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Abstract. In this paper, we define the generaziled Lucas sequences and the Pell-Lucas
sequences. Further we give Binet-like formulas, generating function, sums formulas and some
important identities which involving the generalized Lucas and Pell-Lucas Numbers.
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1. INTRODUCTION

Fibonacci sequence, Lucas sequence, Pell sequence and Pell-Lucas sequence are most
prominent examples of recursive sequences.These sequences arise naturally in many
unexpected places and used in equally surprising places like computer algorithms [1-3], some
areas of algebra [3, 4], graph theory [5, 6], quasi crystals [1, 7] and many areas of
mathematics.

There are various types of generalization of these sequences. For example Tasci [8]
defined the generalized order-k Lucas numbers, Er [9] defined the generalized order-k
Fibonacci numbers, and Kilic [10] defined the generalized order-k Pell numbers.

The Fibonacci sequence {F,},so is defined by the recurrence relation,

Foppn=F +F1 ,n21 (1.1)

with initial conditions F, = 0,F; =1

1+/5 1-5

Well known a = > and =—— are the roots of quadratic equation of the

Fibonacci numbers.
The Lucas sequence {L,},so is defined by the recurrence relation,

Lyy1 =Lp+Lpy ,n21 (1.2)

with initial conditions L, = 2,L; = 1.
In [11], Melham gave Binet forms of Fibonacci and Lucas numbers defined as

a—gn

B ="

and L, = a™ + 8™,

where a and B are the roots of x? —2x — 1 = 0.
The Pell sequence {P, },s, is defined by
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Pn+1:2Pn+Pn_1 ,nZl (13)

with initial condition P, =0,P;, =1.
We know that the roots of quadratic equation of Pell sequences are ¥ = 1 ++/2 and
6=1-+2.
Additionaly In [12], Horadam showed that some properties involving Pell numbers.
The Pell-Lucas sequence {Q,, }nso is defined by

Qn+1 = 20p, +Qpq ,n =1 (1.4)

where Qo = 2,0, = 2.
In [11], Melham gave Binet formulas for the Pell and Pell-Lucas numbers:

n

Pn=y_zn and Q,, = y" + 6"

respectively.
Also, Modified Pell sequence {g,},,0 can be identified by the following recurrence
relation

Gn+1 = 2qn + qnq ,m =1 (1.5)
where g, =1,q, =1
In [13, 14] Horadam the generalized Fibonacci sequence {U,, } defined by with initial
values U, = 0, U; = 1 and the recurrence relations

Unt1 =0 Unt qUp-1,
and the generalized Lucas sequence {V,, } are defined by
Vig1=pVa + qVp_1,n 21
V=2 and V;= p, where p and q are nonzero real numbers.
In this study, we define and study the generalized Pell and the generalized Pell-Lucas

sequences. We give generating functions and Binet formulas for these sequences. Moreover,
we obtain some important identities involving the generalized Pell and Pell-Lucas numbers.

2. THE GENERALIZED LUCAS NUMBERS

Firstly we give the definition of the generalized Lucas sequence.
Definition 2.1. The generalized Lucas sequence is defined by
Dy41(a,b) = D,(a,b) + D,_1(a,b), n =1 (2.1)
with initial conditions D,(a, b) = a + b, D;(a,b) = b where D, (a, b) is the nt*generalized
Lucas numbers.

The first few terms of generalized Lucas numbers are

a+b,b,a+2b,a+3b,2a+5b,3a+8b,5a+ 13b
and so on. We remark that
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Ifa=1,b =1 ,then we obtain Lucas numbers D, (1,1) = L, and
Ifa=-1,b =1 we get Fibonacci numbers D,,(—1,1) = E,.

Theorem 2.2. The Binet-like formula for the generalized Lucas sequence is

D,(ab) = (L5 e + (<25 B 2.2)

1+v5 1-+/5
where a = T‘/— and B = T‘/— and a, b are real numbers.

Proof: From the theory of difference equations, we know the general term of the generalized
Lucas numbers can be expressed in the following form

D, (ab)=c,a"+c,p"

where ¢;and ¢, are the coefficients. Using the values n = 0, 1 we obtain the following the
linear equation system:
Dy(a,b) =a+b=c+c,

Di(a,b) = b =ca+cf
The solution of this equation system is,

b—pB(a+hb) a.(a+b)—b
iy

Thus it is easily seen that the formula (2.2).

Theorem 2.3.The generating function of the generalized Lucas number is

atb—ax

:zu=l} Du(ﬂf b)x” = (23)

1—x—x?

Proof: Let f(x) be the generating function of the generalized Lucas sequences. Then we can
write

f(-x:] = Z Dn[a,b]x” = DD(a’r b:] + Di(ﬂwbjxl + D:(a?bjx: +---+ Dn[ﬂ-, bjxn + -

n=0

On the other hand, since

=u]

xf (x) = Z D, (a, b)x™*
=)
= Dy(a, b)x* + D;(a,b)x? + D,(a,b)x®> + -+ D,,_,(a, b)x™ + ---

i}

and

@) =) D@ b
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= Dy(a,b)x? + D;(a, b)x® + D,(a,b)x*+..+D,_,(a,b)x™ + -+
we write

(1—x—x3)f(x) = Dy(a,b) + [(D,(a, b) — Dy(a,b))]x
Now using
Dy,(a,b) =a+ b, D,(a,b) =band D, (a,b) — D,,_,(a,b) — D,,_,(a,b) =0,

we obtain

a+b—ax
f(X) T 1—x—x2’

So the proof is complete.

Theorem 2.4. The sum of the first n generalized Lucas numbers is expressed as

> Di(@b) =Dyia(ab) ~ b (2.4)

Proof: From the definition of the generalized Lucas sequences
D,+1(a,b) = D,,(a,b) + D,,_1(a, b)
For the values of n ,we get the following equalities:
D,(a,b) = D;(a,b) + Dy(a,b)

Ds(a, b) = Dy(a, b) + Dy (a,b)

Dn+2(a: b) = Dn+1(a: b) + Dn(a, b)

If we now sum these equations term by term,

n+2 n+1 n

; D(a, b) =; D,(a, b) +;Di(a, b)

then using initial conditions D, (a, b) = b, we obtain

n
Z Dy(a,b) = Dy, ,(a,b) — b.
i=0

Theorem 2.5 (Catalan Identity):

Dp4r(a,b)Dn_r(a,b) = Dp(a, b)* = 5ci6,(=1)""F?, (2.5)
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where, n,r € Z*, n > r, E. is the r — th Fibonacci number and

_b—p(a+D) _ala+b)—b
iy T iy

Proof: Using the Binet- like formula for the generalized Lucas numbers formula and taking
into account that B = —1 and a” — " = /5E. we write

Dy +r(a, b)D_r(a,b) — Dy2(a, b)
= (@™ + ™M) (@™ + ") = (cra™ + ¢ fT)?
— Clczanwﬁnc—rrr + %lrczan—rﬁnw — 2¢,c,(af)"
= c1cz(ap)™ [F T 2]
= c16,(ap)* " (a” = BT)?
= 5¢;,¢,(—=1)"TE,2
So the theorem is proved.
Corollary 2.6 (Cassini’s Identity)
Dpy1(a,b)Dy_1(a,b) — Dy(a,b)? = cic,5(=1)"71 (2.6)

Proof: Note that for r = 1, equality (2.3) gives Cassini’s identity. Moreover we remark that
E=1.

Theorem 2.7 (d’Ocagne’s Identity): If m > n, then

Dm(ar b)Dn+1(a' b) - Dn(a: b)Dm+1(a' b) = —5C1C2(—1)n+1Fm_n (27)
where
_b—pa+b) _ a(a+b)—b
€1 = a— ﬁ ,y €2 = a— ﬁ

Proof: Using Binet- like formula and aff = —1
Din(a,b)Dy41(a, b) — Dy(a, b)Dyyyq(a, b)
= (@™ + cf™) (@™ +ef™) — (@™ + ") (@™ +ep™)
= ¢ ca™B™ + @™ ™ — cicpa™ B — ¢ cpa™ g
= 162" ™ (a — B) — c1c,a™ B (@ — B)

= 5¢16 (=) Epy,
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Theorem 2.8. For the integern > 1
Dn(a, b) = aFn_l + bFn+1 (28)
where E, denotes n*"* Fibonacci number.

Proof: (By induction on n) If n = 1 then the result is obvious. We assume that it is true for n
i.e.,

Dy(a,b) = aFy1 + bFyiq
We’ll denote that is true forn + 1
Dny1(a,b) = aFy + bFyy
By simple calculation using induction’s hypothesis we write
Dpi1(a,b) = Dp(a,b) + Dn_q(a,b)
=aF,_ 1+ bF,1 +aF,_, + bF,
= a(Fp-1 + Fy2) + b(Fy + Frig)
=akF, + bF,,
which ends the proof.

3. THE GENERALIZED PELL-LUCAS NUMBERS

Definition 3.1. The generalized Pell-Lucas sequences are defined by
En+1(c,d) = 2E,(c,d) + En—q(c,d), n=1 3.1)
with initial conditions
Ey(c,d) =c+d, E;(c,d) = 2d,

where E,(c,d) is the nt"the generalized Pell-Lucas numbers. The first few terms of the
generlized Pell-Lucas numbers are

c+d,2d,c+5d,2c+12d,5¢ + 29d ,12¢c + 70d
and so on. We remark that:

If c=1,d =1 , then we obtain Pell-Lucas numbers E, (1,1) = Q,,

1 1 11
If c = _E’d =2 weget Pell numbers E,, (—5,5) =P,
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If c==,d = %we get Modified Pell-Lucas numbers E, G%) =q,

N |-

We give Binet-like formula of the generalized Pell-Lucas sequences

Theorem 3.2. (Binet-like formula for the generalized Pell-Lucas sequences)

(3.2)

Enﬁbd)::<2d-_(64_d)9>yn—k<(C+_d)y__2d>9n

-0 y—20
where y = 1 ++/2, 6 = 1 —+/2 are roots of the equation x> — 2x — 1 = 0.
Proof: We know that the Binet- like formula of the generalized Pell-Lucas numbers
E,(c,d) = a1y™ + a, 6"
On the other hand using the equality and the valuesn = 0,1 we obtain the following
the linear system:
Ey(c,d)=c+d=a,+a,
E,(c,d) = 2d = a;y + a,0
The solution of this equation system is,

2d — (c+d)6 (c+d)y—-2d
a1= ,a2=

y—#6 y—#6
Thus it is easily seen that the formula (3.2).

Theorem 3.3. The generating function of the generalized Pell-Lucas sequence is

+d-2
Z E, (c,d)x" =& =X (3.3)
1—2x—x-

Proof: Let

g() = i E. (c,d)x"

be generating function of the generalized Pell-Lucas sequences. Then we have

=u]

2xg(x) = Z 2E, (¢, d)x™*
n=0
= 2Ey(c,d)x* + 2E;(c,d)x? + 2E,(c,d)x3 + -+ + 2E,_;(c,d)x™ + -+
and

=u]

x2g(x) = ) E,(cd)x
n=0
=Ey(c,d)x? + E;(c,d)x® + E;(c, )x* + -+ + E_,(c, d)x™ + -
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we write:
(1—2x—x3)g(x) = Eg(c,d) + [(E1(c,d) — 2Eo(c,d))]x
Now using
Ey(c,d) =c+d,E,(c,d) =2d and E,(c,d) — 2E,,_,(c,d) — E,,_,(c,d) =0

we obtain

Theorem 3.4. The sum of the first n generalized Pell-Lucas numbers is the following:

(3.4)

n

d—c+E c,d)—E c,d
ZEi(C,d) — n+2( z ) n+1( )
i=0

Proof: From the definition of the generalized Pell- Lucas sequences
Eny1(c,d) = 2E,(c,d) + Ey_1(c, d)
For the values of n, we write the following:
E;(c,d) = 2E,(c,d) + Ey(c,d)

E3(c,d) = 2E,(c,d) + E;(c,d)

Eni2(c,d) = 2Ep41(c,d) + Ey(c,d)
If we now add these equations term by term and using initial conditions we obtain

C€—d+En42(c,d)—En41(c.d)

?=O Ei(c,d) = 2

Theorem 3.5. (Catalan’s identity for generalized Pell- Lucas - sequences)

Epir(c, d)E,_(c,d) — Ey(c, d)z = alaz(—l)n_rQE (3.5)
where,r € Z*,n > r, Q, is the r — th Pell-Lucas number and
2d — (c+d)b (c+d)y—2d
al == v — 6 , az == Yy — 9 f

Proof: Considering the Binet- like formula for the generalized Pell-Lucas sequences we have
Enir(c,d)E,_(c,d) — E,2(c,d)

= (a1)’n+r + a29n+r)(a1)/n_r +a,0"") — (ay™ + azen)z
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yr 97'
= a;a,(y0)" [F + o 2]

=a;a,(y0)" " (y" - Qr)z

= a,a, (1" (QF — 4(=1)")
as required.

Corollary 3.6. (Cassini’s Identity)
En1(c,d)En_1(c,d) — Ep(c,d)? = 8aja,(—1)" " (3.6)

Proof: Substituting r = 1 in Catalan’s identity the prof is easily seen. Moreover we remark
that Q, = 2

Theorem 3.7. (d’Ocagne’s Identity) If m > n, then

En(c,d)En1(c,d) — Ep(c, A)Epr(c,d) = —2\/§a1a2 (_1)n+1Qm—n (3.7)
where
_2d—-(c+d)o _(c+d)yy—2d
M= g 2T T, Ty

Proof: Using Binet- like formulaand y6 = —1
Em(c,d)Ens1(c,d) — En(c, d)Ems1(c,d)
= (a1y™ + 0™ (a Y™ + a,0™) — (ay™ + ax6™) (ay™ + a6™)
= a;a,y™0™" ! + a,a, ™™ — a a,y" 0™ — a a,y™tiOn

= —22a,0,(yO)" (Y™ — O™

= 2\/§a1a2 (_1)n+1\/Qm—n —4(=1m™m
Theorem 3.8. For the integern > 1

E,(c,d) =cPy,_1 +dPpyq (3.8)
where P, denotes nt"* Pell number.

Proof: (By induction on n) If n = 1 then the result is obvious. We assume that it is true for n
i.e.,
En(c,d) = cPp1 +dPyyq
We’ll denote that is true forn + 1,

Enti(c,d) = cB + dPyys
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By simple calculation using induction’s hypothesis we write
Enia(c,d] = 2E,(c,d) + En—1(c, d)
= 2(cPy_1 + dPpy1) + (cPy_y + dBy)
=c(2Py_1 + Py_3) +d(2Pyi1 + B)

=cP, + dP,y»

which ends the proof.

4. CONCLUSION

In this study we define two new sequences named generalized Lucas sequence and

generalized Pell-Lucas sequence. In the next article, we will study the polynomial of these

sequences.
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