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Abstract. In this study we define Gaussian balancing numbers and Gaussian Lucas-
balancing numbers. Then we obtain Binet-like formulas, generating functions and some
identities related with Gaussian balancing numbers and Gaussian Lucas-balancing numbers.
Moreover, we give the new properties of Gaussian balancing numbers and Gaussian Lucas-
balancing numbers in relation with balancing matrix formula.
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1. INTRODUCTION

Horadam [3] introduced the concept the complex Fibonacci numbers as the Gaussian
Fibonacci numbers. Behera and Panda [2] introduced the concept of balancing numbers. They
defined a balancing number n as a solution of Diophantine equation. A positive integer n is
called a balancing number if 1 +2+ -+ (n—-1)=Mm+1)+n+2)+ -+ (n+r) for
some natural number r. Here r is called the balancer corresponding to the balancing number n.
For example 6 and 35 are balancing number with balancers 2 and 14. Again some authors
proved that the balancing numbers fulfil the following recurrence relation B, ., = 6B,, —
B,_1, n =1 where B, = 1and B; = 6. Panda [6] studied several fascinating properties of
balancing numbers calling the positive square root of 8x2 + 1, a Lucas- balancing number for
each balancing number x. AIll balancing number xand corresponding Lucas-balancing
numbers y are positive integer solutions of Diophantine equation 8x2 + 1 = y?2. Balancing
and Lucas-balancing numbers share the same linear recurrence x,,.; = 6x, — x,,_1, While
initial values of balancing numbers are x, = 0,x; = 1 and for Lucas-balancing numbers
xo = 1,x; = 3. Alvarado et. Al. [1], Liptai [4,5] and Szalay [10] studied certain Diophantine
equations relating to balancing numbers. Ray [7,8,9] studied some Diophantine equations
involving balancing and Lucas-balancing numbers. Tasci [11,12] studied Gaussian Padovan
and Gaussian Pell-Padovan sequaences, and Complex Fibonacci p-numbers.

We denote the n'" balancing and Lucas-balancing numbers by B, and C,,
respectively. The sequences {B,, } and {C,,} satisfy the recurrence relations

Bpy1=6B, =B,y (n=1),By=0,B; =1
and
Chy1 =6C,—Choy n=21),C,=1,C, =3.
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We note that Binet-like formulas for balancing and Lucas-balancing numbers are

_a"-p" —
B, = e and C,, =

a™+pm
2

respectively. We remark that « = 3 4+ 2v2 and 8 = 3 — 2V/2.
2. GAUSSIAN BALANCING NUMBERS
Definition 2.1 The Gaussian balancing sequence is the sequence of complex numbers GB,
defined by the initial values GB, = i, GB; = 1 and the recurrence relation
GB,,; = 6GB, — GB,,_, foralln > 1.
The first few values of GB,, are i,1,6 — i,35 — 6i,204 — 354, ....
The following theorem is related with the generating function of the Gaussian balancing

sequence.

Theorem 2.1 The generating function of the Gaussian balancing sequence is

i+ (1 -6i)x
fo) ==
Proof: Let
f(x) = Z?]?:O Gann = GBO + Gle + GBZXZ + .o 4 Gann + -ee.
Since

6xf (x) = 6 Z GB,x™*! = 6GByx + 6GB;x% + 6GByx3 + - + 6GBy_1x™ + -

n=0
and
x2f(x) = X0y GByx™? = GByx? + GB1x3 + GBx* + -+ + GBp_,x™ + -
So we write

(1—6x+x3)f(x) =GBy + (GB; — 6GBy)x + (GB, — 6GB; + GBy)x? + -+ +
GB, — 6GByy_1 + GB,_,)x™ + ---

Considering GB, = i,GB, = 1 and GB,, = 6GB,,_; — GB,,_,, we have

(1—-6x+x)f(x) =i+ (1-6i)x
or
i+ -6i)x

f&) 1—6x+ x?

So the theorem is proved.
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Theorem 2.2.The Binet-like formula for the Gaussian balancing numbers is

_an_ﬁn .Ban_aﬁn
GB, = «—F — i a—p

where <= 3 + 2+/2, B = 3 — 2+/2 are the roots of the equation x> — 6x + 1 = 0.

Proof: The general term of Gaussian balancing numbers can be expressed in the following
form
GB, = cia™ + ¢, B,

where c; and c, are coefficients. Using the values n = 0,1 we found

1—-ip ia—1
:(l—ﬂ andcz :m.

Considering the values c;, ¢, and making some calculations, we obtain

=a7’l_ﬁn_iﬁan_aﬁn

a—p a—p

C1

GB,

So the theorem is proved.

Theorem 2.3.

n
1
z GB; = (5GBy — GBy_y + 5i = 1).

i=0
Proof: By the definition of Gaussian balancing sequence recurrence relation

GB, = 6GB,_; — GB,,_,
we have
GB, = 6GB_, — GB_,
GB, = 6GB, — GB_,
GB, = 6GB, — GB,

GB,_, = 6GB,_ 5 — GB,_,

GBn—l = 6GBn_2 - GBn_3

GBn = 6GBn_1 - GBTI—Z'
Thus we obtain

l

n
1
GB; = 2 (5GB,, — GB,,_;1 — 5GB_; + GB_,).
=0
Now considering GB_; = 6i — 1, GB_, = 35i — 6 we write

n
1
GB; = (5GBy — GBy_y + 50— 1).
=0

L
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So the theorem is proved.

Now we investigate the new properties of Gaussian balancing numbers in relation with

balancing matrix formula. We consider the following matrices:

GBnyz GBniy
GBn+1 GBn .

0 [? _01],K=[6Ii ﬂandPn:

l
Theorem 2.4. Forallne Z*
Q"K = B,

Proof: The proof is easily seen that using the induction on n. We remark that if

6 -1
e=[7 ]
1 0
thenforalln e Z*
Qn — Bn+1 _Bn
B, —Bp_4l

Theorem 2.5. (Cassini formula for Gaussian balancing numbers)
GB,+,GB, — GB,, = 6i.

Proof: From (2.1) we have
det(Q"K) = det (B,)
or
det(Q)™det (K) = det(B,).

(2.1)

On the other hand, since det(Q)=1, det(K)=6i and det(P,) = GB,.,GB,, — GB2,,,

we obtain
GBy4,GB, — GB2,, = 6i.

So the theorem is proved.
Theorem 2.6. Foralln € Z+
ST -]
L n
Proof: The proof can be seen by mathematical induction on n.

3. GAUSSIAN LUCAS-BALANCING NUMBERS

Definition 3.1. The Gaussian Lucas —balancing sequence is defined by recurrence relation

GCpyq = 6GC, — GC,_; foralln > 1,
and initial values are GC, =1 — 3i,GC; = 3 —i.
The first few values of GC, are 1 — 3i ,3 —i,17 — 3i,99 — 17i,577 — 99i,
3363 — 577i,....
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Theorem 3.1. The generating function of Gaussian Lucas-balancing sequence is

1-3i+ (-3+17)x
1—6x+ x2

gx) =
Proof: Let

909 = ) GCu"
n=0
be the generating function of the Gaussian Lucas-balancing sequence. In this case, we have

6xg(x) = 62 GCpx™1 = 6GCyx + 6GC x* + 6GCyx3 + -+ + 6GCp_ 1 x™ + -

n=0
and

x2g(x) = Yo GCrx™? = GCyx? + GCyx3 + GCox™* + 4 GCpr_ox™ + .
So we obtain

(1—6x + x2)g(x) = GCy + (GC;, — 6GCo)x + (GC, — 6GCy + GCo)x% + -+
GC, — 6GCp_y + GCp_y)X™ + ---.

Since GCy =1—-3i,GC; =3 —iand GC,, = 6GC,_; — GC,,_,, We write

1-3i+ (=3 +17)x
1—6x+x2

gx) =
which is desired.

Theorem 3.2. The Binet-like formula of Gaussian Lucas-balancing is

_ (B-3)a™+B-a)p™ |, . (1-3B)a"+(Ba-1)p"
GC, = - +i ﬁ_a : (3.1)

Proof: From the theory of difference equations we know the general term of Gaussian Lucas-
balancing numbers can be expressed in the following form

GC, =ca™ +dp™
Using the valuesn =0,1

(B—-3)+i(1-3pB) B-—a)+i(Ba—-1)
c= ,d =
B—a B—a

can be found. So we obtain (3.1) and the proof is complete.

Theorem 3.3
n
1
2 GC; = Z(SGCn — GC,_q + 2 — 14i).

i=0
Proof: The proof of Theorem 3.3 is similar to the proof of Theorem 2.3.
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Theorem 3.4.

i) GBn41 — GB,_; = 2GC,
ii) GCpyq — GCp_y = 16GB,
iii) GC? — 8GB? = —6i.

Proof: The proof is easily seen that considering the Binet-like formulas of Gaussian balancing
number and Gaussian Lucas-balancing numbers.

Theorem 3.5. Let
6 -11 «_[17-3i 3—i
o=[7 =527 [Tyl mdr,
Then foralln e Z*

_[GCez Gl
GCn+1 GCn .

Q"S =R, .
Proof: The proof can be seen by mathematical induction on n.
Theorem 3.6. (Cassini formula for Gaussian Lucas-balancing numbers)
GCpy1GCyrq — GC?%,, = —48i.
Proof: (Mathematical induction on n.)

Theorem 3.7.Foralln e Z+
[6 —1]” [3 — i] _ [GCn+1
1 0 1-—3i GC, |
Proof: Use induction on n.
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