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Abstract. The aim of this paper is to present: several new inequalities for power series 

with real coefficients by using a Young-type inequality for sequences of complex numbers, a 
matrix analogue for the Hilbert-Schmidt norm and a trace inequality for positive operators in 
Hilbert spaces, starting from a refinement of the classical Kittaneh-Manasrah inequality. 
Then several consequences as applications will be presented for special functions such as 
polylogarithm and for elementary functions. 
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1. INTRODUCTION  
 
 

The famous Young's inequality, also known as the weighted arithmetic mean-
geometric mean for two numbers, state that: 
 

ܽఔܾଵି஝ ൏ ܽ	ߥ ൅ ሺ1 െ  ,ሻܾߥ
 
where a and b are distinct positive numbers and ν	ϵ (0,1), see [36]. This inequality is used in 
the classical Holder’s inequality, given below, which is a very important tool in real and 
complex analysis, 
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which takes place for any positive numbers.  

These inequalities have many applications in various fields and there exist a lot of 
interesting generalizations of this well-known inequality and its reverse, see for example [1, 
9-11, 14, 18, 22, 23] and references therein. 

As in [1], we will consider ܣఔሺܽ, ܾሻ ൌ ܽ	ߥ ൅ ሺ1 െ ,ఔሺܽܩ ሻܾ andߥ ܾሻ ൌ ܽఔܾଵି஝.	 In [1] 
are presented new results which extend many generalizations of Young’s inequality given 
before.  

The below result from [1], is a generalization of the left-hand side of a refinement of 
the inequality of Young proved in 2010 and 2011 by Kittaneh and Manasrah in [22] and [23] 
and it is a very important tool in the demonstrations of our next theorems. 
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Theorem 1.  Let ߣ, ߣ and τ be real numbers with ߥ ൒ 1 and 0 ൏ ߥ ൏ ߬ ൏ 1. Then  
 

ቀ
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߬
ቁ
ఒ
൏
,ఔሺܽܣ ܾሻఒ െ ,ఔሺܽܩ ܾሻఒ

,ఛሺܽܣ ܾሻఒ െ ,ఛሺܽܩ ܾሻఒ
൏ ൬

1 െ ߥ
1 െ ߬

൰
ఒ

 

 
for all positive and distinct real numbers a and b.  

Moreover, both bounds are sharp. 
The technique to find other inequalities for functions using power series was given by 

Mortici in [28] and in Ibrahim, Dragomir and Darus in [20] and using this method we can 
extend some of the known inequalities, which can have applications in many fields.  

As in [20], we will consider an analytic function defined by the power series ݂ሺݖሻ ൌ
∑ ܽ௡ஶ
௡ୀ଴ ,ሺ0ܦ ௡ with real coefficients and convergent on the unit diskݖ ܴሻ, ܴ ൐ 0. Let ஺݂ሺݖሻ 

be a new power series defined by ∑ |ܽ௡|ஶ
௡ୀ଴ ௡, where ܽ௡ݖ ൌ |ܽ௡|݊݃ݏሺܽ௡ሻ and ݊݃ݏሺݔሻ is the 

real signum function as in [20]. The power series ஺݂ሺݖሻ has the same radius of convergence as 
the original power series ݂ሺݖሻ. 

 
 It is necessary to recall the following inequalities which have been obtained by 

Ibrahim, Dragomir and Darus in [20], Theorem 1, Theorem 2 and Theorem 3 for power series 
(see Theorem A, Theorem B and Theorem C). 
 
 Theorem A. Let ݂ሺݖሻ ൌ ∑ ௡ஶ݌

௡ୀ଴ ሻݖ௡ and ݃ሺݖ ൌ ∑ ௡ஶݍ
௡ୀ଴  ௡ be two power series with realݖ

coefficients and convergent on the open disk ܦሺ0, ܴሻ, ܴ ൐ 0. If ݔ, ݕ ∈ ԧ, ,ݔ ݕ ് 0, ݌ ൐ 1,  
ଵ

௣
൅ ଵ

௤
ൌ 1 so that ݕݔ, ,௣|ݔ| ,௣|ݕ| ,௤|ݔ| ௤|ݕ| 	∈ ,ሺ0ܦ ܴሻ then  
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1
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 and  
 

1
݌
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1
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 Theorem B. Let ݂ሺݖ and ݃ሺݖሻ be as in Theorem A. Then one has the inequalities: 
 

1
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 and  
 

1
݌ ஺݂ሺ|ݔ|௣ሻ݃஺ሺ|ݕ|ଶሻ ൅

1
ݍ
݃஺ሺ|ݔ|ଶሻ݃஺ሺ|ݕ|௤ሻ ൒ ฬ݂ሺݕݔሻ݃ ൬|ݔ|

ଶ
௤|ݕ|

ଶ
௣൰ฬ. 

 
 Theorem C. Let ݂ሺݖ and ݃ሺݖሻ be as in Theorem A. Then one has the inequalities: 
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1
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ଶ
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 and  
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1
݌
݃஺ሺ|ݔ|ଶሻ ஺݂ሺ|ݕ|௣ሻ ൅

1
ݍ ஺݂ሺ|ݔ|ଶሻ݃஺ሺ|ݕ|௤ሻ ൒ ฬ݂ ൬|ݔ|

ଶ
௤ݕ൰ ݃ ൬|ݔ|

ଶ
௣ݕ൰ฬ. 

 
As in [12], let H be a Hilbert space and ܤଵሺܪ) the trace class operators in ܤሺܪሻ. We 

define the trace of a trace class operator ܣ ∈ ሻܣሺݎݐ ሻ to beܪଵሺܤ ൌ ∑ ൏ ,௜݁ܣ ݁௜ ൐௜∈ூ  , where 
ሼ݁௜ሽ௜∈ூ is an orthonormal basis of H.  

If H is finit dimensional then we can see that this coincides with usual definition of the 
trace. It is known, see [12] and the references therein, that previous series converges 
absolutely and it is independent of the choice of ሼ݁௜ሽ௜∈ூ. 

A trace inequality via Kittaneh-Manasrah result was proven by Dragomir in [12], 
Theorem 1 (see Theorem D). 
 
 Theorem D. Let A, B be two positive operators and ܲ, ܳ ∈ ,ܲ ሻ withܪଵሺܤ ܳ ൐ 0. 
Then for any ߥ ∈ ሾ0,1ሿ we have 
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൲, 

 
where ݎ ൌ ݉݅݊ሼ1 െ ,ߥ ܴ ሽ andߥ ൌ ሼ1ݔܽ݉ െ ,ߥ  .ሽߥ

We recall the definition of the Frobenius norm, known as Hilbert-Schmidt norm. For 
any ܣ ൌ ൫ܽ௜௝൯ in ܯ௠, where ܯ௠ is the set of ݉ ൈ݉ square matrix we have: 

 

ଶ||ܣ|| ൌ |ሻ∗ܣܣሺݎݐ| ൌ ቌ෍หܽ௜௝ห
ଶ

௠

௜,௝ୀଵ

ቍ

ଵ
ଶ

. 

 
The following inequality from [1] improves the Frobenius norm version of Young’s 

inequality given by Kosaki [24], Bhatia and Parthasarathy [5] and [18, 22] (see below 
Theorem E). 
 
Theorem E. Let ߥ, ߬ be real numbers with 0 ൏ ߥ	 ൏ ߬ ൏ 1. If ܣ, ,ܤ ܺ ∈   ௠ withܯ
A and B positive semidefinite, then we have 
 

ቀ
ߥ
߬
ቁ
ଶ
൏
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, 

 
provided the fracvtion is defined. 
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We recall an improvement of Young’s inequality given in [29] in Theorem 1, which 
will be used below in Section 4. 
 
 Lemma 1 For ܽ, ܾ ൒ 1 and ߣ ∈ ሺ0,1ሻ we have 
 

ܽ√൫ݎ െ √ܾ൯
ଶ
൅ ଶ݃݋ሻ݈ߣሺܣ ቀ

ܽ
ܾ
ቁ ൑ ܽ	ߣ ൅ ሺ1 െ ሻܾߣ െ ܽఒܾଵିఒ ൑ 

 

൑ ሺ1 െ ܽ√ሻ൫ݎ െ √ܾ൯
ଶ
൅ ଶ݃݋ሻ݈ߣሺܤ ቀ

ܽ
ܾ
ቁ, 

 

 where ݎ ൌ ݉݅݊ሼߣ, 1 െ ,ሽߣ ሻߣሺܣ ൌ ఒሺଵିఒሻ

ଶ
െ ௥

ସ
 and ܤሺߣሻ ൌ ఒሺଵିఒሻ

ଶ
െ ଵି௥

ସ
. 

We consider the functions: 
 

݄ሺܽ, ܾሻ ൌ ܽߣ ൅ ሺ1 െ ሻܾߣ െ ܽఒܾଵିఒ െ ܽ√൫ݎ െ √ܾ൯
ଶ
െ .ሻߣሺܣ ଶ݃݋݈ ቀ

ܽ
ܾ
ቁ 

and  
	

 ݇ሺܽ, ܾሻ ൌ ܽߣ ൅ ሺ1 െ ሻܾߣ െ ܽఒܾଵିఒ െ ሺ1 െ ܽ√ሻ൫ݎ െ √ܾ൯
ଶ
െ .ሻߣሺܤ ଶ݃݋݈ ቀ௔

௕
ቁ . 

 
The below figures are graphics of this four functions for a particular value of ߣ. 
Related to such Young-type inequalities, often appear the weighted arithmetic mean, 

geometric mean and harmonic mean defined by ܣఔሺܽ, ܾሻ ൌ ሺ1 െ ܽ	ሻߥ ൅ ,ఔሺܽܩ ,ܾߥ ܾሻ ൌ
ܽଵିఔܾఔ and ܪఔሺܽ, ܾሻ ൌ ,ఔିଵሺܽିଵܣ ܾିଵሻ ൌ ሾሺ1 െ ܽିଵ	ሻߥ ൅ ,ܽ ଵሿିଵ, whenିܾߥ ܾ ൐ 0 and 
ߥ ∈ ሾ0,1ሿ .  

It is necessary to recall for our goals, that for two positive definite matrices A, B, the ߥ 
-weighted arithmetic and geometric mean are defined as  

 
ܤఓߘܣ ൌ ሺ1 െ ܣሻߤ ൅  ܤ	ߤ

 
and  

ܤఓ♯ܣ ൌ ܣ
ଵ
ଶ ൬ିܣ

ଵ
ଶିܣܤ

ଵ
ଶ൰

ఓ

ܣ
ଵ
ଶ 

 

when .ߤ ∈ 	 ሾ0,1ሿ. If ߤ ൌ ଵ

ଶ
 then we write only ܤߘܣ,  .B♯ܣ

It is known that for any two square matrices A, B, A < B if B-A is positive 
semidefinite. Also, A < B if B-A is positive definite, see [1] and [19]. 

As in [8], it is also necessary to recall that for selfadjoint operators ܣ, ܤ ∈  ሻ weܪሺܤ
write ܣ ൑ ܤ or) ܤ ൒ if ൏ (ܣ ,ݔܣ ݔ ൐	൑	൏ ,ݔܤ ݔ ൐ for every vectorݔ ∈  We will consider .ܪ
for beginning A as being a selfadjoint linear operator on a complex Hilbert space (H; < . , . >). 
The Gelfand map establishes a *- isometrically isomorphism Ф between the set C(Sp(A)) of 
all continuous functions defined on the spectrum of A, denoted Sp(A), and the C* - algebra 
C*(A) generated by A and the identity operator 1H on H as follows: For any ݂, ݂ ∈
CሺSpሺAሻሻ	and for any ⍺, ߚ ∈ ԧ we have 
(i) Ф( f+ ߚg) =		⍺ Ф(f) + ߚ Ф (g); 
(ii) Ф(fg) = Ф(f) Ф (g) and Ф (f)= Ф (݂∗); 
(iii) || Ф(f)|| = ||f|| := ݌ݑݏ௧∈ௌ௣ሺ஺ሻ |f(t)|; 
(iv) Ф( ଴݂)=1ு and Ф ( ଵ݂)=A, 
where ଴݂ሺݐሻ ൌ 1and ଵ݂ሺݐሻ ൌ ݐ for ݐ ∈Sp (A). 
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Using this notation, as in [8], we define f(A) := Ф (f) for all 		݂ ∈ CሺSpሺAሻሻ and we 
call it the continuous functional calculus for a selfadjoint operator A. 

It is known that if A is a selfadjoint operator and f is a real valued continuous function 
on Sp(A), then ݂ሺݐሻ ൒ 0 for any ݐ ∈ SpሺAሻ implies that ݂ሺܣሻ ൒ 0 i.e. ݂ሺܣሻ is a positive 
operator on H. 

In addition, if and f and g are real valued functions on Sp(A) then the following 
property holds: ݂ሺݐሻ ൒ ݃ሺݐሻ for any ݐ ∈ ሻܣሻ implies that ݂ሺܣሺ݌ܵ ൒ ݃ሺܣሻ in the operator 
order of B(H). 

We consider A, B two positive operators on a complex Hilbert space (H, < . , . >) and 
the following notations for operators: 

 
ܤఔߘܣ ൌ ሺ1 െ ܣሻߥ ൅ ߥ					,ܤ	ߥ ∈ ሾ0,1ሿ,		 

 
the weighted operator arithmetic mean and  
 

ܤఔ♯ܣ ൌ ܣ
ଵ
ଶ ൬ିܣ

ଵ
ଶିܣܤ

ଵ
ଶ൰

ఔ

ܣ
ଵ
ଶ		,				ߥ ∈ ሾ0,1ሿ, 

 
the weighted operator geometric mean. 

In addition, we enounciate the definition of the relative operator entropy ܵሺܤ/ܣሻ 

given in [15, 16] for positive invertible operators A and B, ܵሺܤ/ܣሻ ൌ ܣ
భ
మ ቆ݈݊ ቀିܣ

భ
మିܣܤ

భ
మቁቇܣ

భ
మ. 

We recall the definition of the noncommutative perspective, Ф࣪ሺܤ, ሻܣ ൌ

ܣ
భ
మФቀିܣ

భ
మିܣܤ

భ
మቁ ܣ

భ
మ		 given in [10] for continuous functions  defined on the interval J of real 

numbers, if B is a selfadjoint operator on the Hilbert space H, A is a positive invertible 

operator on H and ܵ݌ ቀିܣ
భ
మିܣܤ

భ
మቁ ⊂	J. 

The aim of this paper is to present new inequalities for functions defined by power 
series with real coefficients. This thing was done in Section 2 in Theorems 2, 3, 4 and 5. Then 
applications for some fundamental complex functions such as exponential and hyperbolic 
functions and also for polylogarithm function are given. Special functions and power series 
have many applications in engineering sciences and applied mathematics. For example, in [3, 
17, 21, 34] and references therein there are many inequalities involving the polylogarithm, 
hypergeometric, Bessel and modified Bessel functions. In Section 3 is given in Theorem 6 a 
version of a Young-type inequality for the Hilbert-Schmidt norm as a generalization of 
Theorem 5.1 from [1] when ߣ ൌ ݊ ∈ Գ.. Section 4 is devoted to trace inequalities, see 
Theorem 7, where a new trace inequality via a scalar Young type inequality presented in [29] 
is stated using the methods given in [12]. 
 
  
2. THE YOUNG-TYPE INEQUALITIES FOR POWER SERIES  

 
 

We start by taking in Theorem 1, ߣ ൌ ݊ ∈ Գ∗, ߥ ൌ ଵ

௣
, ߬ ൌ ଵ

௣భ
, ܽ௣ instead of ܽ and ܾ௣  

instead of ܾ. Then we have the following inequality: 
 

൬
ଵ݌
݌
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟

௡

௟ୀ଴

ܽ௣௟ܾ௤ሺ௡ି௟ሻ െ ܽ
௣
௣భ
௡
ܾ
௤
௤భ
௡
൩ ൏෍ቀ

݊
݈ ቁ

1
௡ି௟ݍ௟݌

ܽ௣௟ܾ௤ሺ௡ି௟ሻ
௡

௟ୀ଴

െ ܽ௡ܾ௡ ൏ 
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൬
ଵݍ
ݍ
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟

௡

௟ୀ଴

ܽ௣௟ܾ௤ሺ௡ି௟ሻ െ ܽ
௣
௣భ
௡
ܾ
௤
௤భ
௡
൩ 

 

where 
ଵ

௣
൅ ଵ

௤
ൌ 1 and 

ଵ

௣భ
൅ ଵ

௤భ
ൌ 1.  

The following results, Theorem 2, 3, 4 and 5 are new refinements of Theorem 2 and 
Theorem 3 from [20] when ݊ ∈ Գ. Moreover, these inequalities can be obtained also for the 
modulus of the product of the functions ݂ and ݃, see Corollary 2 (b) and several applications 
to special functions are presented in Corollary 3 and Corollary 4. 
 
Theorem 2. Let ݂ሺݖሻ ൌ ∑ ௡ஶ݌

௡ୀ଴ ሻݖ௡ and ݃ሺݖ ൌ ∑ ௡ஶݍ
௡ୀ଴  ௡ be two power series with realݖ

coefficients and convergent on the open disk ܦሺ0, ܴሻ, ܴ ൐ 0.  
If the numbers ݌, ,ݍ ,,ଵ݌  ଵ have the propertiesݍ

ଵ

௣
൅ ଵ

௤
ൌ 1	, ଵ

௣భ
൅ ଵ

௤భ
ൌ 1	, 1 ൏ ଵ݌ ൏  	,	݌

and if ܽ, ܾ ∈ ԧ, ܽ, ܾ ് 0	 so that |ܽ|௣௡, |ܽ|௤௡, |ܾ|௣௡, |ܾ|௤௡ ∈ .ሺ0ܦ ܴሻ then the following 
inequality takes place: 

 

൬
ଵ݌
݌
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺൫|ܽ|௤
ሺ௡ି௟ሻ|ܾ|௣௟൯

െ ஺݂ ൬|ܽ|
௤
௣భ
௡|ܾ|

௣
௤భ
௡
൰ ݃஺ ൬|ܽ|

௤
௤భ
௡|ܾ|

௣
௣భ
௡
൰൩ 
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݊
݈ ቁ

1
௡ି௟ݍ௟݌ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺൫|ܽ|௤ሺ௡ି௟ሻ|ܾ|௣௟൯

െ ஺݂൫|ܽ|௡
ሺ௤ିଵሻ|ܾ|௡ሺ௣ିଵሻ൯݃஺ሺ|ܽ|௡|ܾ|௡ሻ ൏ 
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ଵݍ
ݍ
൰
௡

൥෍ቀ
݊
݈ ቁ
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ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺൫|ܽ|௤
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െ ஺݂ ൬|ܽ|
௤
௣భ
௡
|ܾ|

௣
௤భ
௡
൰ ݃஺ ൬|ܽ|

௤
௤భ
௡
|ܾ|

௣
௣భ
௡
൰൩ 

. 
Proof. We start this proof taking into account that the hypothesis  

 
|ܽ|௣௡, |ܽ|௤௡, |ܾ|௣௡, |ܾ|௤௡ ∈ ,ሺ0ܦ ܴሻ 

 
implies by calculus the following inclusions: 
 

|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ, |ܽ|௤ሺ௡ି௟ሻ|ܾ|௣௟, |ܽ|
೜
೛భ
௡
	|ܾ|

೛
೜భ
௡
, |ܽ|

೜
೜భ
௡
	|ܾ|

೛
೛భ
௡
, |ܽ|௡ሺ௤ିଵሻ|ܾ|௡ሺ௣ିଵሻ, |ܽ|௡|ܾ|௡ 	∈

,ሺ0ܦ ܴሻ, ݈ ൌ 0, ݊. 
 

Thus, for example, |ܽ|
೜
೛భ
௡
	|ܾ|

೛
೜భ
௡
൏ ܴ

భ
೛భܴ

భ
೜భ ൌ ܴ . We use the same method as in [20]. 

In this case, we consider ܽ ൌ |௕|ೖ

|௕|ೕ
 and ܾ ൌ |௔|ೖ

|௔|ೕ
, ݆, ݇ ∈ ሼ0,1,2,… ,݉ሽ in previous inequality and 

we have: 
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൬
ଵ݌
݌
൰
௡

቎෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟

|ܾ|௞௣௟

|ܾ|௝௣௟
|ܽ|௞௤ሺ௡ି௟ሻ

|ܽ|௝௤ሺ௡ି௟ሻ

௡

௟ୀ଴

െ
|ܾ|

௞௡ ௣௣భ

|ܾ|
௝௡ ௣௣భ

|ܽ|
௞௡ ௤௤భ

|ܽ|
௝௡ ௤௤భ

቏ ൏ 

 

൏෍ቀ
݊
݈ ቁ

1
௡ି௟ݍ௟݌

|ܾ|௞௣௟

|ܾ|௝௣௟
|ܽ|௞௤ሺ௡ି௟ሻ

|ܽ|௝௤ሺ௡ି௟ሻ

௡

௟ୀ଴

െ
|ܾ|௞௡

|ܾ|௝௡
|ܽ|௞௡

|ܽ|௝௡
൏ 

 

൏ ൬
ଵݍ
ݍ
൰
௡

቎෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟

|ܾ|௞௣௟

|ܾ|௝௣௟
|ܽ|௞௤ሺ௡ି௟ሻ

|ܽ|௝௤ሺ௡ି௟ሻ

௡

௟ୀ଴

െ
|ܾ|

௞௡ ௣௣భ

|ܾ|
௝௡ ௣௣భ

|ܽ|
௞௡ ௤௤భ

|ܽ|
௝௡ ௤௤భ

቏ 

 
If we multiply last inequality by |ܾ|௝௣௡|ܽ|௝௤௡ then we get the following result: 
 

൬
ଵ݌
݌
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ |ܽ|
௝௤௟|ܾ|௝௣ሺ௡ି௟ሻ

௡

௟ୀ଴

|ܽ|௞௤ሺ௡ି௟ሻ|ܾ|௞௣௟ െ |ܽ|
௤
௣భ
௝௡|ܾ|

௣
௤భ
௝௡|ܽ|

௤
௤భ
௞௡|ܾ|

௣
௣భ
௞௡
൩ 

 

൏෍ቀ
݊
݈ ቁ

1
௡ି௟ݍ௟݌

௡

௟ୀ଴

|ܽ|௝௤௟|ܾ|௝௣ሺ௡ି௟ሻ|ܽ|௞௤ሺ௡ି௟ሻ|ܾ|௞௣௟ െ |ܽ|௝௡ሺ௤ିଵሻ|ܾ|௝௡ሺ௣ିଵሻ|ܽ|௞௡|ܾ|௞௡ ൏ 

 

൏ ൬
ଵݍ
ݍ
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ |ܽ|
௝௤௟|ܾ|௝௣ሺ௡ି௟ሻ

௡

௟ୀ଴

|ܽ|௞௤ሺ௡ି௟ሻ|ܾ|௞௣௟ െ |ܽ|
௤
௣భ
௝௡
|ܾ|

௣
௤భ
௝௡
|ܽ|

௤
௤భ
௞௡
|ܾ|

௣
௣భ
௞௡
൩ 

 
In this point we multiply previous inequality by positive quantities ห݌௝ห|ݍ௞| and then 

summing over  
݆ and ݇ from  to ݉ we obtain: 
 

൬
ଵ݌
݌
൰
௡

቎෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟෍|݌௝||ܾ|௝௣
ሺ௡ି௟ሻ

௠

௝ୀ଴

|ܽ|௝௤௟
௡

௟ୀ଴

෍ ௞||ܽ|௞௤ݍ|
ሺ௡ି௟ሻ|ܾ|௞௣௟ െ

௠

௞ୀ଴

െ෍|݌௝||ܽ|
௤
௣భ
௝௡
|ܾ|

௣
௤భ
௝௡

௠

௝ୀ଴

෍ |ܽ||௞ݍ|
௤
௤భ
௞௡
|ܾ|

௣
௣భ
௞௡

௠

௞ୀ଴

൩ ൏

൏෍ቀ
݊
݈ ቁ

1
௡ି௟ݍ௟݌

௡

௟ୀ଴

෍|݌௝||ܾ|௝௣
ሺ௡ି௟ሻ

௠

௝ୀ଴

|ܽ|௝௤௟ ෍ ௞||ܽ|௞௤ݍ|
ሺ௡ି௟ሻ|ܾ|௞௣௟

௠

௞ୀ଴

െ෍|݌௝||ܽ|௝௡
ሺ௤ିଵሻ|ܾ|௝௡ሺ௣ିଵሻ

௠

௝ୀ଴

෍ ௞||ܽ|௞௡|ܾ|௞௡ݍ|
௠

௞ୀ଴

൏ 

൏ ൬
ଵݍ
ݍ
൰
௡

቎෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟෍|݌௝||ܾ|௝௣
ሺ௡ି௟ሻ

௠

௝ୀ଴

|ܽ|௝௤௟
௡

௟ୀ଴

෍ ௞||ܽ|௞௤ݍ|
ሺ௡ି௟ሻ|ܾ|௞௣௟ െ

௠

௞ୀ଴

െ෍|݌௝||ܽ|
௤
௣భ
௝௡
|ܾ|

௣
௤భ
௝௡

௠

௝ୀ଴

෍ |ܽ||௞ݍ|
௤
௤భ
௞௡
|ܾ|

௣
௣భ
௞௡

௠

௞ୀ଴

൩ 
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Taking above the limit when ݉ → ∞ we finf the desired inequality, because all the 
series whose partial sums are involved are convergent on the disk ܦሺ0, ܴሻ.  
  
Theorem 3. Let ݂ሺݖሻ ൌ ∑ ௡ஶ݌

௡ୀ଴ ሻݖ௡ and ݃ሺݖ ൌ ∑ ௡ஶݍ
௡ୀ଴  ௡ be two power series with realݖ

coefficients and convergent on the open disk ܦሺ0, ܴሻ, ܴ ൐ 0.  
If the numbers ݌, ,ݍ ,,ଵ݌ ,ܽ ଵ are as in Theorem 2 and ifݍ ܾ ∈ ԧ, ܽ, ܾ ് 0	 with 

|ܽ|௤௡, |ܽ|
మ
೜
௣௡
, |ܾ|௣௡, |ܾ|

మ
೛
௤௡
∈ .ሺ0ܦ ܴሻ then one has the inequality: 

 

൬
ଵ݌
݌
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|௤ሺ௡ି௟ሻ|ܾ|௣௟൯݃஺ ൬|ܽ|
ଶ
௤௣௟|ܾ|

ଶ
௣௤ሺ௡ି௟ሻ൰

െ ஺݂ ൬|ܽ|
௤
௤భ
௡|ܾ|

௣
௣భ
௡
൰ ݃஺ ൬|ܽ|

ଶ
௤
௣
௣భ
௡|ܾ|

ଶ
௣
௤
௤భ
௡
൰൩ 

 

൏෍ቀ
݊
݈ ቁ

1
௡ି௟ݍ௟݌ ஺݂

௡

௟ୀ଴

൫|ܽ|௤ሺ௡ି௟ሻ|ܾ|௣௟൯݃஺ ൬|ܽ|
ଶ
௤௣௟|ܾ|

ଶ
௣௤ሺ௡ି௟ሻ൰ െ ஺݂ሺ|ܽ|௡|ܾ|௡ሻ݃஺ ൬|ܽ|

ଶ
௤௡|ܾ|

ଶ
௣௡൰ ൏ 

 

൬
ଵݍ
ݍ
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|௤ሺ௡ି௟ሻ|ܾ|௣௟൯݃஺ ൬|ܽ|
ଶ
௤௣௟|ܾ|

ଶ
௣௤ሺ௡ି௟ሻ൰

െ ஺݂ ൬|ܽ|
௤
௤భ
௡
|ܾ|

௣
௣భ
௡
൰ ݃஺ ൬|ܽ|

ଶ
௤
௣
௣భ
௡
|ܾ|

ଶ
௣
௤
௤భ
௡
൰൩ 

 
Proof. First we check that the corresponding products of |ܽ| and |ܾ| are in ܦሺ0, ܴሻ using 

hypothesis and then by choosing ܽ ൌ |ܽ|
మ
೜
௞
|ܾ|௝ and ܾ ൌ |ܽ|௝|ܾ|

మ
೛
௞
 and using the same method 

as in [20] we will obtain the desired inequality. 
 
Theorem 4. Let ݂ሺݖሻ, ݃ሺݖሻ and ݌, ,ݍ ,,ଵ݌ ,ܽ ,ଵ be as in Theorem 2ݍ ܾ ∈ ԧ, ܽ, ܾ ് 0	 with 

|ܽ|௤௡, |ܽ|
మ
೛
௤௡
, |ܾ|௣௡, |ܾ|

మ
೜
௣௡
∈ .ሺ0ܦ ܴሻ. Then one has the inequality: 

 

൬
ଵ݌
݌
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺ ൬|ܽ|
ଶ
௣௤ሺ௡ି௟ሻ|ܾ|

ଶ
௤௣௟൰

െ ஺݂ ൬|ܽ|
௤
௣భ
௡|ܾ|

௣
௤భ
௡
൰ ݃஺ ൬|ܽ|

ଶ
௤
௣
௣భ
௡|ܾ|

ଶ
௣
௤
௤భ
௡
൰൩ 

 

൏෍ቀ
݊
݈ ቁ

1
௡ି௟ݍ௟݌ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺ ൬|ܽ|
ଶ
௣௤ሺ௡ି௟ሻ|ܾ|

ଶ
௤௣௟൰

െ ஺݂൫|ܽ|௡ሺ௤ିଵሻ|ܾ|௡ሺ௣ିଵሻ൯݃஺ ൬|ܽ|
ଶ
௣௡|ܾ|

ଶ
௤௡൰ ൏ 
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൬
ଵݍ
ݍ
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺ ൬|ܽ|
ଶ
௣௤ሺ௡ି௟ሻ|ܾ|

ଶ
௤௣௟൰

െ ஺݂ ൬|ܽ|
௤
௣భ
௡
|ܾ|

௣
௤భ
௡
൰ ݃஺ ൬|ܽ|

ଶ
௤
௣
௣భ
௡
|ܾ|

ଶ
௣
௤
௤భ
௡
൰൩ 

 
Proof. We also check that the corresponding products of |ܽ| and |ܾ| are in ܦሺ0, ܴሻ using 
hypothesis. 

This time we replace ܽ by 
|௕|

మ
೜ೖ

|௕|ೕ
 and ܾ by 

|௔|
మ
೛ೖ

|௔|ೕ
 in order to obtain the inequality of the 

theorem. 
 
Theorem 5. Let ݂ሺݖሻ, ݃ሺݖሻ and ݌, ,ݍ ,,ଵ݌ ,ܽ ,ଵ be as in Theorem 2ݍ ܾ ∈ ԧ, ܽ, ܾ ് 0	 with 
|ܽ|ଶ௡, |ܾ|௤௡, |ܾ|௣௡ ∈ .ሺ0ܦ ܴሻ. Then the following inequality takes place: 
 

൬
ଵ݌
݌
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|ଶ௟|ܾ|௤ሺ௡ି௟ሻ൯݃஺൫|ܽ|ଶ
ሺ௡ି௟ሻ|ܾ|௣௟൯

െ ஺݂ ൬|ܽ|
ଶ
௣భ
௡|ܾ|

௤
௤భ
௡
൰ ݃஺ ൬|ܽ|

ଶ
௤భ
௡|ܾ|

௣
௣భ
௡
൰൩ 

൏෍ቀ
݊
݈ ቁ

1
௡ି௟ݍ௟݌ ஺݂

௡

௟ୀ଴

൫|ܽ|ଶ௟|ܾ|௤ሺ௡ି௟ሻ൯݃஺൫|ܽ|ଶሺ௡ି௟ሻ|ܾ|௣௟൯ െ ஺݂ ൬|ܽ|
ଶ
௣௡|ܾ|௡൰ ݃஺ ൬|ܽ|

ଶ
௤௡|ܾ|௡൰ ൏ 

 

൬
ଵݍ
ݍ
൰
௡

൥෍ቀ
݊
݈ ቁ

1

ଵ݌
௟ݍଵ

௡ି௟ ஺݂

௡

௟ୀ଴

൫|ܽ|ଶ௟|ܾ|௤ሺ௡ି௟ሻ൯݃஺൫|ܽ|ଶሺ௡ି௟ሻ|ܾ|௣௟൯

െ ஺݂ ൬|ܽ|
ଶ
௣భ
௡
|ܾ|

௤
௤భ
௡
൰ ݃஺ ൬|ܽ|

ଶ
௤భ
௡
|ܾ|

௣
௣భ
௡
൰൩ 

 
Proof. It is easily to check that the corresponding product of |ܽ| and |ܾ| are in ܦሺ0, ܴሻ using 

hypothesis. Then we choose ܽ ൌ |ܽ|
మ
೛
௝
|ܾ|௞ and ܾ ൌ |ܽ|

మ
೜
௞
|ܾ|௝ and repeat the same method as 

above. 
 
Corollary 1. Let ݂ሺݖሻ, ݃ሺݖሻ, ܽ, ܾ and ݌, ,ݍ ,ଵ݌ ଵ be as in Theorem 2. If 1ݍ ൏ ଵ݌ ൏  and we ݌
take ݊ ൌ 1 in Theorem 2 then we have: 
 

ଵ݌
݌
൤
1
ଵݍ

஺݂ሺ|ܾ|௣ሻ݃஺ሺ|ܽ|௤ሻ ൅
1
ଵ݌

஺݂ሺ|ܽ|௤ሻ݃஺ሺ|ܾ|௣ሻ െ ஺݂ ൬|ܽ|
௤
௣భ|ܾ|

௣
௤భ൰ ݃஺ ൬|ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨ ൏ 

 

൏
1
ݍ ஺݂ሺ|ܾ|௣ሻ݃஺ሺ|ܽ|௤ሻ ൅

1
݌ ஺݂ሺ|ܽ|௤ሻ݃஺ሺ|ܾ|௣ሻ െ ஺݂ሺ|ܽ|௤ିଵ|ܾ|௣ିଵሻ݃஺ሺ|ܽ||ܾ|ሻ ൏ 

 

൏
ଵݍ
ݍ
൤
1
ଵݍ

஺݂ሺ|ܾ|௣ሻ݃஺ሺ|ܽ|௤ሻ ൅
1
ଵ݌

஺݂ሺ|ܽ|௤ሻ݃஺ሺ|ܾ|௣ሻ െ ஺݂ ൬|ܽ|
௤
௣భ|ܾ|

௣
௤భ൰ ݃஺ ൬|ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨. 
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Corollary 2. (a) If we take ݂ሺݖሻ ൌ ݃ሺݖሻ in Corollary 1, then we have: 
 

ଵ݌
݌
൤ ஺݂ሺ|ܾ|௣ሻ ஺݂ሺ|ܽ|௤ሻ െ ஺݂ ൬|ܽ|

௤
௣భ|ܾ|

௣
௤భ൰ ஺݂ ൬|ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨ ൏ 

 
൏ ஺݂ሺ|ܾ|௣ሻ ஺݂ሺ|ܽ|௤ሻ െ ஺݂ሺ|ܽ|௤ିଵ|ܾ|௣ିଵሻ ஺݂ሺ|ܽ||ܾ|ሻ ൏ 

 

൏ ௤భ
௤
൤ ஺݂ሺ|ܾ|௣ሻ ஺݂ሺ|ܽ|௤ሻ െ ஺݂ ൬|ܽ|

೜
೛భ|ܾ|

೛
೜భ൰ ஺݂ ൬|ܽ|

೜
೜భ|ܾ|

೛
೛భ൰൨. 

 
 (b) Moreover, we give below the following form of the left side of the inequality from 
Theorem 2 and in this form appears the functions ݂ሺݖሻ and		݃ሺݖሻ, 
 

ห݂൫ܽ௡ሺ௤ିଵሻܾ௡ሺ௣ିଵሻ൯݃ሺܽ௡ܾ௡ሻห ൏ ൬
ଵ݌
݌
൰
௡

஺݂ ൬|ܽ|
௤
௣భ
௡|ܾ|

௣
௤భ
௡
൰ ݃஺ ൬|ܽ|

௤
௤భ
௡|ܾ|

௣
௣భ
௡
൰ ൅ 

 

൅෍ቀ
݊
݈ ቁ ቈ

1
௡ି௟ݍ௟݌

െ ൬
ଵ݌
݌
൰
௡ 1

ଵ݌
௟ݍଵ

௡ି௟቉ ஺݂

௡

௟ୀ଴

൫|ܽ|௤௟|ܾ|௣ሺ௡ି௟ሻ൯݃஺൫|ܽ|௤
ሺ௡ି௟ሻ|ܾ|௣௟൯ 

 
Similar inequalities can be given for the left side of the inequalities from Theorems 3-

5. Now, taking into account that the functions expሺݖሻ , ݖ ∈ ԧ, ଵ

ଵି௭
, ݖ ∈  ln		ሺ0,1ሻ,ܦ ቀ ଵ

ଵି௭
ቁ , ݖ ∈

 0,1ܦ ԧ are power series with real coefficients and convergent on the open disk∋ݖ	,ݖsinh,0,1ܦ
we can rewrite the inequalities from Theorem 2, 3, 4, 5 for this functions. 
 

Corollary 3. (a) We consider the function ݂ሺݖሻ ൌ sinሺݖሻ ൌ ∑ ሺିଵሻ೙

ሺଶ௡ାଵሻ!
ஶ
௡ୀ଴ ,ଶ௡ାଵݖ ݖ ∈ ԧ and we 

see that  
 

஺݂ሺݖሻ ൌ sin ݄ሺݖሻ , ݖ ∈ ԧ. 
 
Under condition of Corollary 2 (a), the inequality becomes: 
 

ଵ݌
݌
൤sinhሺ|ܾ|௣ሻ sinhሺ|ܽ|௤ሻ െ sinh ൬|ܽ|

௤
௣భ|ܾ|

௣
௤భ൰ sinh ൬|ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨ ൏ 

 
 

൏ sinhሺ|ܾ|௣ሻ sinhሺ|ܽ|௤ሻ െ sinhሺ|ܽ|௤ିଵ|ܾ|௣ିଵሻsinh ሺ|ܾܽ|ሻ ൏ 
 
 

൏
ଵݍ
ݍ
൤sinhሺ|ܾ|௣ሻ sinhሺ|ܽ|௤ሻ െ sinh ൬|ܽ|

௤
௣భ|ܾ|

௣
௤భ൰ sinh ൬|ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨. 

 

(b) We take into account the function ݂ሺݖሻ ൌ expሺݖሻ ൌ ∑ ଵ

௡!
ஶ
௡ୀ଴ ௡ݖ ൌ ஺݂ሺݖሻ, ݖ ∈ ԧ and under 

condition of Corollary 2 (a), the inequality becomes: 
 

ଵ݌
݌
൤expሺ|ܾ|௣ ൅ |ܽ|௤ሻ െ exp ൬|ܽ|

௤
௣భ|ܾ|

௣
௤భ ൅ |ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨ ൏ 
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൏ expሺ|ܾ|௣ ൅ |ܽ|௤ሻ െ expሺ|ܽ|௤ିଵ|ܾ|௣ିଵ|ܾܽ|ሻ ൏ 
 

൏
ଵݍ
ݍ
൤expሺ|ܾ|௣ ൅ |ܽ|௤ሻ െ exp ൬|ܽ|

௤
௣భ|ܾ|

௣
௤భ ൅ |ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨. 

 

 (c) Now, we consider the function, ݂ሺݖሻ ൌ ଵ

ଵି௭
ൌ ஺݂ሺݖሻ, ݖ ∈  ሺ0,1ሻ and ܽ, ܾ are complexܦ

numbers as in Theorem 2, then we get: 
 

ଵ݌
݌
቎

1
1 െ |ܾ|௣

1
1 െ |ܽ|௤

െ
1

1 െ |ܽ|
௤
௣భ|ܾ|

௣
௤భ

1

1 െ |ܽ|
௤
௤భ|ܾ|

௣
௣భ

቏ ൏ 

 

൏
1

1 െ |ܾ|௣
1

1 െ |ܽ|௤
െ

1
1 െ |ܽ|௤ିଵ|ܾ|௣ିଵ

1
1 െ |ܾܽ|

൏ 

 

൏
ଵݍ
ݍ
቎

1
1 െ |ܾ|௣

1
1 െ |ܽ|௤

െ
1

1 െ |ܽ|
௤
௣భ|ܾ|

௣
௤భ

1

1 െ |ܽ|
௤
௤భ|ܾ|

௣
௣భ

. ቏ 

 
Similar results can be obtained for the function coshሺݔሻ as well. 
Next we give an inequality as an application to special functions, such as 

polylogarithm, hypergeometric, Bessel and modified Bessel functions for the first kind, taking 
into account that ݅ܮ௡ሺݖሻ, ,ଵሺܽܨ ܾ, ܿ, ,ሻݖ ሻଶݖ௔ሺܬ  and ܫ௔ሺݖሻ are power series with real 
coefficients and convergent on the open disk ܦሺ0,1ሻ. For that it is necessary to recall the 
definition of polylogarithm function, ݅ܮ௡ሺݖሻ:	 

 

ሻݖ௡ሺ݅ܮ	 ൌ ෍
௞ݖ

݇௡

ஶ

௞ୀଵ

, 

 
as a power series which converges absolutely for all complex values of the order ݊ and ݖ 
when |ݖ| ൏ 1. 
 
 Corollary 4. If ݅ܮ௡ሺݖሻ is the polylogarithm function, then we have, 
 
 

ଵ݌
݌
൤݅ܮ௡ሺ|ܾ|௣ሻ݅ܮ௡ሺ|ܽ|௤ሻ െ ௡݅ܮ ൬|ܽ|

௤
௣భ|ܾ|

௣
௤భ൰ ௡݅ܮ ൬|ܽ|

௤
௤భ|ܾ|

௣
௣భ൰൨ ൏ 

 
൏ ௡ሺ|ܽ|௤ሻ݅ܮ௡ሺ|ܾ|௣ሻ݅ܮ െ ௡ሺ|ܽ||ܾ|ሻ݅ܮ௡ሺ|ܽ|௤ିଵ|ܾ|௣ିଵሻ݅ܮ ൏ 

 

൏ ௤భ
௤
൤݅ܮ௡ሺ|ܾ|௣ሻ݅ܮ௡ሺ|ܽ|௤ሻ െ ௡݅ܮ ൬|ܽ|

೜
೛భ|ܾ|

೛
೜భ൰ ௡݅ܮ ൬|ܽ|

೜
೜భ|ܾ|

೛
೛భ൰൨, 

 
For any ܽ, ܾ ∈ ԧ, ܽ, ܾ	 ് 0 under conditions of Corollary 2 (a) when ܦሺ0, ܴሻ is ܦሺ0,1ሻ. 
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3.  NORM INEQUALITIES 
 

  
 The following result is a refinement of Theorem 5.1 from [1]. 

  
 Theorem 6. Let ߥ, ߬ be two real numbers with 0 ൏ ߥ ൏ 	߬ ൏ 1. If ܣ, ,ܤ ܺ ∈   ௠ withܯ
 :positive semidefinite then the following inequality hold ܤ and ܣ
 

ቀ
ߥ
	߬
ቁ
ଶ௡
൥||෍ቀ

݊
݇
ቁ 	߬௡ି௞ሺ1 െ 	߬ሻ௞ܣ௡ି௞ܺܤ௞

௡

௞ୀ଴

||ଶ
ଶ െ ఛሻ||ଶ	௡ሺଵିܤ௡ఛܺܣ||

ଶ൩ ൏ 

 

൏ ||෍ቀ
݊
݇
ቁ ௡ି௞ሺ1ߥ	 െ ௞ܤ௡ି௞ܺܣሻ௞ߥ	

௡

௞ୀ଴

||ଶ
ଶ െ ቚหܣ௡ఔܺܤ௡ሺଵି	ఔሻหቚ

ଶ

ଶ
൏ 

 

൏ ൬
1 െ ߥ
	1 െ ߬

൰
ଶ௡

൥||෍ቀ
݊
݇
ቁ 	߬௡ି௞ሺ1 െ 	߬ሻ௞ܣ௡ି௞ܺܤ௞

௡

௞ୀ଴

||ଶ
ଶ െ ఛሻ||ଶ	௡ሺଵିܤ௡ఛܺܣ||

ଶ൩. 

 
Proof. We write, as in [1], ܣ ൌ ܷ݀݅ܽ݃ሺߣଵ, … , ܤ ௠ሻܷ∗ andߣ ൌ ܸ݀݅ܽ݃ሺߤଵ, … ,   ௠ሻܸ∗ whereߤ
ܷ and ܸ are unitary matrices and nonnegative ߣ௜, ܻ ௜. If we setߤ ൌ ܷ∗ܸܺ ൌ ሺݕ௜௝ሻ then we get  
 

෍ቀ
݊
݇
ቁ 	߬௡ି௞ሺ1 െ 	߬ሻ௞ܣ௡ି௞ܺܤ௞

௡

௞ୀ଴

ൌ ܷ ൥෍ቀ
݊
݇
ቁ 	߬௡ି௞ሺ1 െ 	߬ሻ௞ߣ௜

௡ି௞ߤ௝
௞

௡

௞ୀ଴

൩  ∗௜௝ܸݕ

 

 and ܣ௡ఔܺܤ௡ሺଵିఔሻ ൌ ܷቀߣ௜
௡ఔߤ௝

௡ሺଵିఔሻݕ௜௝ቁܸ∗. Taking now into account inequality from Theorem 

1  for ߣ ൌ 2݊ ∈ Գ∗ we find that: 
 

ቀ
ߥ
	߬
ቁ
ଶ௡
൥||෍ቀ

݊
݇
ቁ 	߬௡ି௞ሺ1 െ 	߬ሻ௞ܣ௡ି௞ܺܤ௞

௡

௞ୀ଴

||ଶ
ଶ െ ఛሻ||ଶ	௡ሺଵିܤ௡ఛܺܣ||

ଶ൩ ൌ 

 

ൌ ቀ
ߥ
	߬
ቁ
ଶ௡
቎෍ ൭෍ቀ

݊
݇
ቁ 	߬௡ି௞ሺ1 െ 	߬ሻ௞ߣ௜

௡ି௞ߤ௝
௞

௡

௞ୀ଴

൱

ଶ

௜௝|ଶݕ|
௠

௜,௝ୀଵ

െ ෍ቀߣ௜
௡ఛߤ௝

௡ሺଵିఛሻቁ
ଶ
௜௝|ଶݕ|

௠

௜,௝ୀଵ

቏ ൌ 

 

ൌ ෍ ቀ
ߥ
	߬
ቁ
ଶ௡
ൣሺ߬ߣ௜ ൅ ሺ1 െ ߬ሻߤ௝ሻଶ௡ െ ௜ߣ

ଶ௡ఛߤ௝ଶ௡ሺଵିఛሻ൧|ݕ௜௝|ଶ ൏

௠

௜,௝ୀଵ

 

 

൏ ෍ൣሺߣߥ௜ ൅ ሺ1 െ ௝ሻଶ௡ߤሻߥ െ ௜ߣ
ଶ௡ఔߤ௝ଶ௡ሺଵିఔሻ൧|ݕ௜௝|ଶ ൌ

௠

௜,௝ୀଵ

 

 

ൌ ||෍ቀ
݊
݇
ቁ ௡ି௞ሺ1ߥ	 െ ௞ܤ௡ି௞ܺܣሻ௞ߥ	

௡

௞ୀ଴

||ଶ
ଶ െ ቚหܣ௡ఔܺܤ௡ሺଵି	ఔሻหቚ

ଶ

ଶ
. 
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4. SOME TRACE ANALOGUE INEQUALITIES FOR A REFINEMENT OF YOUNG’S 
INEQUALITY 
 
 

Next result is an extension for operators as in Theorem 7, of a trace inequality given in 
[29].  
  
Theorem 7. Let m, M be two real numbers with 1 ൏ ݉ ൏   and A, B be two positive ܯ
operators in ܤሺܪሻ with ܵ݌ሺܣሻ ⊂ ሾ݉,ܯሿ, ሻܤሺ݌ܵ ⊂ ሾ݉,ܯሿ and ܲ, ܳ ∈ ,ܲ ሻ withܪଵሺܤ ܳ ൐ 0.  
Then for any ߣ ∈ ሾ0,1ሿ the following inequality takes place: 
 

ݎ ൤ݎݐሺܲܣሻݎݐሺܳሻ െ ݎݐ2 ൬ܲܣ
ଵ
ଶ൰ ݎݐ ൬ܳܤ

ଵ
ଶ൰ ൅ ሻ൨ܤሺܳݎݐሺܲሻݎݐ ൅  .ሻߣଵሺܣ

 
. ሾݎݐሺܳሻݎݐሺ݈ܲ݃݋ଶ	ܣሻ െ ሻܣ	݃݋ሺ݈ܲݎݐሻܤ	݃݋ሺ݈ܳݎݐ2 ൅ ሺܲሻሿݎݐሻܤଶ݃݋ሺ݈ܳݎݐ ൑ 

 
൑ ሺܳሻݎݐሻܣሺܲݎݐߣ ൅ ሺ1 െ ሺܲሻݎݐሻܤሺܳݎݐሻߣ െ ఒ൯ܣ൫ܲݎݐଵିఒ൯ܤ൫ܳݎݐ ൑ 

 

൑ ሺ1 െ ሻݎ ൤ݎݐሺܲܣሻݎݐሺܳሻ െ ݎݐ2 ൬ܲܣ
ଵ
ଶ൰ ݎݐ ൬ܳܤ

ଵ
ଶ൰ ൅ ሻ൨ܤሺܳݎݐሺܲሻݎݐ ൅  .ሻߣଵሺܤ

 
. ሾݎݐሺܳሻݎݐሺ݈ܲ݃݋ଶ	ܣሻ െ ሻܣ	݃݋ሺ݈ܲݎݐሻܤ	݃݋ሺ݈ܳݎݐ2 ൅  ,ሺܲሻሿݎݐሻܤଶ݃݋ሺ݈ܳݎݐ

 

where ݎ ൌ ݉݅݊ሼߣ, 1 െ ,ሽߣ ሻߣଵሺܣ	 ൌ
ఒሺଵିఒሻ

ଶ
െ ௥

ସ
 and 	ܤଵሺߣሻ ൌ

ఒሺଵିఒሻ

ଶ
െ ଵି௥

ସ
 as in Lemma 1. 

 
Proof. We use the same method as in [12], [13]. We take into account the inequality from 
Lemma 1, which holds for any ܽ, ܾ ൒ ݉ ൒ 1 and using the functional calculus for the 
operator A when 1 ൑ ݉ ൑ ܾ ൑  is fixed, we get ܯ
 

ݎ ൬൏ ,ݔܣ ݔ ൐ െ2√ܾ ൏ ܣ
ଵ
ଶݔ, ݔ ൐ ൅ܾ ൏ ,ݔ ݔ ൐൰ ൅  .ሻߣଵሺܣ

 
. ሺ൏ ,ݔܣଶ݃݋݈ ݔ ൐ െ2݈݃݋	ܾ ൏ log ,ݔܣ ݔ ൐ ൅݈݃݋ଶܾ ൏ ,ݔ ݔ ൐ሻ ൑ 

 
൑ ߣ ൏ ,ݔܣ ݔ ൐ ൅ሺ1 െ ሻܾߣ ൏ ,ݔ ݔ ൐ െܾଵିఒ ൏ ,ݔఒܣ ݔ ൐൑ 

 

൑ ሺ1 െ ሻݎ ൬൏ ,ݔܣ ݔ ൐ െ2√ܾ ൏ ܣ
ଵ
ଶݔ, ݔ ൐ ൅ܾ ൏ ,ݔ ݔ ൐൰ ൅  .ሻߣଵሺܤ

 
. ሺ൏ ,ݔܣଶ݃݋݈ ݔ ൐ െ2݈݃݋	ܾ ൏ log ,ݔܣ ݔ ൐ ൅݈݃݋ଶܾ ൏ ,ݔ ݔ ൐ሻ, 

 
for any ݔ ∈  .ሻߣଵሺܤ ሻ byߣሺܤ  and	ሻߣଵሺܣ ሻ byߣሺܣ if we denote ,ܪ

We fix ݔ ∈ ܪ െ ሼ0ሽ and then by the functional calculus for the operator B for previous  
inequality, we have, 
 

ݎ ൬൏ ,ݔܣ ݔ ൐ ଶ||ݕ|| െ 2 ൏ ܣ
ଵ
ଶݔ, ݔ ൐൏ ܤ

ଵ
ଶݔ, ݔ ൐ ൅൏ ,ݕܤ ݕ ൐ ଶ൰||ݔ|| ൅  .ሻߣଵሺܣ

 
. ሺ||ݕ||ଶ ൏ ,ݔܣଶ݃݋݈ ݔ ൐ െ2 ൏ logݕܤ, ݕ ൐൏ log ,ݔܣ ݔ ൐ ൅൏ ,ݕܤଶ݃݋݈ ݕ ൐ ଶሻ||ݔ|| ൑ 
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൑ ߣ ൏ ,ݔܣ ݔ ൐ ଶ||ݕ|| ൅ ሺ1 െ ሻߣ ൏ ,ݕܤ ݕ ൐ ଶെ൏||ݔ|| ,ݔఒܣ ݔ ൐൏ ,ݕଵିఒܤ ݕ ൐൑ 
 

൑ ሺ1 െ ሻݎ ൬൏ ,ݔܣ ݔ ൐ ଶ||ݕ|| െ 2 ൏ ܣ
ଵ
ଶݔ, ݔ ൐൏ ܤ

ଵ
ଶݔ, ݔ ൐ ൅൏ ,ݕܤ ݕ ൐ ଶ൰||ݔ|| ൅  .ሻߣଵሺܤ

 
. ሺ||ݕ||ଶ ൏ ,ݔܣଶ݃݋݈ ݔ ൐ െ2 ൏ logݕܤ, ݕ ൐൏ log ,ݔܣ ݔ ൐ ൅൏ ,ݕܤଶ݃݋݈ ݕ ൐  ,ଶሻ||ݔ||

 
 for any ݔ, ݕ ∈   ,ܪ

We put now, ݔ ൌ ܲ
భ
మ݁,			ݕ ൌ ܳ

భ
మ݂ where ݁, ݂ ∈  and by the above inequality we ܪ

 obtain, 
 

ݎ ൬൏ ܲ
ଵ
ଶܲܣ

ଵ
ଶ݁, ݁ ൐൏ ݂ܳ, ݂ ൐ െ2 ൏ ܲ

ଵ
ଶܣ

ଵ
ଶܲ

ଵ
ଶ݁, ݁ ൐൏ ܳ

ଵ
ଶܤ

ଵ
ଶܳ

ଵ
ଶ݂, ݂ ൐ ൅൏ ܲ݁, ݁ ൐

൏ ܳ
ଵ
ଶܳܤ

ଵ
ଶ݂, ݂ ൐ቁ 

 

൅ܣଵሺߣሻ. ሺ൏ ݂ܳ, ݂ ൐൏ ܲ
ଵ
ଶ݈݃݋ଶܲܣ

ଵ
ଶ݁, ݁ ൐ െ2 ൏ ܳ

ଵ
ଶ log ܳܤ

ଵ
ଶ݂, ݂ ൐൏ ܲ

ଵ
ଶlog ܲܣ

ଵ
ଶ݁, ݁ ൐ ൅

൏ ܳ
ଵ
ଶ݈݃݋ଶܳܤ

ଵ
ଶ݂, ݂ ൐൏ ܲ݁, ݁ ൐ሻ ൑ 

 

൑ ߣ ൏ ܲ
ଵ
ଶܲܣ

ଵ
ଶ݁, ݁ ൐൏ ݂ܳ, ݂ ൐ ൅ሺ1 െ ሻߣ ൏ ܲ݁, ݁ ൐൏ ܳ

ଵ
ଶܳܤ

ଵ
ଶ݂, ݂ ൐ െ൏ ܳ

ଵ
ଶܤଵିఒܳ

ଵ
ଶ݂, ݂ ൐

൏ ܲ
ଵ
ଶܣఒܲ

ଵ
ଶ݁, ݁ ൐൑ 

 

൑ ሺ1 െ ሻݎ ൬൏ ܲ
ଵ
ଶܲܣ

ଵ
ଶ݁, ݁ ൐൏ ݂ܳ, ݂ ൐ െ2 ൏ ܲ

ଵ
ଶܣ

ଵ
ଶܲ

ଵ
ଶ݁, ݁ ൐൏ ܳ

ଵ
ଶܤ

ଵ
ଶܳ

ଵ
ଶ݂, ݂ ൐ ൅൏ ܲ݁, ݁ ൐

൏ ܳ
ଵ
ଶܳܤ

ଵ
ଶ݂, ݂ ൐ቁ 

 

൅ܤଵሺߣሻ. ൬൏ ݂ܳ, ݂ ൐൏ ܲ
ଵ
ଶ݈݃݋ଶܲܣ

ଵ
ଶ݁, ݁ ൐ െ2 ൏ ܳ

ଵ
ଶ log ܳܤ

ଵ
ଶ݂, ݂ ൐൏ ܲ

ଵ
ଶlog ܲܣ

ଵ
ଶ݁, ݁ ൐ ൅

൏ ܳ
ଵ
ଶ݈݃݋ଶܳܤ

ଵ
ଶ݂, ݂ ൐൏ ܲ݁, ݁ ൐ቁ, 

 
for any ݁, ݂ ∈  .ܪ

Let ሼ݁௜ሽ௜∈ூ and ൛ ௝݂ൟ௝∈௃ br two orthonormal bases of H. We take in previous inequality  

݁ ൌ ݁௜, ݅ ∈ ݂ and ܫ ൌ ௝݂, ݆ ∈ ݅ and then summing over ܬ ∈ ݆ and ܫ ∈  :we get the following  ,ܬ
 

ݎ ቌ෍ ൏ ܲ
ଵ
ଶܲܣ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ ௝݂, ௝݂ ൐
௝∈௃

െ 2෍ ൏ ܲ
ଵ
ଶܣ

ଵ
ଶܲ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ
ଵ
ଶܤ

ଵ
ଶܳ

ଵ
ଶ ௝݂, ௝݂ ൐

௝∈௃

൅෍ ൏ ܲ݁௜, ݁௜ ൐
௜∈ூ

෍ ൏ ܳ
ଵ
ଶܳܤ

ଵ
ଶ ௝݂, ௝݂ ൐

௝∈௃
ቇ ൅ 

 

൅ܣଵሺߣሻሺ෍ ൏ ܲ
ଵ
ଶ݈݃݋ଶܲܣ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ ௝݂, ௝݂ ൐
௝∈௃

െ 
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െ2෍ ൏ ܲ
ଵ
ଶ logܣ ܲ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ
ଵ
ଶ logܤ ܳ

ଵ
ଶ ௝݂, ௝݂ ൐ ൅

௝∈௃

 

 
 

൅෍ ൏ ܳ
ଵ
ଶ ଶ݃݋݈ ܤ ܳ

ଵ
ଶ ௝݂, ௝݂ ൐ ෍ ൏ ܲ݁௜, ݁௜ ൐

௜∈ூ௝∈௃

ሻ ൑ 

 
 

൑ ෍ߣ ൏ ܲ
ଵ
ଶܲܣ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ ௝݂, ௝݂ ൐
௝∈௃

൅ ሺ1 െ ሻ෍ߣ ൏ ܲ݁௜, ݁௜ ൐
௜∈ூ

෍ ൏ ܳ
ଵ
ଶܳܤ

ଵ
ଶ ௝݂, ௝݂ ൐

௝∈௃

െ 

 

െ෍ ൏ ܲ
ଵ
ଶܣఒܲ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ
ଵ
ଶܤଵିఒܳ

ଵ
ଶ ௝݂, ௝݂ ൐

௝∈௃

൑ 

 

൑ ሺ1 െ ሻቌ෍ݎ ൏ ܲ
ଵ
ଶܲܣ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ ௝݂, ௝݂ ൐
௝∈௃

െ 2෍ ൏ ܲ
ଵ
ଶܣ

ଵ
ଶܲ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ
ଵ
ଶܤ

ଵ
ଶܳ

ଵ
ଶ ௝݂, ௝݂ ൐

௝∈௃

൅෍ ൏ ܲ݁௜, ݁௜ ൐
௜∈ூ

෍ ൏ ܳ
ଵ
ଶܳܤ

ଵ
ଶ ௝݂, ௝݂ ൐

௝∈௃
ቇ ൅ 

 

൅ܤଵሺߣሻሺ෍ ൏ ܲ
ଵ
ଶ݈݃݋ଶܲܣ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ ௝݂, ௝݂ ൐
௝∈௃

െ 

െ2෍ ൏ ܲ
ଵ
ଶ logܣ ܲ

ଵ
ଶ݁௜, ݁௜ ൐

௜∈ூ

෍ ൏ ܳ
ଵ
ଶ logܤ ܳ

ଵ
ଶ ௝݂, ௝݂ ൐ ൅

௝∈௃

 

 

൅෍ ൏ ܳ
ଵ
ଶ ଶ݃݋݈ ܤ ܳ

ଵ
ଶ ௝݂, ௝݂ ൐ ෍ ൏ ܲ݁௜, ݁௜ ൐

௜∈ூ௝∈௃

ሻ. 

 
Using the properties of the trace we find the desired inequality. 
Next we take instead of B, A and instead of Q, P and then with the same conditions as 

in Theorem 5, we have the following result: 
 
Corollary 5. Let m, M be two real numbers with 1 ൏ ݉ ൏  and A be a positive operator in ܯ
ሻܣሺ݌ܵ ሻ withܪሺܤ ⊂ ሾ݉,ܯሿ and ܲ ∈ ܲ ሻ withܪଵሺܤ ൐ 0.  Then for any ߣ ∈ ሾ0,1ሿ we obtain: 
 

ݎ2 ൦
ሻܣሺܲݎݐ
ሺܲሻݎݐ

െ ቌ
ܣሺܲݎݐ

ଵ
ଶሻ

ሺܲሻݎݐ
ቍ

ଶ

൪ ൅ ሻߣଵሺܣ2 ቈ
ሻܣଶ݃݋݈	ሺܲݎݐ

ሺܲሻݎݐ
െ ൬

ሻܣ	݃݋݈	ሺܲݎݐ
ሺܲሻݎݐ

൰
ଶ

቉ ൑ 

 

൑
ሻܣሺܲݎݐ
ሺܲሻݎݐ

െ
ఒሻܣሺܲݎݐ
ሺܲሻݎݐ

ଵିఒሻܣሺܲݎݐ
_ሻܲݎݐ

൑ 
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൑ 2ሺ1 െ ሻݎ ൦
ሻܣሺܲݎݐ
ሺܲሻݎݐ

െ ቌ
ܣሺܲݎݐ

ଵ
ଶሻ

ሺܲሻݎݐ
ቍ

ଶ

൪ ൅ ሻߣଵሺܤ2 ቈ
ሻܣଶ݃݋݈	ሺܲݎݐ

ሺܲሻݎݐ
െ ൬

ሻܣ	݃݋݈	ሺܲݎݐ
ሺܲሻݎݐ

൰
ଶ

቉ 

 

where ݎ ൌ ݉݅݊ሼߣ, 1 െ ,ሽߣ ሻߣଵሺܣ	 ൌ
ఒሺଵିఒሻ

ଶ
െ ௥

ସ
 and 	ܤଵሺߣሻ ൌ

ఒሺଵିఒሻ

ଶ
െ ଵି௥

ସ
 as before. 

 
Corollary 6. If P, Q are two positive invertible operators with ܲ, ܳ ∈  ሻ andܪଵሺܤ

݌ܵ ቀܲି
భ
మܳܲି

భ
మቁ ⊂ ሾ݉,ܯ, ሿ where m, M are two real numbers with 1 ൏ ݉ ൏  :then we have ܯ

 

ݎ2 ቈ
ሺܳሻݎݐ
ሺܲሻݎݐ

െ ൬
ሺܲ♯ܳሻݎݐ
ሺܲሻݎݐ

൰
ଶ

቉ ൅ ሻߣଵሺܣ2 ቈ
ሺ࣪௟௢௚మሺܳܲሻሻݎݐ

ሺܲሻݎݐ
െ ൬

ሺܵሺܲ/ܳሻሻݎݐ
ሺܲሻݎݐ

൰
ଶ

቉ ൑ 

 

൑
ሺܳሻݎݐ
ሺܲሻݎݐ

െ
ሺܲ♯ଵିఒܳሻݎݐ

ሺܲሻݎݐ
ሺܲ♯ఒܳሻݎݐ
ሺܲሻݎݐ

൑ 

 

൑ 2ሺ1 െ ቈ	ሻݎ
ሺܳሻݎݐ
ሺܲሻݎݐ

െ ൬
ሺܲ♯ܳሻݎݐ
ሺܲሻݎݐ

൰
ଶ

቉ ൅ ሻߣଵሺܤ2 ቈ
ሺ࣪௟௢௚మሺܳܲሻሻݎݐ

ሺܲሻݎݐ
െ ൬

ሺܵሺܲ/ܳሻሻݎݐ
ሺܲሻݎݐ

൰
ଶ

቉ 

 

where ݎ ൌ ݉݅݊ሼߣ, 1 െ ,ሽߣ ሻߣଵሺܣ	 ൌ
ఒሺଵିఒሻ

ଶ
െ ௥

ସ
 and 	ܤଵሺߣሻ ൌ

ఒሺଵିఒሻ

ଶ
െ ଵି௥

ସ
 as before. 

 

 
Figure 1. The function ࢎሺࢇ, ,ሻ defined on ሾ૚࢈ ૚૙ሿ ൈ ሾ૚, ૚૙ሿ when ࣅ ൌ

૚

૟
		. 
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Figure 2. The function ࢑ሺࢇ, ,ሻ defined on ሾ૚࢈ ૚૙ሿ ൈ ሾ૚, ૚૙ሿ when ࣅ ൌ

૚

૟
		. 
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