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Abstract. We consider weighted graphs, such as graphs where the edge weights are
positive definite matrices of the same order in this paper. The signless Laplacian eigenvalues
of a graph are the eigenvalues of the signless Laplacian matrix of a graph G. Then, we have
give some bound and found different upper bounds for the signless Laplacian radius of
weighted graphs. We have obtained some results by characterizing these upper bounds.
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1. INTRODUCTION

A weighted graph is a graph each edge of which has been assigned to a square
matrix called the weight of the edge. All the weight matrices are assumed to be of the same
order and to be positive definite.

Let G be a weighted graph on n vertices. Denote by w;; the positive definite weight
matrix of order p of the edge ij, and assume that w;; = w;;. We write i~j if vertices i and
j are adjacent.

The signless Laplacian matrix of a graph G is defined as Q(G) = (g;;), where

4 ; i =_]
qij = \Wij > t~j
0 : otherwise.

In the definition above, the zero denotes the p x p zero matrix. Hence Q(G) is square
and symmetric matrix of order np. The eigenvalues of G are the eigenvalues of Q(G). Let
q1, 92, - Qnp be the eigenvalues of G, and let g, denote the largest eigenvalue of Q(G).

In this study firstly we give an upper bound for the largest eigenvalue of a weighted
graph G.

2. PRELIMINARIES

In this section, we shall give some previously known results that will be needed in the
next sections.
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Theorem 1. (Rayleigh — Ritz [2]) Let A € M,, be Hermitian and let the eigenvalues
of A be ordered such that 4, < -+ < A;. Then forall x € C"

AxTx < xTAx < 2xTx

xT Ax .
Ay = max—— = max x° Ax
x#0 X'X xTx=1
- xTAx o
An = min = min x" Ax

x#0 xTx xTx=1

Theorem 2. (Horn — Johnson [2]) Let A € M,, be Hermitian matrix with eigenvalues
Ap <+ < Ay. Thenforall x,y e R*

|xTAy| = 2, VxTx \/yTy. (2.1)
3. BOUNDS FOR SIGNLESS LAPLACIAN SPECTRAL RADIUS
In this section we give some bounds for the signless Laplacian radius for weighted

graphs. We adopt the proof of the following theorem from Theorem 2.4 in [1].

Theorem 3.1 Let G be a simple connected weighted graph. Then

£

a1 (wf) + Z a1 (W3) |+ a1 (wiwy; + wiw)
KEN;

q1 (W]'Z) + Z ql(WjZS) + ql(WjoS + Wsts) + Z ‘h(ijWsk)

SEN]' SENjﬂNk

-~

Proof: Let X = (x7,xI,...,x7)T be an eigenvector corresponding to the largest eigenvalue g,
of Q(G). Then g2 is the largest eigenvalue of Q2(G). We assume that x; is the vector
component of X such that ] X; = maxey {Xj % }. Since X is nonzero, so is ;. Let X/ x; =
Yren Xk Xi} , S0 that X[ %; > &, %, forall k € N;.

The (i, j) th block of Q(G) is

Wi B i :]
qij = \Wij t~J
0 ; otherwise.

Now, we consider the matrix Q2(G). The (i, j) th element of Q2(G) is

WWW.josa.ro Mathematics Section



Bounds for signless Laplacian ... Semiha Basdas Nurkahli et al. 633

2 2 . P
Wi+zwik ; 1=j

kEN;

WiW;i; + WjiWj + 2 WixWgkj otherwise.
kENiﬂNj

We have
Q*(G)X = ¢3X.

From the i — th equation in the last equality we have

2= __ 2 2 = _
qix; = | w; + z Wi | Xi + WiWij + W]le + Z Wikaj x]'
kENi kENian

=T 2= _ =T 2 2 = =T =
X; 41X = X; w; + Z Wi | Xi + X; WiWij + W]lW] + Z Wikaj X'j
KEN; kENiﬂNj

Taking the modulus on both sides in the last equality we get
ken; KEN;NNj

Since w;; is the positive definite matrix for all i,j, wl-zj matrices are also positive

definite matrix. So we have and using Cauchy-Schwarz inequality we get

02157 % < | WAT T+ ) a (Wi
KEN;

kENiﬂNj
from (2.1),
lqf %] %; < q (W)X %; + Z Q1 (WiDE] %; + q1(wiwy; + wjw;) /fini /ijfj
kENi
+ Z ql(wikwkj) /xi X; /xj X

kENiﬂNj

thus we obtain

g7 < q;(w)) + (ZkENi CI1(Wi2k)) + ‘h(WiWij + Wjin) + ZkeNian ‘h(Wikaj) 1)
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From the j — th equation in the last equality we have

2= 2 2\ =
qix; = (Wj + Zsezvj st) Xj + (Wjos + wgjws + Zsezvjmvk ijWsk) Xk

ST 22 _ =T 2 2 |z 4 5T . ) ) =
Xjqix =X | wj + Z Wjs | Xj + X | wijwjs + wgjws + Z WieWs | X
SEN]' SENjﬂIVk

Taking the modulus on both sides in the last equality we get
21T = =T 2 2 | = =T -
lgi 1% X%; < |%; | wi + z wis | x| + |%; | wiwjs + wgjwg + Z WikWsk | Xie
SEN]' SENjﬂNk

Since w;; is the positive definition matrix for all i, j, wfj matrices are also positive

definite matrix. So we have and using Cauchy-Schwarz inequality we get
1021575 < | WD + ) 4 (WR)E'g
SENj
+ ql(W]W]S + Wsts)ijfk + z ql(ijWsk)f]"rfk

SENjﬂNk

from (2.1),

21=T = 2\ =T = 2\ =T = _T = =
lgilx; x; < Q1(Wj )xj X + Z a4 (st)xj X + CI1(Wjos + wgwg) /xl, x; /xkxk
SEN]'
+ ZSENjﬂNk q1 ijwsk /xi Xiv/ xkxk
thus we obtain

Q% < ‘h(WjZ) + (ZSENJ- q1 (szs)) + ‘h(WiWij + Wjin) + ZSENjnNk q1 (ijwsk) 2)

From (1) and (2) we get

B

Q1(W12) + Z CI1(Wi2k) + ql(wiwi]- + Wjin)
g, < max v

i~
71 (sz) + Z ql(szs) + g1 (wjwjs + wsjws) + 2 a1 (WjkWsk)

SEN]' SENjﬂNk

e
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Theorem 3.2 Let G be a simple connected weighted graph. Then,

Q1 =

q, (wiw;) + Z q, (Wi w;) + Z q1 Z Wi Wi + WgiWg + WitWege | Wik

KEN; KEN; k,tEN;
2 2
+aqu[(wiwij + wyw;)wy] + z a1 (Waewijw;) + qi(whwy;) + z ACAZD
kENiﬂNj kENl'
+ Z a1 z Wi Wik + WgiWy | + Z WijWje | Ws;
SENiﬂNj kENiﬂNj tEN'ﬂNj ]

+q1 Z (Wiwi + wiwidwy | + ¢4 Wik Wy
kEN NN

kENiﬂNj
|

+q1 z WigWgtWej | + G4 Z Wik Wit Wej

kENi_tENj kENi,tENj,
k+j,t#i
max
i~ 2 2
CI1(W] W]) + Z q1 (WJij) + q1 Z z W] ij + ijWk + thWtk ij
kENj kENj k,tENj
2 2
+q1 W]W]k + ijWk + Z th Wik | Wik + q1 W] + Z th ij
tENjﬂNk teNj
+ Z q1 Z WjWje + W jwe | + Z Wik Wit |Wsk
SENjﬁNk tENjﬂNk tENjﬂNk
+q1 Z (Wjwje + wejwe) wee | + a1 Z WjtWeg | Wi
tEN ;NN |\ teN NNy
+4q: Z WjtWisWsi | + 41 Z WjtWis Wi
tENj‘SENk tENj,SENk,
\ k#ts+j

Proof: Let X = (x7,xZ,...,x5)T be an eigenvector corresponding to the largest eigenvalue q,
of Q(G). Then ¢3 is the largest eigenvalue of Q3(G). We assume that x; is the vector
component of X such that X %; = maxey {X}, X;}. Since X is nonzero, so is ;. Let X/ x; =
Yren Xk Xi} . S0 that X[ %; > % %, forall k € N;.

The (i, j) th block of Q(G) is
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wp o 1=]
0 ; otherwise.
Now, we consider the matrix Q3(G). The (i, j) th element of Q3(G) is

p
2 2 . L
wi + Z Wik |w; + Z Z WiWig + Wi Wi + WitWege [Wi L=

kKEN; keN; \k,teN;

2 2
WiWij + W]lW] + z Wikaj W] + w; + z Wik Wij +

kENiﬂNj kEN;
E W; Wik + WgkiWg + E Wij th Wsj - ’ l~j
< kENiﬂNj tENiﬂNj
2
SENiﬂNJ' Wij ij
kENj(NiﬂNj)
- i#k -

(Wiwi + wigwiwy; + z WirWyj |Wj +

KEN;NN ; KEN;NN ; .
v v . otherwise.

WigWgtWej + Z WikWitWej
kENi,tENj kENi,tENj
\ k#jt+i

We have
Q*(G)X = ¢iX.
From the i — th equation in the last equality we have

3= _ 2 2 = _
qix; = | wi + Z Wik |WiX; + Z Z WiWik + Wi Wi + Wit Wege | Wi X;
kENi kENi k,tENi

+ WiWij + W]lW] + Z Wikaj W]XJ + w; + Z Wik WUX]
kENiﬂNj kENi

| |
+ z Z WiWik + Wgi Wik + Z Wijot WS]' - Z Wijok x]-
seNian[ KEN;NN tEN;NN j keN \(N;nN ;) J
ik

+ Z (Wiwig + Wiwi ) wyj | X + Z Wik Wij | WiXy
kENiﬂNj kENiﬂNj
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[ \

+ Z Wik Wi W j X + | Z WixWgtWej | X

kENi,tENj kENi,tENj
k#j,t#i
i.e.
T 3= _ =T 2 4 2 v + &7 + + =
Xi 41X =X | Wi Wik |WiX; T X; WiWik T Wy Wi T WieWeg | Wik X

kEN; keEN; \k,teN;

=T = =T 2 2 =
+xi WiWij + W]lW] + z Wikaj W]Xj + X Wi + z Wik Wijx]'

kENiﬂNj keN;
+Xx; Z | Z WiWi + Wi Wi | + z WijWije |Wsj — Z wiwh | %
sENianl kEN;NN tEN;NN; keN j\(N;nN ) J
i%k

=T — - T _
+X; E (Wiwig + wiwidwyj | X + X; § Wik Wkj | WjXk
kENiﬂNj kENiﬂNj

[

T = =T Y
+X; Z Wik WitWej | X + X Z Wi WieWej | i
KEN,tEN kEN;,tEN; /
k#j,t#i

Taking the modulus on both sides in the last equality we get

3= Ta T 2 E T2 o
lqi |%;" %; < |%;" wiw;x; + Xi" WipWiX;
kENi

_ T —_
+ Z X; Z WiWig + Wi Wi + Wi Wege | Wik X
kENi k,tENi

- T - ~T - ST 20 = ST, 2 =
+ Xi (WiWij + W]lW])W]x] + Z X Wikaj W]x] + Xi Wi Wl'jx]' + z Xi Wik Wijx]'

KEN;NN ken;
+ —.T| Wir + Wi + W - w2 | o
Xi WiWik Wi Wi Wl]th WS] Wl]ij x]
SEN;NN l kEN;NNj tEN;NN; keN j\(N;nN ;) J
i*k

=T — - T _
+ X E (Wiwig + wiwidwyj | X | + [X; § Wik Wkj | WjXk
KEN;NN ; KEN;NN ;
itV L
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\

+|X; Z Wik WgeWej | X | T |Xi | Z WikWgeWej | Xk

kENi,tENj kENi;tENj
k], t#i
Since w;; is the positive definite matrix for all i,j, wfj matrices are also positive

definite matrix. So we have and using Cauchy-Schwarz inequality we get

lg3 %" %; < |qu(Wiw)x, % + Z q: Wi w)x;" %;
kKEN;

_ T _
+ Z a1 Z WiWig + Wi Wi + WieWege | Wik | X X
kENi k,tENi

+ ql[(WiWij + W]lW])WJ]fleJ + Z ql(Wikajo) finj
kENian

+ |qr(Wiwi)x % + z a1 (wiwij) %" %
kENi

_ T
+ Z q1 z WiWik + Wi Wi + Z Wi Wit | Wsj X; X]

SENiﬂNj kENiﬂNj tENian

_ T - =-T=
+ 191 2 (Wiwig + Wiiwidwyj | X7 X[ + [qq Z Wik Wi |Wj| X X
kENiﬂNj kENiﬁNj

( \

+ 191 Z Wik WieWej | X Xk | + [q1 E WiegWgtWej | Xi X
kENi,tENj kENi,tENj
k#j t#i

from (2.1),

lg31%;"%; < g (Wiw)x,"%; + Z q; Wi w) %" x;
kEN;

—_ T —_
+ Z a1 Z WiWig + Wi Wi + WieWege | Wik | X X
KEN; k,tEN;

+q1[(Wl'Wl'j +W]lWJ)W]] fini ’JZJTJZ] + Z C[l(Wikajo) ’fini ’JZJTJ?]

kENiﬂNj

2 /—T— /—T— 2 /—T— /—T—
+q1(Wi WU) X X; Xj Xj + Z ql(WikWij) X X Xj Xj
KEN;
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+ Z q1 z WiWix + Wy Wi | + Z WijWijr | Wsj 1/xi xiﬂlxj Xj

SENiﬂNj kENian tENiﬂNj
+ (WiWire + WiiWidWyi | (%7 % % %
q1 iWik kiWk kj i M k *k
kENian
— T_ — T_
+q1 Z Wik Wi | Wj ‘/xi xi‘/xk Xi
kENiﬂNj
+ 7% % %, + “T- [= T<
q1 Wik WgtWtj Xi X [Xk X T {1 WikWgktWtej Xi X | Xk Xk
kENi,tEN]' kENi,tENj
k#jti

thus we obtain

G < q(wWiw) + Z q; Whwy) + Z a1 Z WiWix + Wi W + Wit Wy | Wi

KEN; kEN; k,tEN;
2 2
+Q1[(WiWij + Wjin)Wj] + Z CIl(Wikajo) + Q1(Wi Wij) + Z CI1(WikWij)
kENiﬂNj kEN;
+ Z a1 Z WiWig + Wi Wi | + Z WiiWje | Ws;j
SENiﬂNj kENiﬂNj tENiﬂNj ]

+q1 z (Wiwig + Wiiwidwyj | + ¢4 Z Wik Wij | Wj
kENiﬂNj kENiﬁNj

+q (ZkENi,tEN]- Wik WktWtj) + 1 | ZkenjteN; WikWie Wi (3)
k#j ti

From the j-th equation in the last equality we have

3 Y —_— 2 2 . _. r r . . . _-
qlx] = Wj + Z ij W]x] + Z z W]W]k + Wk] Wi + W]tWtk W]k x]
kENj kENj k,tENj

—_ 2 2 —_
+| wjwj + wyjwy + Z WjtWe | WXy + | Wy +Zth Wik Xk

[ tENjﬂNk tENj ]
2 —_
+ Z | Z WjWje + Wy We | + E WjWgt |Wsk — z Wik Wit |xk
seNjnNkl teEN ;NN teN NN teNi\(N;jnNy) J
j#t
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+ Z Wit WisWsk xt+|\ Z WjtWesWr | Xt

tEN,SEN} tEN;,SEN
t#k,s#j

=T, 3= _ =T 2 2 =4 =T . ] ] =
Xj qix; = x| wi + z Wik |WjXj + X; z 2 WjWij + Wi j Wi + Wje Wy | Wik X
kENj kENj k,tENj

=T = =T 2 2 =
+Xj W]ij + ijWk + z thwtk Wg Xk + x]' W] + Z th ijxk
teEN NNy tEN;

[
I

=T
+x] z | Z W]W]t + Wtj W + Z ijwkt Wk

SENjﬂNkl teN ;NN teN;NN

2 | =
- Z WikWit | Xk
tENk\(NjﬂNk)
Jj#t

+X; Z Wit WesWgg | X + X E WjtWesWsg | Xt
tENj,SENk tENj,SENk
t#k,s*j

Taking the modulus on both sides in the last equality we get

31T — |7 12 2 7
lgi 1% x; = |%; w;i + Z Wik | W;X;
kENj

_T _
+ Xj z Z W]W]k + ij Wy + thWtk ij Xj
kEN]' k,tEN]'

=T = =T 2 2 =
+ X" | wjwj + wyjwy + Z WjeWee | WiXp| + X7 | wi + z Wit | WjkXk
tEN]'ﬂNk tENj
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SEN]'ﬂNk tENjﬂNk tENjﬂNk

[
N
+ JE] Z | z WiW;e + Wij We + z WikWkt | Wsk

2 —_
- Z WikWiet | Xk
teNi\(N;NN)
j#t

( \

_T _ _T _
+ |X; Z Wjt WesWog | Xe| + |Xj | Z Wi WsWeg | %,
tENj,SENk CENj,SENk
t#k,s*j

Since w;; is the positive definite matrix for all i,j, Wi3j matrices are also positive

definite matrix. So we have and using Cauchy-Schwarz inequality we get
kENj

_ T =
+ 191 z Z W]W]k+ij Wk+thWtk Wik | X~ Xj
kENj k,tENj

=T = 2 2 - T
+ (g1 Wjok+ijWk+ Z WjtWek | Wi | X Xk + 191 wj + Z Wi | Wik | X" X

tENjﬂNk tENj
+ Z q1| E WjWje + Wi Wy | + E WjWie | Wk
SENjﬂNk l tENjﬂNk tENjﬂNk

2 |=Tx=
- ijwkt XJ Xk
teN\(NjnNy)
j#t

+ 191 Z (Wjot+Wtht)Wtk Xi" Xe| + |91 Z Wit Wi | Wi | X Xt

tENjﬂNk tENjﬂNk

—_ T - _ T -

+ 191 é Wit WesWok | X Xe| + |G § WieWisWsi | X X¢
tENj,SENk tENj,SENk

t#k,s*j
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from (2.1),

v.T ¥ =T= - T -
715" %; < a1 (wfw;)% "% + 2 a1 (wjiew;) %%
kENj

—_ T —_
+ q4 z Z WiWjg + Wi j Wi + WjiWeg | Wik [ X~ X;
kEN]' k,tENj

_T_ —_ T_
+q1 || WjWjk + Wi jwy + Z WjtWe | Wk fx]- Xj /xk Xi

tEN NN

2 2 /—T— /—T—
+q4 w;j +Zth Wik | [ Xj" Xj [ Xk Xk

tENj

— T = — T =
+ Z q1 Z WjWje + Wi we | + z WikWge | Wsk ij Xj /xk Xy

SENjﬂNk tENjﬂNk tENjﬂNk

’ _T = / _ T =
+q1 Z (W]W]t + Wtjwt)Wtk x] XJ Xt X¢
tENjﬂNk
’ _T - / _ T -
+ q1 z Wi Wik Wk“ X] X] X X¢

teNjnNk
/—T— /—T— /—T— /—T—
+q1 Z Wit WesWar | [Xj Xj [ Xt Xe + 4 Z WitWesWske | [X7 X [ Xt Xt

tEN,SEN} tEN,SEN}
t+k,s#j

thus we obtain

3 2 2
qi < ql(Wj W]) + z CI1(ijW1) + q1 Z z WiWik + Wgj Wi + WjtWek | Wik
kENj kENj k,tENj

2 2
+q1 WjW]k + ijWk + z thwtk Wi + q1 W] + z th ij
tENjﬂNk CENj

+ 2 q1 Z WiWje + Wi we | + Z WikWkt |Wsk

SENjﬂNk tENjﬂNk tENjﬂNk

+a: Z (Wjot+Wtht)Wtk +q1 Z Wit Wik | Wy

teN jNN teN

+q1 (ZtENj,sENk Wit WtsWsk) +q: ZteN,-.SENk Wit WisWsik 4)
t+k,s*j
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From (3) and (4) we get

Q1 <

ql(WiZWi) + z ql(WiZkWi) + z q1 z W; Wig + WiiWg + WitWege | Wik

kEN; kEN; k,teN;
2 2
au [ (wiwij + wywy)wi| + Z 91 (waewieywy) + qa(wiwy;) + Z a1 (whwy))
kENiﬂNj kEN;
+ z Q1 Z Wi Wix + WgiWg | + Z WiiWje | Ws;
SENiﬂN]' kENiﬂNj teN; ﬂIVJ

+q4 Z (Wiwig + wiwidwyj | + ¢4 Wik Wy j
k€N ﬂN]

6 kENian
|

+4q1 Z WikWgktWej +CI1| Z WixWgt Wej

kENi,tENj kENi.tEer
k#j,t+i
max
i~ 2 2
ql(Wj W]) + Z ql(ijWJ) + q, z Z W;j Wi + Wi Wi + WjtWek | Wik
kENj kENj k,tENj
2 2
+q4 WjWig + W jWk + z Wit Weg | Wi +q4 wj + Z Wie | Wik
tENjnNk tENj
+ Z q1 Z WiWje + Wejwe | + Z Wik Wit | Wsk
SENjﬂNk tENjﬂNk tEN]ﬁNk
+4q1 Z (Wjot + Wtht) W | + 41 Wit Wik
tENjﬂNk | tENjﬂNk
+q1 Z WjtWesWske | + G4 z WjtWes W
tENj‘SENk tEN] SENk
\ k#t,s#j

4. CONCLUSION

To summarize; we have introduced weighted graphs, where the weights of the edges
are positive definite matrices of the same order in this paper. Then, we have give some bound
and found different upper bounds for the signless Laplacian radius of weighted graphs. We
have obtained some results by characterizing these upper bounds.
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