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Abstract. In this study, we first obtain infinite sums derived from the reciprocal of the
Gaussian Lucas sequence using the Binet formula and some properties. Then, we express the
infinite sums of these reciprocals in terms of the Lambert series.
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1. INTRODUCTION

The Fibonacci sequence is perhaps one of the most well-known sequence and they
have many interesting properties and important applications to diverse disciplines Fibonacci
numbers and Lucas numbers. It is well known that generalized Fibonacci and Lucas numbers
play an important role in many subjects such as algebra, geometry, and number theory. Their
various elegant properties and wide applications have been studied by many authors, [1-4].
Horadam [5] has defined complex Fibonacci numbers and the generalization of the classical
Fibonacci numbers to complex numbers. Then, Jordan [6] studied Gaussian Lucas numbers
and extended some relationships, which are known about the common Fibonacci sequences to
the complex Fibonacci sequences.

For any integer n > 0, the Gaussian Lucas numbers GL,, are defined by
GLy =2 —i,and GL; = 1+ 2i,
GL, = GLy_1 + GL,_,. (1.1)
The nt" Gaussian Lucas number is given by the equality
GL, =Ly, +iLl,_4,
where i is the imaginary unit which satisfies i? = —1.
There exists a Binet formula for the Gaussian Lucas numbers,

GE, =68 a™+8-p" (1.2)
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, B = 1_2\/3, 5= 2_(12_\@” and 6 =

(\/3—3)+(\/§—1)il

1
where ¢ = >

Here, « and g satisfy the following equations
a+f=1a—-p=+5 andaf = —1. (1.3)
Recent studies [7-9] show that there has been an increasing interest on reciprocal sums
of the Fibonacci numbers. Indeed, the floor function has been used in all of the above studies.
However, Horadam [10] obtained infinite sums of the reciprocals of Fibonacci numbers and
some generalizations by the help of Lambert series.

Now, we recall the definition of Lambert series

[o0)
Z =
a .
1 —xn
n=1

We speak of the Lambert series and generalized Lambert series respectively,

oo xn
L@ =) —— lx <1
n=1

n

ax
L(a,x) = Zm |X| < 1,|ax| <1. (14)
n=1

In this paper, we obtain infinite sums

8

in terms of Lambert series.

2. MAIN RESULTS

Theorem 2.1.

i. If niseven, then
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ii. If nisodd, then

Proof. Firstly, we let n be even. We consider

1 1
GL, &-an+6-pn
1

6(a"+%-ﬁ”)

_L A
O (@pyn+5-pon

(2.1)

Since n is even, then (af)™ = (—1)™ = 1 and therefore,

1 B
GFn 6 1+%.BZn
VO n _
LI
_8\/6 _@. n 1+9' 2n
1 75 B 5B

Thus, we have

By the help of Lambert series, we get

2 o5 t) (5

where |%§-B|<1and |_?9-[32|<1.

Secondly, we assume that n is odd. Then, (ap)™ = (—1)" = —1. Now, we impose this
into the Eqn. (2.1) to get
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1 __1 g"
GLH_ 8 1_Q.BZn
V8 on
— 8 _9 B ~ %.BZn \‘
8\/6 ‘/_E n 1_9. 2n
1- =B 5 B /
Therefore,
> had \/_EBH © 0 2n
Z 1 _ V8 V8 +\/Sz 5B
n=1GLrl 8\/§n—1 1_ﬁ.3n 8\/511:1 1—e p2n
5"
and we have
o1 —V5( (V8 o
;GLH_S—\/E{L<ﬁ’B> (5'8)}'

where |\/?§-B| < 1and |%-BZ| <1.

Theorem 2.2. The following equality holds:

EGLM _{ (%‘BZ>_L<%G'B4>}'

Proof. In the Eqgn. (1.2), we consider 2n instead of n, then

1 1
GL,, &-a?"+0-p2n
_ 1

0
2 —R2
5 (ccn +5620)
1 BZrl

d (O(B)Zn + % . B4n
Since (aB)?® = 1, we have

1

an
GLyy

+%.B4—n

N =
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Therefore, we obtain

VO on _
° 9 _'\/S © \/_[3 WES © ZZ.pen
;GLZH_;\/E Z \/\/_‘ an/_els«/é ;1i2-84n'

which can be written in terms of Lambert series as:

Yammral (7))

where |% Bz| < 1and |—%-B4| <1.

Lemma 2.3. We assume «, 3,6 and & are defined as in the Eqgn. (1.2). Then,

® pan-1 ® gn > p2n
Z 9B4n_2=z 6 _Zl_%&m.

n=11—g n=11—g[32n n=1

Theorem 2.4. The following equality holds:
c 5 0 0 0 0
> o =) ) (3 (R
] GL2n-1 NG V8 8 8 Vs

Proof. Inthe Eqgn. (1.2) we consider 2n — 1 instead of n, then

1 _ 1
GLyy_1 T § - q2n-1 +0- BZn—l

1
) (aZn—l + % BZn—l)

1 BZn—l
g (aB)Zn—l + % . B4n—2

Since (aB)?*~1 = —1, we have
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< Vs (V0 V5
25 ) 5 6
+%£ZL<28)+%£2L<LEB>
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