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Abstract. In this work, by using Laplace integral representation of quadruple function
x{ defined in [3], we introduced new generating functions involving some quadruple
hypergeometric functions. Some particular cases and consequences of our main results are
also considered.
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1. INTRODUCTION

Recently, Bin-Saad et al. [3] introduced five new quadruple hypergeometric functions
whose names are x® x@ x@® x® x® to investigate their five Laplace integral

representations which include the confluent hypergeometric functions  F ,,F, a Humbert
functions @, @, and ', in their kernels. Very recently Bin-Saad and Younis [2] established

new integral representations of Euler type for some hypergeometric functions of four
variables, whose kernels include the quadruple hypergeometric  functions
X XWX x& x@, of which x @ is defined as follows
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= (a1)2m+2 +N+ (az)n(aS) Xm yn Zp Uq (1 1)
X(“) . . — q p pAr Jy & ¥ .
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where (@), denotes the Pochhammer symbol given by

@, :M:a(a+1)...(a+n—1) (neN:={,23..}) and (a), =1.
I'(a)

The following is the Laplace integral representation of the function x [3]:

1 o
X202 2,202,208 03, 00 Gl XY 2 U) = oy fers

xoFili € 7X) 1Fu(@y: €5 5y) oF (a5 ¢33 52) oy (5,5 %) s, (1.2)
(Re(a,)>0).
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In diverse areas in applied mathematics and mathematical physics, generating
functions play an important role in the investigation of various useful properties of the
sequences which they generate. These are used to find certain properties and formulas for
numbers and polynomials in a wide range of research subjects such as modern combinatorics.
One can refer the extensive work of Srivastava and Manocha [12] for a systematic
introduction to, and several interesting and useful applications of the various methods of
obtaining linear, bilinear, bilateral or mixed multilateral generating functions for a fairly wide
variety of sequences of hypergeometric functions and polynomials in one, two or more
variables, among much abundant literature. In fact, a remarkable large number of generating
functions involving a variety of hypergeometric functions have been developed by many
authors (for example [1, 4, 9, 10] and the related references therein).Here, we use the integral
representation of the hypergeometric function of four variables X to obtain new generating

functions involving generalized Horn’s function PH{” of four variables, the Lauricella
functions of four variables F®, F{* and the quadruple function X (¥ itself. Some special cases
of the main results here are also considered.

2. GENERATING FUNCTIONS

For our purpose, we begin by recalling generalized Horn’s function of four variables
(®YH * defined by (see [11])

w (a) a . (a ) m m,
) 54)(a|ap+1|-"la4;c11C21C31C4;X11“-1X4): Z Z(mﬁ +mp)+mp+1+ +my ( P+l)mp1 4/m, X I XL: (2.1)
m,n,p,q =0 (C'l)m1 "'(C4)m4 m n

Lauricella hypergeometric functions of four variables F¥,F* are as below [7]:

(0,0 (@), @)y 2
FA9(a,8,,8,,3,,8,,,C,.C;,C X, Y, Z,U) = R U LR (2:2)
HERRRAGGEGNIIZ L ) 66,6, mintplal

2 (a) (a,) X" y" 2" uf
F¥(a,,8,;C,,C,,C5,C X, Y, Z,U) = MRty L ZmENrpg (2.3)
CEanGOaINIZ 2 T Te) ), o), mini plal

Now, we begin the following theorem:

Theorem 2.1. Each of the following generating functions for X{* holds true.

i\:—X“‘)(al+k,a1+k,al+k,a1+k,a1+k,a2,a3,a1+k;c1,cz,c3,c4;x,y,z,u2) (2.4)
k=0
=(L+2u)™ i 1 (—W jk OHO| a,+Kk,8,,85,C, ~ 1€, Gy, C5,2€, ~L;— y 2 A ).
k! \1+2u ¢ a2 T 1 u) 1+ 2u) 1+ 20 "1+ 2u )
E Wk & 1 w ‘
(4) . . 2 a1
2 ke ke ke ke ke, a8 1k 6 G Cix y U = L 2u-y) " 3 (l+2u—YJ (23)

4u
x OH®| a +k, ¢, —a,,8,,¢, -3¢, C,,C5,2C, — X ;
(al 278189, C 51§ O 20, (1+2u yf'y-2u-1"1+2u-y'1+2u-y
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Z;F (a, +k,a, +k,a +k,a, +k,a, +k,c,,a5,a, +k;C;,2C,,C5,C,: X,2Y,2,U) = z:;ﬁ (ﬁj (2.6)
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X FO(a, +K, €, —3,C, —a,,Cy —5,C, — 12¢, —1,C,,C;,2C, —LAAX,~Ay,~42,42U),

PR S|
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o k! ko kt {(1-y-z
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T

xX§4>(a1+k, a, +k,a, +k,a, +k,a, +k,a,,c; —a,,8,; C;,C,, Cy, Cy

X Li u
-2 1 1'(1_2))

2wk a1 w Y
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k=0 - k =0
x X9 a, +k, a, +k,a, +k,a +k,a, +k,c, —a,,c, —a,,a,; ¢, C,, Cy, Cy; X , y , z , u .
7 (1 1 1 1 1 2 2 3 3 1 1172 3 4 (1_y_z)2 y+271 y+271 (1_y_z)2

Proof: To prove the above relations, we need the following formulae [5, 8, 11, 12]:

r(z)=s[" et dt, Re(z)>0; (2.14)
(a), = r(ra(; N aso-i-2... (2.15)

=2 @) (a”) ., m=012..; (2.16)
0Fl( ja;x?)=e? F(a—1;2a—1; 4x); (2.17)
05[ a4+ ;J e, F (a; 2a; 2%); (2.18)
F (bix) = €, F.(b—a: b —X). (2.19)

For the convenience, we denote the left hand side of (2.4) with ¢, using (1.2)
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5:2 T a1+k I e s F (e, 7X) 4R (8, ¢, y) 1Fi(ay; € 52) oFi(Sic,i8%u) ds

k=0

by using (2.17), we have

> (a,), (a;) w* x™ y" z° .
5= n p —s(l+2u) o a+k+2m+n+p-1 E _i; 2c, —1 4 d
2y 6, ), ), kimintpira k) b ¢ sFles =20~ du)ds

The function ,F, which appears in above equation can be replaced by its series form

and then interchanging the order of the summation and integral sign which is permissible
here, we get

S= i (az )n (as)p (C4 _%)q wk x™ yn zP (4U)q J"Ce,s(hzlj) gatkr2minepeg-l o
k,m,n,q=0 (Cl)m (Cz)n (Cg)p (204 —1) k! minlpl!q |1—'(a,l + k)

Now, use of (2.14) and (2.15), in above equation and then simplified with series
manipulation completes the proof of relation (2.4). From the relations (2.14) to (2.19), one can
easily obtain the other generating functions.

3. SPECIAL CASES

It is easy to observe that the main results (2.4) to (2.13) gave a number generating
functions for the hypergeometric series of four variables X {*. In the present section, we will
mention only some special cases.

Letting k =0 in (2.4) to (2.13), we obtain the following formulae:

X§“)(al,al,ai,al,al,az,as,al;cl,cz,cs,CA;x,y,z,uz) (3.1)
=[1+2u)*OHP| a, a,,a,,¢c, - 1;c,, C,,C5,20, -1 X y | au ,
(A+2u) ¢ [1 2 (1+2u) "(1+2u)'1+2u'1+2u
X7(“)(a1,al,al,al,al,az,a3,a1;cl,cz,c3,c4;x,y,z,uz) (3.2)
a, . . X y z 4u
=L 2y OH 2,0~ 20,0, 5161, 0,00, 20, -1 1+2u—yy ' y-2u-1"1+2u—-y'1+2u—-y )’
y
X;A)(al'al’al’al’al’CZ’a3’a1;cl’2C2’c3’c4;X'2y'z’u) (3-3)
2
—(1-y)*OH®| a, a6, + 1, ¢ Y M2
1-y) 4 [1 3101, 0o 75, C4,C5 @ yy a0-yP @-yF'1-y
X (a,,a,,8,,8,,8,,C,,85,8,,¢,,2C,,C4,C,; X,2Y, 2,U) (3.4)
2
=1-y-z)*®H®a, c,—-a,c,,c,+1,¢c,,Ci; X , y , u — ,
( y ) 4 [ 1 3 31 Y1 Y2 2 41¥3 (1_y_z)2 4(1_y_z)2 (1_y_z)2 y+271
(a1 a,8,,8,8,8,,8;,8;C,,Cy,Cq,Cpi X°, Y, Z,U ) (3_5)

X @
7
=@+2x+2u)*F*(a, ¢, ~1,a,,85,C, —1; 20, —1,¢C),C;,20, —1; 44 X, A y, A 2,44 1),
S
1+2x+2u

X @ (a,,a,,8,,8,,8,,8,,85,8,;C,,C,,C3,Cyi X, ¥, 2,U%) (3.6)
=(1+2x+2u - y) “F®(a,c,—1,c,—a,,85,C,—1;2¢,-1,C,,Cy,20, —1; 44 X,~A Y, A 2,44 U),

[ 1+2x+2u -~ y]
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X§4)(al,ai,al,al,al,az,a3,al;cl,c2,cg,04;xz,y,z,uz) (37)
=@+2x+2u-y-z)*F*(a, ¢, -L,c, —a,,c,—a,,C, —1;2¢, —1,C,,C;,2¢, —1; 42 X,~A y,~A 2,44 u),

P S
1+2x+2u—-y—-z
X" (a,,a,,a,,8,,8,,C,,C4,8,;C;,2C,,2C;, C, s X,2Y,22,U) (3 8)

—@-y-z)™ Fc(“’(al 3+l 16, Co L, c+i,c, 42 X (L y)Y (A 2) 40 uj,

2 2 2’ 3
[i: 1 j
l-y-z

X7( )(al al al al al aZ a3 al Cl CZ C3 C4 X, y Z, u) (3.9)
=(-2)"XP(a,, a,,a,,8,,8,,8,,C, ~5,8,; €, €5, €5 Cy s A X, A YA 2,47 U),

=i52)

X{0(a2,8,,8,,8,,8,,85,8,16,C,C4, Gy X, Y, 2,U) (3.10)
= (1* y-— Z)ia1 X§4’(a1, Q,8;,&,8;,C, —a,,C3 —a3,8; G, Cy,C5,Cy A X=AY A1, R u)'

Equations (3.1), (3.5) and (3.9) with y =0, yield Exton's results [6]. Equations (3.2),

(3.5), (3.8)-(3.10) with u =0, yield the known results [6].
If we set y=0 in (2.10) and (2.11), we shall obtain the following generating

functions:

X (8, +K,a,5¢,,¢,,C55x%,0%,2) =(1+2x+ 2u — 2) i%(*jk (3.11)

1+2x+2u-z2

M
7\-‘2

o

K=

|
FP(a, +k ¢, —1,c,—a,,c, —1:2¢, —1,¢,,2¢, —L4Ax,~1z,42u),

)>A

e ~ ><

a=— 1
1+2x+2u-z2

oWk . _ D w k

kZ:(; ﬁxz(ai+k,c3,c1,c4,2c3,x,u,22):(1—2) é F (l—Zj (312)
a,+k a +k+1 4x z? 4u

xFC(S)[ 12 L ;C11C3+%'C4;(1_z)27(1—2)2‘(1—2)2].

A special case of (3.12) when x=u=0 Yields the elegant relation

o gk o =1 (w) a, +k a +k+1. o2 3.13
;F ,Fi(a, +k,c552¢,;22) = Z(;ki (7j Fl[ 12 = ,c3+§,(1_z)2], ( )

by assigning the value zero to k ,we have the following transformation:

,Fi(ay,¢5:2¢,:22) = (1-2) ™ F(a 3+l z j (3.14)

Ci
2" 2 "7 gy

Now, if in (2.9), we take x =0, we get

k
< a1 w
X k 1+2 ' —
kZ:(; Kl (alJr ,8,,85 ;C,Cy,Cq5 x2 WY Z) ( +2ZX— y ZO k! (1+2x_yj (315)

xF&(a, +k, ¢, —1,c,—a,,a,; 2¢, -1, C,,Cqy;4A%,~ Ay, A7),

_ 1
T 142x-y)
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where Xx,, x, are Exton's functions of three variables [6], F®, F® are Lauricella's functions of
three variables [7] and Gauss hypergeometric function ,F, [11].
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