?[Lin(lblp)Lin(lan) ~ Ly (1aPr1b 1) iy (1afir b )| <
< Lip(bP)Lin(lal?) = Liy(lalt= bP~)Lin(allb]) <
q a4 P 4 P
<2 |Lin1bIP)Lin(al®) = Lin (1alP: b1 Liy (lafes P )|

Forany a,b € C,a,b # 0 under conditions of Corollary 2 (a) when D (0, R) is D(0,1).
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3. NORM INEQUALITIES

The following result is a refinement of Theorem 5.1 from [1].

Theorem 6. Let v, T be two real numbers with 0 < v < 7 < 1.If 4, B, X € M,,, with
A and B positive semidefinite then the following inequality hold:

n
v 2n n
) [”Z(k) PIK(1 — kA BE [} — ||ATX B O] | <
k=0
n
n 2
< Z (k) Vn_k(l — V)kAn_kXBk ”% _ ||AanBn(1—v)| , <
k=0
1 —v 2n n n
n—-k(q _ kan-kypk |2 _ ntypn(l-1)||2
< (1_7) [IIkZO(k) K1 — A" KXB* |3 — ||AVXB ||2].

Proof. We write, as in [1], A = Udiag(A4, ..., A,,)U" and B = Vdiag(uy, ..., 4mm)V"* where
U and V are unitary matrices and nonnegative A;, ;. If we set Y = U*XV = (y;;) then we get

n
n
5 () o

k=0

n

n
Z () 7@ - DFakxBE = U
k=0

yijV*

and AWXB"(-V) = (/1?" y;l(l_v) Y j)V*. Taking now into account inequality from Theorem

1 for A = 2n € N* we find that:

n
V2" n
) [” > () k- kankxsr | - ||A”TXB”<1-T>||%] =
k=0
m n 2 m
_ (" ™ n-k(q k -k K 2 a0V 2| =
_(?) (k)T ) I 1 (iﬂj )Iyijl =
i,j=1 \k=0 ij=1

m
= Z (K)zn [(TA; + (1 = Dp)?" — 2277, 2n0-D] |y, 2 <
- i j i j Yij

3

< D A+ @ =) = A p 0|yl =
{721

2
)

n
=l Z (Z) VIE(L = v)RATTRXBR |3 — ||AanBn<1— v
k=0
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4. SOME TRACE ANALOGUE INEQUALITIES FOR A REFINEMENT OF YOUNG’S
INEQUALITY

Next result is an extension for operators as in Theorem 7, of a trace inequality given in
[29].
Theorem 7. Let m, M be two real numbers with 1 < m < M and A, B be two positive

operators in B(H) with Sp(A) c [m, M], Sp(B) c [m,M] and P,Q € B;(H) with P,Q > 0.
Then for any A € [0,1] the following inequality takes place:

rlereayer(Q) — 2¢r (pA%) tr (QB%) + tr(P)tr(QB)] + 4,

[tr(Q)tr(Plog? A) — 2tr(Qlog B)tr(Plog A) + tr(Qlog?B)tr(P)] <

< Ar(PA)r(Q) + (1 — Dtr(@B)tr(P) — tr(QB )tr(PAY) <
1 1
< A =) |erea)er) - 26r (PA§> tr (QBE) + tr(P)tr(QB)] + B, ().

[tr(Q)tr(Plog? A) — 2tr(Qlog B)tr(Plog A) + tr(Qlog?B)tr(P)],

A(1-2) T A(1-2) _1-r

where r = min{A,1 -1}, A;(1) = > . and B;(1) = > —as in Lemma 1.

Proof. We use the same method as in [12], [13]. We take into account the inequality from
Lemma 1, which holds for any a,b >m > 1 and using the functional calculus for the
operator A when 1 < m < b < M is fixed, we get

1
r<< Ax,x > =2Vb < A2x,x > +b < x,x >> + A, Q).

(< log?Ax,x > —2log b < logAx,x > +log?b < x,x >) <

<A<Ax,x>4+(1—=ADb < x,x > —b'"* < Ax,x ><
1
<(1-7r (< Ax,x > —2Vb < AZx,x > +b < x,x >) + B, ().

(< log?Ax,x > —2log b < log Ax,x > +log?bh < x,x >),

for any x € H, if we denote A(1) by A;(4) and B(1) by B;(A).
We fix x € H — {0} and then by the functional calculus for the operator B for previous
inequality, we have,

1 1
r(< Ax,x > ||y||*? — 2 < A2x,x >< B2x,x > +< By,y > ||x||2> + A, (Q).

(1y]1? < log?Ax,x > —2 <logBy,y ><logAx,x > +< log?By,y > ||x]|?) <
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<A<Ax,x>|lyl|?+ (1 —=21) <By,y > ||x||?—-< Ax,x >< B'™y,y ><
1 1
<@1-7) (< Ax,x > ||y||*? — 2 < A2x,x >< B2x,x > +< By,y > ||x||2) + B, (A).

Iyl < log?Ax,x > —2 < logBy,y >< logAx,x > +< log?By,y > ||x||?),

forany x,y € H,

1 1
We put now, x = Pze, y = Qzf where e, f € H and by the above inequality we
obtain,

11 1 11 1
(< P2AP29 e >< Qf,f >—2<PzAzPze,e >< Q2B2Q2f,f > +< Pe,e >

< Q2BQ3f.f >)

1 1 1 1 1 1
+A4,(2). (< Qf,f >< P2log?APZe,e > —2 < QZlog BQ2f, f >< Pzlog AP2e,e > +
1 1
< Q2log?BQ2f,f >< Pe,e >) <

1 1 1 1 1 1
< A < PzAPZe,e >< Qf,f > +(1 — 1) < Pe,e >< QzBQzf,f > —< Q2B*~*Qzf,f >
1 1
< P2A*P2e,e ><

111 11 1
<(1-7) (< P2AP29 e >< Qf,f >—2 < PzAzPze,e >< Q2B2Q2f,f > +< Pe,e >

< Q2BQIf.f >)

1 1 1 1 1 1
+B; (). << Qf,f >< Pzlog?APZe,e > —2 < Q2log BQ2f, f >< PZlogAPZe,e > +

1 1
< QZlog?BQzf,f >< Pe,e >),

foranye,f € H.
Let {e;};c; and { fj}je] br two orthonormal bases of H. We take in previous inequality

e=e;, LE€land f = f;, j € ] and then summing over i € I and j € J, we get the following:

1 1 1 1 1 1 1 1
r| ) <PiAPIe e > ) <Qfify> -2 <PiAzPre,e> ) < Q2BIQIf,f; >

i€l i€l i€l j€J

+Z <Pei,el- >Z < Q%BQ%E,E >>+

i€l j€J

1 1
+A1()l)(z < Pzlog?APze;, e; >Z <Qfifi >

i€l Jj€J
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1 1 1 1
—22 < PZlog A P2e;, ¢; >Z < QzlogB Q2f;, f; > +

i€l i€l

1 1
+Z < Qzlog?B Qf,, f, >Z < Peje;>) <

J€J i€l

1 1 1 1
S)LZ < P2APZ¢;, ¢; >Z <Qfjf; >+ (1—/1)2 < Pe; ¢ >Z < Q2BQzf;, f; > —

i€l JEJ i€l JEJ

1 1 1 1
—Z < P2A*PZe; ¢, >Z < QIBAQIf, f; > <

i€l Jj€J

1 1
<(1-r Z < P2AP2e;, ¢ >z <Qfif; >
i€l J€J
111 111
- ZZ < P2A2Pze¢; ¢; >z < Q2B2Qz%f;, f; >
i€l JE€J
1 1
+Z<Pei,ei>z<QzBsz};]‘} >>+

i€l jEJ

1 1
+BD(). < Palog?APre, e > ) < Qfyf; > -
i€l JEJ
1 1 X 3
_ZZ < P2log A Pze;, ¢; >Z < Q2logB Qzf}, f; > +

i€l j€J

1 1
+) <Q2log? BQ2fif; > ) <Peye;>).

jej i€l
Using the properties of the trace we find the desired inequality.

Next we take instead of B, A and instead of Q, P and then with the same conditions as
in Theorem 5, we have the following result:

Corollary 5. Let m, M be two real numbers with 1 < m < M and A be a positive operator in
B(H) with Sp(A) € [m,M] and P € B;(H) with P > 0. Then for any 4 € [0,1] we obtain:

tr(PA) tr (PA%)
tr(P) \ tr(P)

+24,) [tr(P log?A) B (tr(P log A)) l <

tr(P) tr(P)

- tr(PA) tr(PAM) tr(PA*™) -
= wr(P) tr(P) tr)P_
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2

1
tr(PA) [ tr(PA2) tr(P log2A) (tr(P log A)\*
=20=-91%® \we || 231(’1)[ tr(P) _< tr(P) ) l
where r = min{1,1 — 1}, A;(1) = '1(1 A_z and B;(1) = Ml A _ 1—r as before.

Corollary 6. If P, Q are two positive invertible operators with P,Q € B;(H) and
1 1
Sp (P_EQP_E) C [m, M, ] where m, M are two real numbers with 1 < m < M then we have:

tr(Q)  (tr(PAQ)\’ tr(Pog2(QP))  (tr(S(P/Q))Y’
2r [tr(P) _( tr(P) ) l+2A1(’1)[ trgéP) _( tr(P) ) ls

_r(@ _r(PALQ) r(PAQ) _
~ tr(P) tr(P) tr(P)

r@ tr(Pf@) 2 tr(Piog2(QP))  (tr(S(P/Q))?
<2(-7) It (P) tr(P) ) l+ ZBl(A)I tr(P) _( tr(P) > l
where r = min{A,1 -1}, A;(1) = '1(1 D T and B,(1) = Ml ) _ 141 as before.

Figure 1. The function h(a, b) defined on [1,10] X [1,10] when A = % .
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Figure 2. The function k(a, b) defined on [1,10] x [1,10] when 4 = % .
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